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Foreword 



Among modern planning and decision making idols, the several techniques 
developed in operations research in the 1940's stand as some of the most 
powerful arid versatile tools for modern management. Until recently, the 
complexity of computations underlying these techniques precluded their 
extensive use in educational administration. However, as computer computa- 
tional support is becoming increasingly— indeed commonly—available to 
educators, and the necessary computer programs are now readily obtained, 
operations research techniques are beginning to make their unique contribu- 
tion to the modern educational administrator's battery of planning and 
decision making tools. 

The purpose of this book is to provide the educational administrator with 
a working understanding of the most useful operations^research techniques 
and experience in using computers to provide the background computations 
required by each. The emphasis throughout the text is on the practical appli- 
cation of the techniques to educational problems. The text presupposes only 
that the user has access to a computer. The use of computer programs and 
the interpretation of their results for decision making are taught in the text, 
and all complex mathematical manipulations underlying the application of 
the techniques are left to the computer. 

This book provides a practical, non-technical introduction to operations 
research techniques in educational planning and decision making arid as 
such should be a valuable teaching vehicle for practicing school admin- 
istrators as well as for students and professors of educational and business 
administration. 

Development of this book by the Northwest Regional Educational Labo- 
ratory was sponsored by the National Institute of Education (NIE), Washing- 
tori, D.C. NIE has demonstrated a continuing commitment to the sponsoring 
of research which results in the improvement of education through the appli- 
cation of modern technology. NIE is particularly^ pleased to have sponsored 
this project which facilitates the application of a powerful technological tool 
(the computer) and a powerful set of management tools (operations research) 
to the improvement of education. This product fills an especially vital need 
today as strains on school budgets together with the public call for improved 
management and accountability demand more efficient, effective manage- 
ment in the complex and expanding enterprise of education. 

Richard B. Otte 

Education Technology Specialist 
National Institute of Education 
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ABOUT THE BOOK 



The purpose of this text is to provide the prac- 
ticing ana future educational administrator with 
a working knowledge of some of the most use- 
ful tools of modern management— the operations 
research techniques of PERT, linear program- 
ming, queueing theory, and simulation— using 
both hand and computer calculations. Through- 
out the text, practical exercises are given which 
require the reader to apply the information just 
studied. Answers are included in Appendix II. 
An understanding of basic algebra will equip the 
reader to handle all hand calculations required; 
the text itself guides the user through the simple 
steps of running the numerous computer pro- 
grams, assuming only that the programs have 
been loaded onto the available computer and 
that the user can obtain any needed guidance 
for getting access to the program from the 
terminal. 

This first chapter is a basic introduction to 
the four operational research techniques dealt 
with in the text and briefly discusses their prac- 
tical applications in the educational setting. The 
chapter can be used effectively as an advance 
organizer for the subsequent four chapters, 
which explain in detail the use of the several 
techniques as aids in complex decision making. 



COMPLEX DECISION MAKING 
IN EDUCATION 

The primary focus of an educational administra- 
tor's job is on decision making, and the scope of 
the administrator's decision-making responsibili- 



ties extends across the entire educational enter- 
prise. In many day-to-day educational problem 
situations, alternate solutions are so clear and 
well-defined that deciding on the best solution 
can be intuitive: Most routing problems, such as 
which teachers to assign to lunch duty or which 
of two new teachers to hire, are regularly solved 
by familiar, semi-intuitive procedures; An in- 
creasing number of educational problems 
confronting administrators are, however, so 
complex and involve so many possible solutions 
that it is difficult or impossible to pick out in- 
tuitively the best solution. 

One example of the large and complex prob- 
lems that educational managers face is that of 
minimizing costs in all phases of education 
while maintaining or improving quality. For 
example, the administrator must typically make 
the decisions necessary to hold down the costs 
of the school lunch program while at the same 
time assuring that each child receives a nutri- 
tionally adequate meal. He or she must minimize 
the cost of buying hew textbooks while making 
sure that the quality of instruction remains high. 
He or she must make the decisions required to 
negotiate teaching contracts while simultaneously 
holding the line on costs and ensuring adequate 
or improved instruction; bus schedules must be 
constructed so that all children are transported 
efficiently at a minimum cost; building mainte- 
nance must be scheduled to minimize both cost 
and interference with instruction. Clearly, ar- 
riving at solutions to problems requiring simul- 
taneous minimizing and maximizing of effects 
must involve more than intuition. 
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Planning is another area in which large arid 
complicated problems arise. Here -the admini- 
strator faces such questions as: How can a cur- 
riculum revision be carried out so that all the 
materials will be ready, by the start of school 
next year? How do I make sure that all the small 
tasks necessary to complete this revision get 
done in the right order and with a minimum of 
time wasted? What is the best sequence of 
activities for carrying out a revision of the ad- 
ministrative structure? What tasks have to be 
completed and in what sequence must they 
be done in order for me to be ready for up- 
coming salary negotiations? What is the best 
and most efficient way to carry out a needs- 
assessment study for my district? What are the 
activities arid what ^ the sequence for preparing 
my school's budget for next year? The solutions 
to such planning problems are generally beyond 
the scope of simple intuitive decision making. 

In addition, the educational manager is often 
faced with problems of prediction. He or she 
must have some rational basis for answering ques- 
tions like: How is the population in this district 
going to change over the next ten year;? How 
many and what kinds of physical plant facilities 
will the district need in the future? How must the 
teaching staff, change to meet expected enroll- 
ment changes? What new equipment must be 
purchased in order to meet the future needs of 
the students, faculty and community? 

For each of these complex problems, the 
number of possible solutions is large, but there 
is usually only a small number of solutions that 
will meet all criteria for a successful solution. 
That is, there are only few solutions -which 
will simultaneously minimize costs and maxi- 
mize some other important variables (such as 
achievement), which will create the most ef- 
ficient plan, or which will predict in the opti- 
mum manner. These types of problems also 
require more than intuition. 

The administrator's situation is made addi- 
tionally challenging by the variety of problems 
to be solved, including such concerns as racial 
integration as mandated by the Supreme Court, 
accountability, static or decreasing monetary 
support in the face of steadily rising costs, 
changing staffing patterns, and demands for 
increased quality of educational practices. 

In all these educational administration prob- 
lems, two things are required of the administra- 



tor: he or she must make decisions to solve the 
problem, and must have tools beyond insight 
and intuition with which to work but the de- 
cisions. We will first explore exactly what is 
involved in the decisions themselves, and then 
consider techniques for optimizing the effec- 
tiveness of the decision process. 

T 0 perform the job of increasingly complex 
decision making with maximum effectiveness, 
present-day administrators have found they can 
make excellent Use of all modern managfment 
tools they can command. Among the newest 
such tools are operations research techniques. 



OVERVIEW OF OPERATIONS 
RESEARCH TECHNIQUES 

The need for special research into large opera- 
tions was first recognized as critically important 
in the large development and production projects 
of the Defense Department arid major industries 
during the 1940s and 1950s. Here such problems 
as the development of effective complex deploy- 
ment strategies, the design and production of 
new weapons systems, and the production of 
huge airliners were first encountered. 

In order to find the best possible solutions for 
these problems, several scientifically based, 
highly technical methods were developed. The 
applications of these techniques over the years 
became kno. v n as operations research. Although 
these techniques were originally designed for 
specific projects, they have been generalized to 
the point where they have become widely ap- 
plicable tools for modern management. They 
provide a systematic way of looking at problems 
and of generating data that will provide a base 
on which to make effective decisions. 

To the degree that one faces complex multi- 
faceted problems, the educational administrator 
will find some of these techniques important 
aids, perhaps better than methods previously 
available. The most useful operations research 
techniques for modern educational administra- 
tors are: 

PERT, 

Linear Programming 
Queueing Theory 
Simulation 
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All four -:re presented in depth in Chapters 2 
through 5. As an introduction to these decision- 
making tools, a brief description of each follows. 



PERT 

The acronym PERT stands for Planning, Evalu- 
ation and Review Technique. PERT is a highly 
effective procedure for organizing information 
about multistage projects. The technique is 
used primarily for planning and, analyzing 
project stages or series of activities which are 
oriented toward some goal and are interdepen- 
dent. The key feature of the PERT technique is 
the PERT chart, which graphically displays the 
activities involved in a project and their inter- 
connection. The PERT chart forms the basis for 
detailed analysis of time elements, critical 
sequences of activities in the progress of the 
project, and scheduling requirements. 

An example of a PERT chart is shown in Fig- 
ure 1-1 for the simple project of preparing for 
a speech. The arrows represent the sequential 
activities involved in this project. 

To see how PERT might be used in a typical 
educational problem situation, suppose it has 
been decided that your district administrative 
structure is to be reorganized. Obviously, the 
problem is to complete the reorganization suc- 
cessfully, but a great many different, inter- 
related activities with varying and variable time 
constraints will be involved. To approach this 
problem with the tool of PERT charting and 
analysis, the first step to be taken is the deter- 
mination of all activities which must be a part 
of the reorganization project. Using the PERT 
chart procedure, the activities are laid out in 
diagrammatic form to show the order with re- 
spect to one another and to the final goal— the 
completed reorganization: The construction of 
the chart systematically clarifies crucial prede- 
cessor activities and interconnection points. 
Once the chart is complete, the time required 
for each activity can be entered on the diagrarn, 
arid further analyses can be carried out to iden- 
tify where time factors must be manipulated to 
ensure the tim y flow of activities, where slack 
time may be available, and what sequence of 
activities involves the least slack or no slack and 
hence needs special attention. On the basis of 



the completed time analysis, the scheduling of 
each activity in the project can take place. 

In summary, PERT is a technique. that cari.be 
of immense, help to administrators in planning 
the successful and timely completion of com : 
plex projects. 




Figure 1-1 

Simple PERT Chart. This chart may be interpreted as 
fo llo ws. Writing the speech must tab e place befo re 
either the illustrations are drawn or the speech is typed, 
and the writing will take three days. Drawing the illus- 
trations must be done before the transparencies are 
made, and the drawing will take l h day Both typing the 
speech (1 day) and making the transparencies (ft day) 
must take place before the speech is rehearsed. Finally, 
the speech must be rehearsed (1 day) before the speech 
is given (1 day). 



LINEAR PROGRAMMING 

Linear programming is a mathematical technique 
designed to solve problems that can be stated in 
terms of constraints and a single measurable 
goal. Linear programming is applicable to prob- 
lems in which the constraints and goal can be 
stated mathematically. The purpose of linear 
programming is to find the largest or smallest 
possible value of the goal thai conforms to all 
of the restraints. 

Let's consider a problem that may be solved 
by the method of linear programming. Suppose 
that some of the teachers in your school are 
having trouble deciding how much time they 
should spend in large group and individual in- 
struction. The need, as you see it, is to decide 
how to divide teacher time between large group 
and individual instruction. Further, suppose that 
the average class size for your school is 30 stu- 
dents and that each teacher spends five hours (or 
200 minutes) each day in group and individual 
instruction. This constraint can be expressed 
mathematically: the sum of the time spent in 
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group instruction plus 30 times the amount of 
time m individual instruction (since there an ; 30 
students who must be individually instructed) 
must be equal to 300. The second and third 
constraints are that the teacher must spend some 
time in each of the two modes of instruction; 
the amount of time spent in group instruction 
must be greater than zero, and the time spent in 
individual instruction must also be greater than 
zero. Mathematically we can express these con- 
straints as follows: 

Constraint 1: Group Time + (30 X Individual 

Time) = 300 
Constraint 2: Group time > 0 
Constraint 3: Individual Time > 0 

Finally, we must formulate the goal as a mathe- 
matical expression. The goal is for each teacher 
to spend time during a school day in such a 
manner that the students will derive the most 
benefit from the instruction they receive. Be- 
fore we can formulate the goal, we must decide 
on and quantify the value of group instruction 
relative to the value of individual instruction. 
For purposes of using linear programming to 
solve this problem, specifying individual in- 
struction simply as more valuable than group 
instruction is not sufficient. We must quantify 
how much more valuable individual instruction 
is than group instruction. Suppose we decide 
that individuai instruction is five times more 
valuable than group instruction. Now we can 
express the goal mathematically by: 

benefit to students = Group Time 

+ (5X Individual Time) 

With these quantified expressions, the tech- 
niques of linear programming can now be used 
to calculate a single optimum combination of 
group instruction time and individual instruc- 
tion time. This optimum combination of times 
would make the value of the goal (benefit to 
students) as large as possible subject to the 
imposed constraints. Linear programming is a 
powerful decision strategy when the solution to 
a problem involves minimizing or maximizing a 
goal expressible in mathematical terms, within 
the limits of constraints that can also be ex- 
pressed mathematically. 



QUEUEING THEORY 

Queueing theory is a method for analyzing 
waiting line or queue problems— that is, profr 
iems in which there are one or more service 
'facilities" and where units of some kind require 
the services of these "facilities" at various times. 
Service facilities may include school lunch 
servers, film projectors, ditto machines, district 
maintenance departments, guidance counselors, 
examinations, learning packages, or teachers. 
The units of the queue or waiting line may be 
students, teachers, committees, typewriters, 
automobiles, school buildings, and so forth. 
These units (called "customers") do not have to 
be physically waiting in .line, but they must re- 
quire service by the facility. 

The educational setting abounds in such 
waiting-line situations, often involving large 
numbers of customers and complex questions 
concerning needs, time, and available funds. 
Queueing theory provides a mathematical 
framework within which to study the key 
aspects of the queueing situation and to deter- 
mine such things as what the average length of 
the waiting line is, how long a customer just 
arriving at the waiting line can expect to wait, 
and how much of the time the service facility 
is idle: Corresponding information can be syste- 
matically generated for hypothetical alternative 
waiting-line situations in such a way that prac- 
tical comparisons can easily be made. 

To gain a clearer introductory view of what 
queueing theory provides, consider the fol- 
lowing example. Suppose your district has two 
major building repair crews. Assume you have 
just been charged with deciding whether to add 
a third crew. The goal here is to determine 
whether two or three repair crews are needed. 
Some of the practical constraints to be taken 
into consideration might be such things as the 
amount of money available for repairmen or 
the amount of time crews may be idle. Ap- 
proaching this problem with queueing theory 
methods, the repair crews are identified as the 
service facilities and the customers are the 
school buildings needing repairs. If you are able 
to determine the average time it takes a crew 
to repair a school building, you can use queueing 
theory to generate the information you will 
need to solve the problem. Among other data, 
this technique can provide you with information 

lu 
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about the average 1 .waiting time for repair, the 
average number of buildings waiting to be re- 
paiiyel with two or three service crews, and the 
probabilities of the crews being idle. In a case 
like this, you would have to make the final de- 
cision based on the^ criteria and constraints 
which apply: For example, .your final decision 
on whether to have two or three crews might 
depend on the criterion that no building should 
wait over two weeks for major repairs. 

This example is one of many possible situa- 
tions in education for which queueing theory 
provides a powerful decision-making aid. 

SIMULATION 

Simulation is an operations research technique 
for formulating and operating models of prob- 
lems. It is a technique for translating the prob- 
lem situation into a working model of the 
problem. When we speak of "model" in this 
context, we are referring to a representation of 
the real-world situation which is simpler and 
easier to understand and manipulate than the 
real : problem situation. For instance, a mathe- 
matical equation may be a model of a real sys- 
tem; a set of logical steps can be the model of 
a decision process: The principal value of a 
model- to the administrator is that he or she can 
try out a number of different solutions to the 
problem on the model without taking the time 
or money that would be required if these solu- 
tions were tried out in the real-decision context. 

It should be noted that PERT, linear program- 
ming, and queueing theory are specialized types 
of simulation. PERT uses an analysis of a project 
to construct a diagrammatic model of the 
project. Linear programming develops mathe- 
matical equations that are a model of the prob- 
lem situation. Queueing theory develops essen- 
tially a mathematical model of problem situa- 
tions where Ithere are customers waiting to use a 
service. 

The simulation technique, in general, is used 
to analyze the problem situation into its com- 
ponents and to put these components into a 
simplified system representing that situation. 
One then develops a number of possible solu- 
tions to the problem. These solutions are applied 
to the simplified system, and the outcomes or 
results of the various solutions are observed in 



the model. Thus simulation is primarily a tool 
for assessing the impact of various possible de- 
cisions on the problem situation. 

Let's take an example to see how simulation 
works. Suppose that you are interested in de- 
termining the need for new school buildings in 
your district over the next ten years. The basic 
problem may /be stated in the question, "How is 
the population of children in my district going 
to change over the next ten years?" In consul- 
tation with an expert in the area of demographic 
change, you would analyze the situation and 
identify, the constraints and controllable vari- 
ables. Using relationships among these con- 
straints and controllable variables as specified 
by a theory of demographic change, you and the 
expert would develop a model of demographic 
change for your district. 

This model would relate changes in the 
school-age population to such factors as eco- 
nomic growth rate, birth rate, age-range dis- 
tributions in the population, number of housing 
starts, changes in the geographic distributions 
in the population, and rate of industrial de- 
velopment. In order to find solutions to the 
problems implied in the situation, you would 
try various combinations of the input factors. 
The model would then operate on these input 
factors to yield an outcome in terms of changes 
in school-age population. Your decision on how 
many school buildings your district needs in 
the next ten years would be a function of the 
input data you consider the most probable for 
your area. 

As the above example suggests, simulation is 
an effective technique for investigating the prob- 
lem situations and providing information as to 
the ramifications of many alternate decisions: 

These, then, are four major techniques jn 
operations research— PERT, linear program- 
ming, queueing theory and simulation. In the 
following chapters you will get a better under- 
standing of these techniques and how they can 
be applied to the problems of the educational 
administrator. 



OPERATIONS RESEARCH USIMG 
THE COMPUTER 

In complex problem situations, the operations 
research techniques discussed above will prove 
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to be excellent ways of organizing information 
and generating data for decision making, but th<r> 
calculations required can be tedious and time- 
consuming for the heavily scheduled administra- 
tor. Since these techniques have found a broad 
range of uses in management today, however, 
computer programs designed to perform the cal- 
culations have become readily available. 

Educational administrators will often find 
that the manager of the computer center in their 
district, or whose services they use, can obtain 
programs that perform PERT, queueing, or 
linear programming either from the library of 
programs available with their system or from a 
university computer center or user's group. 



Many commonly Used simulation programs are 
also available from such sources. In most cases 
the input information needed to run the pro- 
grams will be the data regularly required by the 
technique, and output from the computer will 
normally be easily interpreted by the adminis- 
trator familiar with the technique involved. The 
running of Programs will, in most instances, be 
left up to the computer center personnel. 

At the end of each of the following four 
chapters, after each technique is described and 
hand and computer calculations are both ex- 
plained and demonstrated, a final discussion is 
given concerning how to obtain and u?e pro- 
grams for that specific technique. 
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CHAPTER PREVIEW 



The PERT planning and analysis tool is a highly effective technique for 
structuring and analyzing milistep projects. This chapter is designed to give 
the reader a working knowledge of PERT organizing method, including the 
PERT network, and a clear understanding of the most important uses 
of PERT in administrative project planning. 

Experience is provided in using computer programs to carry out PERT 
analyses of complex projects typical of the ones educational administrators 
frequently must plan. 

Throughout the discussion of PERT methods, practical but simple ex- 
amples are used to illustrate the application of PERT in educational settings, 
although it must be kept in mind that PERT has its greatest use and bene-' 
fits in more complex project planning. At key points, REVIEWS are inter- 
spersed which reiterate definitions of new terms and provide progressive 
exercises on the methods previously covered. A final exercise requires the 
reader to use all the methods involved in PERT network and analysis on a 
typical project using a computer program. 



CHAPTER AIMS 



After completing this unit, the reader will be able to command the basic 
PERT analysis and planning methods and to use them to solve problems 
involving complex scheduling of activities and variable time lines. Mastery 
of the material will also provide the reader with the skill to use PERT 
analyses to communicate with others about projects and to use computer 
programs to perform complex PERT analyses as needed in the actual ad- 
ministrative setting. 



INTRODUCTION TO PERT 

A number of large-scale research and develop- tic missile. At the time of this project's incep- 

ment efforts has been initiated by the Govern- tion, the designers needed to plan and execute 

ment and private industry during the last two the project as quickly as possible; however, a 

decades. One such project was the Polaris ballis- number of unanswered questions existed: what 
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research was needed and how was jt to be 
planned? What was the length of time these 
research projects would tak * to complete? What 
were the stages of development and testing 
which the successful completion of the project 
would entail? At what date could the United 
States expect to have an operational Polaris 
ballistic missile? To answer these questions the 
Navy developed a project planning system called 
PERT, for Planning, Evaluation, ana Review 
Technique. 

PERT is a planning and scheduling technique 
which provides for systematic analysis arid 
planning of projects in which there is a degree 
of uncertainty. It is valuable when the exact 
time needed to complete a project is riot pre- 
cisely known but can be estimated. Fundamental 
to the PERT technique is the development of 
a graphic diagram or network of the sequence 
of all activities involved in a project, from its 
inception to its completion. Thus PERT can be 
simply described as a tool for planning and 
analyzing a project involving a series of activities 
when the duration of the activities is uncertain 
but capable of being estimated. 

A key feature of the PERT network and 
analysis is the: method of finding the critical 
path, or sequence, of activities in the project 
network; For the manager of any project, this 
amounts to determining in advance the sequence 
of strategic activities which involves the least 
-^eom-fpr delay and which may therefore require 
special attention either before or during the 
project: 

PERT has four particular advantages for the 
decision maker. First and foremost, it is a 
powerful tool with which to structure thinking 
about many of the tasks confronting the de- 
cision maker. Second, it offers a versatile, 
systematic methodology for the analysis and 
planning of multistage projects. Third, it pro- 
vides the decision maker with a useful device 



for. communicating project plans to all levels of 
staff and management. Finally, PERT affords 
the manager a practical basis for effective time 
management throughout the most highly com- 
plex and lengthy projects. 

PERT IN EDUCATIONAL 
ADMINISTRATION 

To the extent that educational administrators 
are responsible for the management of time and 
manpower, PERT is an enormously useful tool, 
the following tasks are just a few of the fre- 
quently encountered administrative projects for 
which PERT is appropriate and useful: 

1. Budget preparation 

2. Analyzing procedures for the purchase of 
materials and supplies 

3. Planning a feasibility study of administra- 
tive organization 

4. Planning and controlling an educational 
needs survey 

5. Analyzing scheduling procedures 

6. Planning a curriculum evaluation 

7. Analyzing media scheduling 

8. Planning and analyzing maintenance pro : 
cedures 

Each of the projects above involves multiple 
activities with complex timetables governing 
their completion and interconnections. Without 
a methodology such as PERT for organizing and 
scheduling complex projects, the administrator 
may lose considerable time developing orga- 
nizational schemes for structuring and imple- 
menting projects with multiple activities. With 
PERT the framework for organizing factors in 
the project is already at hand, and the central 
work of structuring and analysis can begin 
without delay. 



PERT ANALYSIS: FOUR STEPS 



PERT assumes that the work under consid- 
eration constitutes a project. Cook defines a 
project as "an organization unit dedicated to 
the attainment of a goal— generally the success- 
ful completion of a development product on 



time, within budget, and in conformance with 
predetermined performance specifications; " 1 

1 D. L. Cook, Better Project Planning and Control 
Through the Use of System Analysis and Management 
Techniques (1967), ERIC ED019 729. 
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Thus projects are finite in that they mast have 
a definite beginning and ending; They must be 
complex in that they require a mix of human 
and material resources applied tc a series of re- 
lated activities: They must be homogeneous, 
in that they must be capable of being distin- 
guished from other projects. And they must 
consist of a well defined collection of interre- 
lated activities. 

Given such a project, the following are the 
steps involved in a PERT analysis: 

Identify the activities involved. in the project: 

C instruct a network by pictorially repre- 
senting the relationships between activities. 

Determine the time necessary to complete 
each activity: 

Compute the time required to complete the 
entire project, the critical path of activi- 
ties through the project, and the times at 
which each activity must be completed in 
order for the entire project to be completed 
on time. 

We will consider each of these steps in turn. 



I. IDENTIFY THE ACTIVITIES 



The first step in PERT analysis of a project is 
to identify the activities which make up the 
project. That is, the project must be broken 
down into its component activities. The typi- 
cal project using PERT methods in its planning 
might have anywhere from 25 to 100 activities 
on the list: For illustrative purposes in our text, 
however, we will use simplified examples. As 
the first, suppose you want to identify the 
activities involved in presenting a new curricu- 
lum package to your school board. Assume that 
you were an ex officio member of the curricu- 



lum revision committee and were therefore not 
completely aware of the proceedings. Proba- 
bly the first thing that you would dp is to get 
a copy of the commit.tee's rerjprt and a sample 
of the curriculum materials. Then you would 
have to prepare your talk— that is, outline, 
write, and type your presentation. You might 
also want some overhead transparencies. Finally, 
you must complete the activity of giving the 
talk. The list below gives the major activities: 



Get curriculum committee report. 

Get curriculum materials samples. 

Outline presentation: 

Write presentation. 

Type presentation. 

Make overhead transparencies. 

Make presentation to board. 

Because of the simplicity of this example, we 
have listed the activities in the sequence in 
which they may occur, although that is not 
necessary. Lists may often reflect a very random 
order. 

Notice that in the list above, the activities 
comprise a clearly defined set of interrelated 
activities, each of which is discrete and has 
distinct beginning and ending points. Recall 
that for PERT to be applicable, a project's 
activities must exhibit these characteristics. 
The above list, then, confirms that the project 
may be analyzed using PERT. This is not to 
say, however, that it is the particular list you 
would have constructed for this project. Your 
list could have included quite different activi- 
ties, each of which had discrete and independent 
starting and ending points. The important thing 
is that PERT is an administrative tool, its Use 
by any individual will necessarily be slightly 
different. The correct list for any project is the 
one that the particular administrator feels is 
appropriate for his or her purposes. 



REVIEW 

Terminology 1. PERT (Planning, Evaluation and Review Technique): a tool for planning 

and analyzing projects with a definite beginning and end and involving 
well defined activities that can be ordered in time. 
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1. List the essential activities that you think are involved in setting up an 
elementary school budget. 

2. List the activities you think are involved m conducting year-end staff 
evaluations. 



II. CONSTRUCT A PERT NETWORK 

The second step in a PERT analysis is to con- 
struct a PERT network. This network is a pic- 
torial representation of the interrelationships 
among the activities comprising the project. 

To illustrate the construction of a network, 
let's take a simplified version of the board pre- 
sentation project in which the activities are 
identified as: 

Make presentation to the board. 
Outline the presentation. 
Write the presentation. 



To keep track of all the activities in a project, 
it is conventional to make a complete list of all 
activities involved (not necessarily in any order) 
and to identify each by an identification number 
(again, not necessarily in any order). A typical 
activities list for our sample project is shown in 
Figure 2-1. 



to 
1 

2 
3 



Activity Description 



Make presentation to the board 
Outline the presentation 
Write the presentation 



Eigure.2-1. 

Sample activities list. 

As you can see, the list gives the verbal de- 
scription of each activity in the center (other 
information will be added to the right later on) 
and places the identification number in the left- 
hand column. The identification numbers give 
a clear and convenient way to refer to each 
distinct activity in the construction of the net- 
work. 

Event: Before we construct the network, the 
concept of an event must be introduced. An 
event marks the beginning or the end of an ac- 



tivity. An event, as distinguished from an 
activity, has no time duration. The initiating 
event represents the start of a particular activity 
and the terminal event represents the point at 
which the activity is completed. Thus, in our 
simple example, the first event would mark the 
start of the activity of outlining the presenta- 
tion. The first activity is terminated by the 
ending event. At this point, the activity which 
follows the outlining of the presentation is initi- 
ated, that of writing the presentation. Since it 
directly follows the ending event of Activity 1, 
its starting event is concurrent with the ending 
event of Activity 1, and it terminates by its own 
ending event. And so on. 

We can now construct a PERT network for 
our simple example, showing each activity, in 
order, and showing their starting and ending 
events. 



|iri".rtit.it imi) prof.rnt.it ton) pr»-js» nt.il ion) 

Figure 2-2, 

PERT Network for Board Presentation Project. 

You can see that the diagram in Figure 2-2 
represents the project in terms of the flow of 
activities and events. The arrows represent 
activities, with the identification number of 
the activity on the top of the arrow. Thus 
— ► stands for Activity 2, which, in our 
example, is outlining the presentation. A let- 
tered circle denotes an event; intermediate 
events may represent both the termination of 
one activity arid the initiation of another ac- 
tivity. Note that the diagram flows from left to 
right, and specifies which activities must be com- 
pleted before other activities may begin. 

The network in Figure 2-2 shows diagram- 
matically that in the simplified board presenta- 
tion project, the first event (event a) is the 
beginning of Activity 2 (outlining the presenta- 
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tion). This is followed by the activity of out- 
lining the presentation arid the termination of 
the activity (event b). This, in turn, is followed 
by Activity 2 (making the presentation to the 
board), which ends in its terminating event 
(event d). Thus the network is a visual repre- 
sentation of the order in which activities must 
take place for the project to be completed. 

Now let's return to the complete board pres- 
entation project for which we identified the 
seven activities on page 9: 

Get curriculum committee report. 

Get curriculum materials samples. 

Outline presentation: 

Write presentation: 

Type presentation. 

Make overhead transparencies. 

Make presentation to board. 

Before beginning to construct the network for 
this project, we will make a conventional activi- 
ties list and assign an identification number to 
each activity for our future reference. Our list 
might look like that in Figure 2-3. 



ID Activity Description 



1 Get curriculum committee report 

2 Get sample curriculum materials 

3 Outline presentation 

4 Write presentation 

5 Type presentation 

6 Make overhead transparencies 

7 Give presentation 



Figure 2-3 . . . . 

Activities list for complete board presentation project. 

Remember that activities may be listed in any 
order and that numbers may also He assigned in 
any order that is convenient. Using this list, one 
can construct the activity network. 

As is conventional, we construct the network 
from left to right, beginning with the first 
activity. An arrow is drawn for each activity, in 
logical order, by marking its start and end with 
a lettered circle representing the starting and 
ending event. Since PERT assumes a continuous 
sequence of interconnected activities, the let- 
tered circle marking the end event is used simul- 
taneously as the starting event of the next 
activity directly following it. For example, 



a t (g) 4 5 The one exception is ob- 

viously the final activity of a project— for exam- 
ple, -?- ->(£)— Q— »-(gj Also note that the initial 
starting event naturally has no predecessor 
activity, hence is marked by a lettered circle 
v/hieh has no arrow leading to it. For example, 
@ 1 When a project has two or more 

initial activities that start independently, each 
is represented by a separate arrow beginning 
with its own starting event.. 

With these conventions in mind, we c?n now 
construct the network for the board presenta- 
tion project. From the activities list, we see that 
we have two initial events without predeces- 
sors—Activity 1 (get curriculum committee re- 
port) and Activity 2 (get sample curriculum 
materials); these will be represented by two 
separate activity arrows each of which has its 
own independent starting event. But, what 
about their ending event? We know that, except 
for the final ending event of a project, the 
ending event of each activity marks the begin- 
ning event of the next activity: What activity 
follows getting the cumctrium report and what 
activity follows getting sample materials? Obvi- 
ously, Activity 3 (outline the presentation) 
follows both Activities 1 and 2-th at is, the 
beginning event of Activity 3 is the ending event 
for both Activities 1 and 2. Therefore, the net- 
work must begin like this: 




Figure 2-4. 

First Three Activities in Board Presentation Project. 

Notice that each event is lettered and that event 
d marks the end of Activity 3. 

To continue the network, we ne 3^ to deter- 
mine what activity follows the ending event 
(outlining the presentation)— that is, what ac- 
tivity Activity 3 immediately precedes. Since 
Activity 4, writing the presentation, can begin 
immediately after and not before the end of 
Activity 3, we can draw this activity in and 
produce Figure 2-5. 
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Figure 2-5. 

Activities 1 to 4 of Board Presentation Network. 

What activity immediately follows and cannot 
begin before the end of writing the presenta- 
tion? Clearly, it is typing the presentation, 
Activity 5. 

© 

" ;%^© L t[ '^J;;;;; 

©\v :> 
©-. ~© 

i'i -I't.it i 

Figure 2-6. 

Activities 1 to 5 of Board Presentation Network. 

Now, what follows Activity 5, (typing the 
presentation) and cannot begin before it? 
Activity 6, making overhead transparencies? But 
these could be made before the presentation is 
typed. They could be made even before the 
presentation is written, as Activity 4. But they 
could in all likelihood not be made before the 
presentation is outlined, Activity 3. Therefore, 
the immediate predecessor of Activity 6 is Ac- 
tivity 3: 

The only activity left which could follow 
Activity 5 (typing the presentation) is Activity 
7, making the presentation. This Activity can 
be added to the network, and as it is clearly the 
terminating activity of the project, its ending 
event g is the termination point of the project. 

We have now only Activity 6, making over- 
head, transparencies, to enter in the network. As 
we discovered above, Activity 6 is immediately 
preceded by Activity 3, the outlining of the 
presentation. So, we could enter the arrow for 
Activity 6 showing its starting event to be con- 
current with the ending event of Activity 3, 
event d. 



"$Q - - — : 

'J^rr^ (Oiiiliti.' w c. t i tt . 

;• . .-. v*'* iirt-M-rit .it inn ) |trfsfiil.il itinl 
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Figure 2-7. _ 

Activities 1 to 7 of Board Presentation Project. 
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Figure 2-8- 

Activity 6 following Activity 3 in Board Presentation 
Network. 

At this point we have not yet finished con- 
structing the network. As you will notice, Ac- 
tivity 6 appears to end in midair at event h and 
is not shown to precede Activity 7 (making the 
presentation). We must reconstruct the network 
in such a way as to show that Activity 7 is im- 
mediately preceded by both Activity 5 (typing 
the presentation), and Activity 6 making trans- 
parencies). 

Since PERT conventions do not allow curved 
arrows;, we cannot curve the arrow for Activity 6 
to run from the ending event d to the starting 
event f. However, we can place Activity 6 on a 
straight arrow between the ending event d and 
the starting event f; then we can draw the 
arrow for Activity 4 (writing the presentation) 
starting at event d and proceeding above the 
main line of arrows to end in event e. We c»n 
draw a descending arrow for Activity 5 (typ:ng 
the presentation) between its starting event e 
and at its ending event f, as shown in Figure 2-9. 

Now, reading Figure 2-9 from left to right, 
you can see that the network details the order 
of activities in preparing the presentation to the 
school board and indicates exactly which activi- 
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Figure 2-9. 

Complete Network for Board Presentation Project. 



tics must precede other activities so_ that the 
project can be successfully completed. In con- 
structing networks, administrators will often 
find that several tries are required, before the 
correct sequence can ultimately be diagrammed, 
showing the exact concurrence of ending and 
starting events from the beginning of the project 
to the finish. 

If the administrator stops exploring PERT 
even at this point, a valuable method has clearly 
been acquired for organizing projects. However, 
there are more elements of PERT analysis which 
can be used in planning and implementing 
projects. 

Once the network has been adequately con- 
structed, the administrator can add the correct 
immediate predecessor for each activity to the 
activities list for future reference and for later 



use with computer programs. As an example, 
Figure 2-10 illustrates the activities list for the 
board presentation project with immediate 
predecessors filled in. 



Immediate 

ID Activity Description Predecessors 



1 Get curriculum committee report 

2 Get sample curriculum materials 

3 Outline presentation \^2. 

4 Write jbresentation 3 

5 r ?yP G presentation 4 

6 Make overhead transparencies 3 

7 Give presentation 5,6 



Figure 2-10. _ _ 

Activities list with immediate predecessors filled in. 



REVIEW 

Terminology i. PERT NETWORK: a pictorial representation of the interrelationships 

among the activities in a project. 
2. EVENT: the beginning or ending point of an activity, represented in a 
network by a lettered circle. 



Exercises 1. Using the activities list which you developed for the elementary school 

budget or the year-end staff evaluation project in Exercises 1 and 2, page 
10, assign identification numbers to activities and construct a complete 
PERT network for the project. 
2. Two activities lists for two different projects are given below. Draw the 
networks for each of these projects and add to the activities lists all 
correct immediate predecessors for each activity. Note that it is often 
helpful to construct a PERT network starting with the last activity and 
working backward to the first activity(ies). 

1j 
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(a) Activities list for project: Prepare a budget request for an elementary 
school. 



ID Activity Description 



1. Obtain class enrollment data. 

2. Obtain growth factor from past records. 

3. Predict next year's class enrollment: 

4. Determine number cf classes. 

5. Determine size of teaching staff needed. 

6. Determine number of specialists meu : 1. 
7: Obtain teacher supply requests. 

8. Determine supply needs. 

9. Determine transportation needs. 
10: Prepare budget request: 



(b) Activities list for project: Polling the district teaching staff on their 
attitudes toward differentiated staffing. 



ID 



Activity Description 



1. Prepare questionnaire. 

2. Prepare me, 16 to staff regarding poll. 

3. Type memo. 

4. Distribute memo. 

5. Type questionnaire. 

6. Duplicate questionnaire: 



ID 



Activity Description 



7. Distribute questionnaire. 

8. Collect completed questionnaire. 

9. Tally results. 

10. Write report on poll. 

11. Deliver report to superintendent. 

12. Inform teaching staff of results. 



3. Select a reasonably limited project with which you are familiar and con- 
construct a PERT network for it. 



The Dummy Activity _ 

At this point you should nave a good feeling for 
the basics of a PERT network— activities (repre- 
sented by solid arrows) and events represented 
by lettered circles) accounting for the major 
stages of a project. One additional item is highly 
useful in laying out a diagrammatic network— 
the dummy activity (represented ky.A dotted 
arrow) which is an artificial activity used to pre- 
vent inconsistencies or confusions in networks; 
The dummy activity has three special uses, 
which we will consider one at a time. 



roject has multiple beginning 
: a basic network would show 
•inning or ending indepen- 
other and of any start or 
\s a whole. For example, 
>oard presentation project 
beginning with two independent activities 
(getting report and getting materials) and it uri- 
realistically suggests that each starts spontane- 
ously out of nowhere, without relation to the 



First, whf 
or ending act: 
such activiti*; 
dently both oi 
finish of the pre, 
Figure 2-9 shows t 



project as a whole. A look at Figure 2-11 
shows the utility of inserting dummy activities 
in such cases^with the dummy activities in 
place, the network suggests clearly that once the 
project starts (event 0), the two beginning activi- 
ties commence. In addition, were the project to 
end in two independent activities, they could 
realistically be connected by dummy activities 
to one terminating event.. Hence, clarity and 
conformity to real-world decision making can 
be added by the dummy activity. 

So that dummy activities can be individually 
identified, they are given identification numbers 
just as all other activities are. Dummy activities 
can be numbered as convenient— either in order 
as they appear in the network or in sequential 
order after the last activity number in the net- 
work, as in Figure 2-1 i. 

The second use of the dummy activity is in 
instances where two separate activities have 
the same immediate predecessor and both im- 
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Figure 2-11 . 

Network for Board Presentation with Single Starting Event. 



mediately precede the same activity. In such 
instances, the two activities share the same be- 
ginning event and ending event, and a simple 
PERT network would not be able to show the 
distinction between the two. A simple network 
could either show only one of the two activities 
(placing its identification number above the 
arrow between the two shared events) or it 
could show the two as indistinguishable (placing 
botl* identification numbers above the one ar- 
row). The problem with the first alternative is 
obviously that ox omission; the second alterna- 
tive incorporates confusion. 

In such cases, dummy activities can be used 
to distinguish the two activities clearly while 
showing them both to begin and end with 
a common event. This can be done by first 
drawing two separate arrows from the common 
beginning event and giving them separate ending 
events (one being the common event they both 
end in and the other being wholly artificial): 
These distinct ending events can then be dia- 
grammatic ally shown to coincide by inserting a 
dotted arrow (dummy) between the artificial 
ending event and the actual ending event both 
activities precede. 

To illustrate, suppose that the board presen- 
tation project required that while you are 
writing your presentation and having it typed 
and while your overhead transparencies are 
being prepared, you also must prepare a brief 
written summary of your presentation for the 
individual board members Here the two activi- 
ties of preparing overheads and preparing a 
summary both begin with the same event (the 
termination of outlining the presentation) and 
end with the same event (the sint of making^ the 
presentation). Figure 2-12 shows how a dummy 
activity can be incorporated into the network so 
as to diagram the situation clearly. Beginning at 
event d (finish of outline), both activities are 
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Figure 2-12. 

Using a Dummy Activity to Distinguish Two Activities. 

shown to proceed separately to event /'(start of 
making presentation), one preceding directly 
and the other proceeding to its ending event ft, 
which is then connected by a dummy activity 
to event f. 

Dummy activities have a third use in net- 
works—indicating a preferred sequence of activi- 
ties when there is no other need for the specific 
sequence. Consider the board presentation 
project again and suppose that, in addition to 
the new activity of preparing a summary for the 
bo-ord, you must also plan to distribute this 
summary to the board. Furthermore, suppose 
that you want the activity of writing the presen- 
tation to precede the distribution of the sum- 
mary, but there is no activity linking the two 
activities so as to establish the order of events. 
To make the desired precedence clear in the net- 
work, a dummy activity can be inserted, as 
illustrated in Figure 2-13, where the dummy 
activity connects events e (end of writing presen- 
tation) and h (beginning of distribution of 
summary). 

When a network has been completed with 
dummy activities, the dummy activities are 
added to the complete activities list for the 
project. The immediate predecessors for each 
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Figure 2-13. 

Network for Board Presentation with Dummy Activity Indicating Time Precedence. 



dummy activity are listed appropriately on the 
activities list: 

In summary, the convention of the dummy 
activity is a valuable aid in drawing up complete 
and coherent PERT networks, whenever there 
is a need to: 

i. Provide single starting or termination 



events for projects with multiple starts 
or finishes. 

Represent two or more separate activi- 
ties which have identical starting and 
ending events. 

Indicate a desired precedence of activi- 
ties where there is no intervening activity 
necessitating the sequence. 



REVIEW 

Terminology 1. DUMMY ACTIVITY: an artificial activity represented by dotted lines 

to prevent inconsistencies or confusions in PERT networks. 

Exercises 1. Redraw the PERT network for the budget request project given in Exer- 

cise 2a on p. 14, using dummy activities appropriately. 
2. Redraw the network for the polling project, Exercise 2b on page 14, 
using dummy activities. 



III. DETERMINING COMPLETION 
TIME AND AVAILABLE SLACK 

Once the network has been drawn and the pred- 
ecessors clearly established, the next crucial 
issues concern time— how long each activity will 
take to complete and how long the entire proj- 
ect will take to complete. The next step is, then, 
to establish the duration of each individual 
activity. Once these durations are known, we 
can calculate the total amount of time it will 
take to complete the project. In addition, we 



can calculate how much delay can be absorbed 
by each activity without delaying the project. 
In the next section, we will explain how these 
calculations can be further Used to determine 
the "critical path" in the project— the path or 
sequence of activities which is critical insofar as 
it has the least or no room for delay. 

Activity Durations 

The length of time (Duration) we must deter- 
mine for each activity is the total length of time 
involved from beginning to completion, which 
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often involves more time in preparation of the 
task than in actually doing it. . For example, 
though it may take only one . hour to. make 
copies of a report, the entire activity, might well 
take one or more days to complete if time must 
be allowed for getting the material to the copier, 
waiting for copying, and getting the material 
back from the copier. 

For many projects, the length of time each 
activity will involve is well known from past ex- 
perience. However, most educational administra- 
tors find themselves confronted regularly with 
projects involving activities for which durations 
must be estimated. In such cases, one rule has 
become cardinal— when collecting data to esti- 
mate activity durations, go to those most di- 
rectly connected with _ executin _g the activity. 
Whenever this is not done or cannot be done, 
there is a high probability that the figures de- 
rived from the analysis of the PERT network 
will be worthless. 

Once the activity durations have been deter- 
mined, it is often convenient to enter them 
directly on the activities list. Durations can 
be entered in terms of hours, days, weeks, etc., 
depending on the nature of the project. Of 
course, the same Duration measure should be 
used for all activities within a project. As an 
example, the Duration for each activity in the 
board presentation project is shown on the 
activities list in Figure 2-14. In this case, all 
durations are shown in terms of days. Notice 
that the dummy activities that were established 
in the board presentation network in Figure 
2-11 are entered on this activity list and are 
assigned durations of 0.0 days. Since dummy 
activities involve no time, 0.0 is the correct 
Duration in all circumstances. 



When activity durations are established, they 
are entered on the PERT network under the 
arrow representing the appropriate activity. As 
an example, if an activity number 1 were "to 
get curriculum committee report" and its Dura- 
tion were established as 1/2 day, it would be 
shown on the network like this: 



©= 



it U'c ii'pur t ) 



Figure 2-15. 

Example of Placement of Activity Duration on Net- 
work. 



The entire network for the board presenta- 
tion project, with durations entered, is illus- 
trated in Figure 2-16. 




4.0 (Hake o«'*'rhend 
tranHp/irt'nc .oa) 



.1 (Cive. 
presentat ion) 



Figure 2-16. _ — 

Board Presentation Project with Duration Times. 



ID 


Activity Description 


Immediate 
Predecessors 


Durations (days) 


1 


Get curriculum committee report 


8 


0.5 


2 


Get sample curriculum material 


9 


1.0 


3 


Outline presentation 


1,2 


1.0 


4 


Write presentation 


3 


2:0 




Type presentation 


4 


1.0 


0 


Make overhead transparencies 


3 


4.0 


7 


Give presentation 


5,6 


.1 


8 


Dummy 




0.0, 


9 


Dummy 




O.O 1 



Figure 2-14. 

Activities list with durations for board presentation project. 
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Project Completion Time 

Earliest Start and Finish Times. With ail activity 
durations entered, the network can be analyzed 
to determine the project Completion Time (CTj. 
This anaiy sis is carried ^ out simply by deter- 
mining the earliest start and finish times for each 
activity in sequence through the final activity. 

The Earliest Start Time is calculated for each 
activity beginning with the initial starting time 
of zero for the project. Thus the Earliest Start 
Time for all initial activities is 0. The Earliest 
Finish Time is the Earliest Start Time plus the 
duration of the activity, or: 

Earliest Finish = Earliest Start + Duration 

For example, if an activity number 1, with an 
Earliest Start Time of 0 (zero), had a Duration 
of 1.5 (days), then its Earliest Finish Time 
would be 1.5 (days). 

If the initial activity is always given the 
Earliest Start Time of 0, how do you suppose 
the Earliest Start Times of the subsequent activi- 
ties are calculated? The Earliest Start J'ime of 
each subsequent activity is, of course, simply the 
latest Earliest Finish Time for all predecessors 
for that activity : 

Earliest Start Time 

= Latest Earliest Finish Time for Predecessors 

For example, if activity number 16 is immedi- 
ately preceded by activity 12 with an Earliest 
Finish Time of 4.5 (days) and by activity 15 
with an Earliest Finish Time of 5.5 (days), then 
the earliest point at which activity 16 nouid 
begin would be 5.5 days— the latest Earliest 
Finish Time of all predecessors. 

From the above discussion, you can see that 
the Earliest Start Times and Earliest Finish 
Times for each activity reflect the total amount 
of elapsed time from the start of the project's 
initial activity to the start or finish of the ac- 
tivity in question; 

Each Earliest Start Time and Earliest Finish 
Tirre is entered on the PERT network for easy 
reference while the network is being further 
analyzed. These times are conventionally en- 
tered in brackets on top of the appropriate 
activity arrow, immediately after the activity's 
identification number. Earliest Start is entered 



first and Earliest Finish entered second, sepa- 
rated by a semicolon. For example, if an initial 
activity was "get curriculum committee report M 
with an activity Duration of :5 (days), it would 
have an Earliest Start Time of 0 and an Earliest 
Finish Time of .5, which would be entered as in 
Figure 2-17. 

^Earliest start; earliest finish 



.5 (Get curriculum committee report) 

Figure 2-17. 

Example of Placement of Earliest Start and Earliest 
Finish Times. 

Figure 2-18 shows part of the network for 
the board presentation project with the Earliest 
Start and Earliest Finish, times for the two 
initial dummy activities and activities 1, 2, and 3 
correctly entered. Let's follow this example 
through, step by step. 




Figure 2-18. 

Earliest Start and Finish Times for Initial Dummy A ctiv- 
ities and First Three Activities on the Board Presenta- 
tion Project Network. 

Since we assume, the starting time for the 
project is day 0, and since the dummy activities 
have duration times of 0, the Earliest Start and 
Finish times for both dummy activities in Fig- 
ure 2-18 are 0. The Earliest Start times for 
activities 1 and 2 are then also 0. Since activity 1 
has a duration of .5 days, then its Earliest Finish 
is .5 days after the project has begun: Since 
activity 2 has a Duration of 1.0 days, its Earliest 
Finish is 1.0. 

Activity 3, however, must begin after both 
activity 2 has a Duration of 1.0 days, its Earliest 
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That is, the curriculum committee report 
(activity 1) and sample curriculum materials 
(activity 2) must be obtained before the out- 
lining of the presentation (activity 3) can begin. 
We can be that sure activity i and activity 2 
have been completed by day 1:0 (the Earliest 
Finish of activity 2). Therefore, the Earliest 
Start for activity 3 is day 1.9. Since activity 3 
has a Duration of 1.0 days, then its Earliest 
Finish is day 2.0. 

After calculating these quantities for each 
activity, one proceeds to derive the Completion 



Time (CT), or the Earliest Finish Time for; the 
whole project, which is very simple.. The Earliest 
Finish Time possible for a project is, naturally, 
the latest Earliest Finish of all activities and is 
therefore the same as the Earliest Finish of the 
project's terminating activity. 

The entire network for the board presentation 
is shown in Figure 2-19. Earliest Start and 
Finish. Times have been calculated for all activi- 
ties. The total time for the project is CT = 6.1 
days (Earliest Finish of activity 7). 




Figure 2-19. . - _ . 

Network for Board Presentation Project Showing Earliest Start and Finish Times and Completion 

Times. 



REVIEW 

Terminology 1. ACTIVITY DURATION : the total time it takes to complete an activity. 

2. EARLIEST START TIME: the earliest time in a project at which a given 
activity can begin; for initial activities, always 0 (zero) and for other 
activities, the latest. Earliest Finish for sill predecessors to that activity. 

3. EARLIEST FINISH TIME: for any activity in a project- the Earliest 
Start Time plus the Duration of the activity. 

4. COMPLETION TIME (CT): the latest Earliest Finish Time of all the 
activities in a project. 



1. Beginning below are the complete activities lists (including activity Dura- 
tions) for the budget request and the polling projects for which you drew 
networks in Exercises 1 and 2 on page 16. Using the networks that you 
previously drew, insert the Durations and the Earliest Start and Finish 
Tilths for each activity, and determine CT, the earliest Completion Time 
for each project. 

a. Activities list for project: Preparing a budget request for an elemen- 
tary -chool. 



2o 

o _ -.- - 

ERIC 



20 



THE COMPUTER IN EDUCATIONAL DECISION MAKING 







immediate 


/"") t 4 rzift C 
IS LJ f & it Uffa 


ID 


..... 

Activity Description 


Pro rtor'OFZ /S ft 


(days) 


1 


VjpUalll Class ell jnuilllle III ua».a 


11 


2.0 


Z 


rmfain oririvii/fh faptriv Frnm njmf" 

VJ L) Lai 11 gl UW 111 latlUI liUUi pao h 




.1 






12 


o 


•TTcQlCfc IlcAl ycat a Class 








enrollment 


1,2 


1:6 


4 


.Determine number of classes 


3 


.1 


5 


Determine size of teaching staff 








needed 


4 


, .1 


6 


Determine number of specialists 








needed 


5 


.1 
5.0 


7 


Obtain teacher supply requests 




8 


Determine supply needs 


7 


1.0 


9 


Determine transportation needs 


13 


3.0 


10 


Prepare budget requests 


6,8,9 


5.0 
0.0 


11 


Dummy 




12 


Dummy 




0.0 


13 


Dummy 


12 


0.0 



b. Activities list for project: Polling the district teaching staff on their 
attitudes toward differentiated staffing. 







fm mediate 


Durations 


ID 


Activity Description 


Predecessors 


(weeks) 


1 


Prepare questionnaire 


14 


1.0 


2 


Prepare memo to staff 


1 






regarding poll 




.2 
.1 


3 


Type memo 


2 


4 


Distribute memo 


3 


.6 


5 


Type questionnaire 


1 


.2 


6 


Duplicate questionnaire 


5 


.2 


7 


Distribute questionnaire 


4,6 


.6 


8 


Collect completed questionnaire 


7 


1.0 


9 


Tally results 


8 


.4 


10 


Write report on poll 


9 


1.0 


11 


Deliver report to superintendent 


10 


.1 


12 


Inform teaching staff of results 


10 


:6 
0.0 


13 


Dummy 




14 


Dummy 




0.0 


15 


Dummy 


12 


0.0 


16 


Dummy 


11 


0.0 



Slack Time __ 
The question now arises: How much can each 
activity in the .project be delayed without de- 
laying the whole project? In order to answer 
this question the latest possible time that each 
activity may be started and finished must be 
calculated. Once these latest times are estab- 
lished, we can compare them to the Earliest 



Start and Finish Times to see how much each 
activity may be delayed without delaying the 
on-time completion of the project; 

Latest Start and Finish Times. The Latest 
Start and Finish times are calculated from right 
to left or backward along the network, begin- 
ning at the Completion Time, T, which cannot 
be delayed. 

2G 
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Th< Latest Finish for the activities which 
immediately precede the ending event , of the 
project is, of course, the Completion Time, T. 
The Latest Start for any activity is: 

Latest Start = Latest Finish 

- Duration of Activity 

For all activities other than those that precede 
the ending event, the Latest Finish is the Earliest 
Latest Start of all immediate successor activities. 

As shown in Figure 2-20 below, this informa- 
tion is entered in brackets next to the activity 
duration figure. Notice that at this point in the 
network analysis we have removed the paren- 
thetical activity description from below the 
activity line to make room for the Latest Start 
and Finish Times. Henceforth, the activity de- 
scriptions will be omitted from our networks; 
to identify each activity we can rely on the 
activity identification number always given 
above each activity arrow: 

— 7 [6.0; 6. 1 1 CT - 6.1 

1 ^© 

.1 [6.0; 6.1] 

Latest «t.-irt — ^ ^ S>s *« Latent finish 

Figure 2-20. 

Placement of Latest Start and Finish Times. 

Figure 2-21a illustrates the network for ac- 
tivities 5, 6, and 7 of the board presentation 
project, showing Latest Start correctly. 

The calculations for these times were made in 
the following way: First, the Latest Finish for 
activ::y 7 (giving the presentation) is equal to 
the finishing time of the project, T, or 6.1 days. 
The Latest Start of activity 7 is the Latest Finish 
of that activity minus the duration of the ac- 
tivity, or 6.0. A similar procedure is employed 
for each activity in the network, working from 
right to left. 




Figu/e 2-21 a. . 

Latest Start and Finish Times for Activities 5, 6 y and 7 
of Board Presentation Project Network. 
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Figure 2-2lb. 

Board Presentation Project Network with Latest Start 
and Latest Finish Times. 

Figure 2-21b below illustrates the placement 
of Latest Start and Latest Finish Times on the 
entire board presentation project network. 

Let's consider the calculations for activity 3 
(outlining the presentation) in detail. The two 
successors to this are activities 4 and 6. Their 
Latest Start figures are 3.0 and 2.0 respectively. 
Thus, since the Latest Finish of activity 3 is the 
minimum of the Latest Start Times for the im- 
mediate successors of activity 3, the Latest 
Finish of activity 3 is 2.0 and the Latest Start 
is the Latest Finish jninus the duration of the 
activity, or 2.0 - 1.0 = 1.0. 

Slack. From the Earliest and Latest Time 
figures, we can now make one final calculation 
which will establish how much delay can be ab- 
sorbed up to any point- in the project. This is 
the calculation of the Slack, or S, for each 
activity. Slack for an activity is defined as the 
amount of time which an activity may be de- 
layed in either start or finish without delaying 
the completion of the project. 

The Slack for an activity is the difference be- 
tween the Latest Start arid the Earliest Start, or 
the difference between the Earliest and Latest 
Finish Times for that activity. 

Slack = Latest Start - Earliest Start 
or 

= Latest Finish - Earliest Finish 

Slack is calculated for each activity beginning 
with the last one on the network and moving 
backward to the initial one(s) of the project. 

Let's use the board presentation project net- 
work as an example and calculate the Slack for 

2 1 
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Figure 2-22. 

Network for Board Presentation Project with Slack(s) Figures. 



each activity, one by one. From the complete 
network shown in Figure 2-22 above, you can 
see that the Latest Start and the Earliest Start 
of activity 7 (giving the presentation) is 0 (zero); 
for this activity, the slack is therefore 0 and is 
entered as S = 0 above the appropriate arrow: 

S for activity 6 is also zero, since the Earliest 
Start is again equal to the Latest Start: However, 
for activity 5 (typing the presentation), S = 5.0 
- 4.0 = i.6. Continue on through the remainder 
of the network and verify the Slack figures 



shown for each activity. As you can see, some 
activities have slack and others do not. 

Once the S for each activity has been estab- 
lished, it is important to look at the meaning of 
the slack time for each individual activity and 
for sequences of activities. For example, while 
activity 4 (between d and e) has an S of 1 day 
and activity 5 (between e and f) has an S of 1 
day, these actually represent the same day. If 
activity 4 is delayed by a day, there will be no 
slack for activity 5. 



REVIEW 

Terminology 1. LATEST FINISH TIME: for activities immediately preceding the termi- 

nating event of a project, Latest Finish Time is always CT, the Comple- 
tion Time; for all other activities, Latest Finish is earliest Latest Start of 
all immediate successors. 

2. LATEST START TIME: the Latest Finish Time minus the Duration for 
that activity. 

3. SLACK: total delay time that can be absorbed by activities without 
delaying the completion of the project as a whole. 



1. Using the networks for the budget request project and the polling proj- 
ect for which you calculated Earliest Start and Finish Times in Exercises 
la and lb, pages 1? and 20, calculate and enter the Latest Start and 
Latest Finish Times for each activity. 

2. Using the networks from Exercise 1 above, calculate and enter the Slack 
for each activity. 

3. Assuming that the budget request project from Exercises 1 and 2 above 
must be completed by June 30 next year, what is the ^latest date the 
project can start in order for it to be completed on time? 

4. Select a relatively limited project with which you are familiar, such as' 
preparing for arid holding a board meeting or starting a riew interscholas- 
tic athletic activity. Carry out a PERT analysis of the project, including 
the complete activities list, the network, and all time determinations. 

f 
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jV DETERMINE THE CRITICAL PATH 

Now we have ail the information we need to 
establish one of the most useful features of a 
PERT return: The critical path through the 
project. As we stated earlier, the criticalj^ath is a 
particular sequence of activities in the PERT net- 
work which determines the minimum amount 
of time it will take to complete the project. It is 
called the critical path because the completion 
of each activity within the estimated duration 
time is necessary in order to complete the proj- 
ect within the total estimated time (CT). If one 
traces any other sequence of activities or paths 
through the network, he or she wil^ find that 
each one will take the same or less time to com- 
plete than the critical path. That is, there may 
be some activities in other paths which can be 
delayed in their starting or finishing without 
affecting the projected finishing time. The 
amount of this delay is something that we have 
just calculated—the total slack for each activity. 
Thus, it should be evident that the critical path 
has the least possible slack. 

To determine the critical path for the board 
presentation example, iook again at Figure 
2-22. If we work backward through the net- 
work, we see that activity 7 has no slack. Of 
the two activities preceding activity 7, only 
activity 6 has no slack. Only activity 3 pre- 
cedes activity 6. And of the two activities 
preceding activity 3, only activity 2 has no slack. 
The critical path is thus determined. It consists 
of the activities in the order 2-3-6 - 7. 

The critical path is denoted by such a list of 
the activities on it. It is represented in the PERT 
network by double arrows. Figure 2-23 gives 
the complete network, including the critical 
path, which has resulted from a PERT analysis 
of the board presentation. 

In the case we have been examining, there was 
no fixed time allotted for the project, but this 
is not always true: Many projects are allotted a 
given time period or required to be finished by a 
certain date; In this case, the critical path may 
not have zero slack. Suppose that in our board 
presentation example you decided before 
beginning the project to start two weeks before 
the meeting at which you were to give the 
presentation. What you would be doing, in 
effect, is to assign a value to_CT of 10 days. 
Using this figure, the amount of slack in the net- 
work is increased for all activities, as can be seen 
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Figure 2-23. 

Complete PERT Network for Board Presentation 
Problem. 




Figure 2-24, 

PERT Network for Board Presentation Problem—Ten 
Days Allotted. 

in Figure 2-24. In this case, the critical path is 
the path through the network with the least 
amount of slack. However, this obviously turns 
out to be the same path as before, 2 - 3 - 6 - 7. 

When the time allotted for a project is less 
than the time required to complete the project, 
each activity on the critical path will have nega- 
tive slack. This can be illustrated by assuming 
that v/e have scheduled the board presentation 
project to begin on Monday and the board 
meeting is on Friday of the same week. In 
effect, we have assigned a value of 5 days to CT. 
Using this figure, we can calculate the slack for 
each activity in the network; the results are 
given in Figure 2-25. The critical path is still 
that path through the network which has the 
least amount of slack 2 —again, it is 2 - 3 - 6 - 7. 

The three cases that have been discussed 
above can be combined into one rule for finding 

2 Remember when working with negative numbers 
that -5 is a smeller number than -3. 

2j 
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Figure 2-25. 

Network for Board Presentation Problem— Five Days Allotted. 



the critical path. The definition which covers all 
three cases is: the critical path is that path 
through the network which has the least amount 
of stack. Using this definition, it makes no dif- 
ference whether the slack is positive or negative 
or zero. In all practical situations, however, if 
there is a negative slack in the critical path, 
either the project will automatically be com- 
pleted after the deadline or some activities must 
be completed in less time than was originally 
estimated. In every case it will be up to the 
administrator to determine the most judicious 
course to follow given the particular circum- 
stances, whether it is to start early, to cut down 



the time spent on some of the activities, or to 
allow the project to run over deadline: 

For most projects, the administrator will 
obviously want to begin early if possible, in 
order to leave extra time throughout in case of 
unforeseen delays. This will amount to adding 
slack and, for purposes of the network, can 
simply be added to the slack shown for each 
activity. For example, if a given project has a 
Completion Time of 30 days and the administra- 
tor decides to start the project 40 days before 
the end date, then he would add 10 days to the 
slack figure for each activity. 



Terminology 



REVIEW 

.y __ . _ " 

CRITICAL PATH: the path through a network which has the least 
amount of slack. 



Exercises 



1. (a) Use the networks for the budget request project and the polling 

project which you have been developing in the last several exercises 
and show on each the critical path: 
(b) Assuming that you have ten working days in which to carry out the 
budget request project, discuss what decisions you would make 
concerning the planning and implementation of the project. 

2. Using the network you developed for your selected project in Exercise 
4, page 22, determine the critical path and make any adjustments you 
deem necessary to carry out the project adequately. 



SUMMARY OF PERT SYSTEM & 
THE CRITICAL PATH 

Through the procedures outlined, it is possible . available, the critical path may be determined 

to calculate the critical path for any project by using the following rules: 
which consists of a set of discrete, interrelated 

activities for which times for completion are 1- Construct an activity table which assigns 

3u 
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a numerical identifier to each activity, 
lists each activity's predecessors, and 
gives Durations for each activity. 

2. Construct a PERT network of the activi- 
ties and events: 

3. In a left-to-right pass through the net- 
* work let S = 0 and calculate: 

a. Earliest Start = S for beginning ac- 
tivities or 

b. Earliest Start = maximum Earliest 
Finish for all predecessors of the 
activity; 

c: Earliest Ffnish = Earliest Start + dura- 
tion time; 

d. T = maximum Earliest Finish of all 
activities or the finish time assigned. 



4; In aright-to-left or backward pass calculate: 

a. Latest Finish = T for all ending activi- 
ties, or, Latest Finish = minimum 
Latest Start for sill successors of the 
activity; 

b. Latest Start = Latest Finish - duration 
time of the activity; 

c. Total Slack = Latest Start - Earliest 
Start = Latest Finish - Earliest Finish. 

5. Find the critical path by determining 
which sequence of 3 activities or path 
through the netw^H?Khas the least amount 
of slack. 



REVIEW 

Exercise Suppose you have just been given responsibility for conducting a school 

census. The date is now September 1. In order to plan and execute this 
census with maximum efficiency, you decide to use PERT. The table below 
gives the list of activities that you have decided will be in the project. Do 
th? folio wir j tasks : 

(a) Construct a PERT network of the project with ail relevant data in- 
cluded and identify the critical path. 

(b) Determine the starting date so that the report will be ready to present 
to the board by May 1. Assume that each week has five working days. 



Activity List for Census Project 



ID Activity Description Duration (weeks) ID Activity Description Duration (weeks) 



1 Determine information needed 2.0 9 Determine number of workers .4 

2 Design forms 3.0 10 Print forms 6.0 

3 Determine census grids 2.0 11 Employ workers 2.0 

4 Arrange computer processing .2 12 Meetings with workers 1.0 

5 Arrange publicity A 13 Take census 4.0 

6 Order forms . .2 14 Keypunch data 3.0 

7 Write computer programs 4.0 15 Computer analyses .4 

8 Publicity 4.0 16 Write final report 4.0 



PERT ANALYSIS USING THE COMPUTER 

* 



PERT WITH PROGRAM GCPATH 

The examples that hav been discussed on the 
preceding pages have all been fairly simple in 
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nature and thus were easily solved by hand. 
Many of the problems to which PERT is applica- 
ble, however, are hot as easily solved. Often 
there are a large number of activities and com- 
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plex relationships among the activities. PERT 
probably finds its greatest utility in those proj- 
ects which encompass a great number of activi- 
ties with numerous interrelations, but large 
projects like this are difficult to handle by the 
manual procedures we have outlined. Fortu- 
nately, a number of computer programs exist 
which do an efficient job of solving large PERT 
network problems. In this section we will intro- 
duce you to one of them. 

The program we will usejs named GCPATH 
and was written in the BASIC program language. 
The function of the program is to provide the 
PERT network analysis by taking in such initial 
information about the activities as Durations 
and predecessors and giving back the numerical 
figures for* each. It will also identify which 
activities are on the critical path. 



THE STEPS FOR USING GCPATH 

Complete Activities List 

Before beginning to use GCPATH, you will 
need a complete activities list, including all 
activities arid dummy activities, predecessors, 
and Durations for all activities; To illustrate 
how GCPATH works, let's use again the board 
presentation project. The complete activities 
list for this project is reproduced in Figure 2-26 
below. 

Data Statements 

While there are numerous different ways in 
general to make information or data available 



to a computer program for execution, GCPATH 
receives data by means of DATA statements 
which the user inputs into the computer. The 
form of this statement is: 

statement number DATA activity ID, 

Duration, predecessor, predecessor,::., -1 

One DATA statement must be constructed 
for each activity in the project. Since there are 
seven activities in the board presentation proj- 
ect, we will need to construct seven DATA 
statements. Each must have a statement num- 
ber; the first should be 2000. 

Let us construct the first three DATA state- 
ments in detail : 



2000 DATA 1,.5,-i 

2001 DATA 2,1,-1 

2002 DATA 3,1,1,2,-1 



The first statement, numbered 2000, repre- 
sents activity 1, which has a Duration of .5 
days and has no predecessors. The -1 at the 
end of each line indicates that there are no more 
predecessors for this activity. Since each state- 
ment must be numbered with a consecutively 
higher number, the second is 2001. It indicates 
that activity 2 has a Duration of i day and has 
no predecessors. The DATA statement num- 
bered 2002 indicates that activity 3 has a Dura- 
tion of 1 day arid, as predecessor, activities 1 
and 2. Each following DATA statement is con- 
structed in a similar manner until the list of 
activities for the project is exhausted. Figure 



ID 



Activity Description Predecessors Durations (davs) 



1 Get curriculum committee report 8 -5 

2 Get sample curriculum material 9 1.0 

3 Outline presentation 

4 Write presentation 

5 Type presentation 

6 Make overhead transparencies 

7 Give presentation 5,6 -1 

8 Dummy ^.0 

9 Dummy 



2 i.e 

3 2.0 

4 1.6 
3 4.0 



0.0 



Figure 2-26. 

Complete activities list for board presentation project. 
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2-27 gives the complete list for the board 
presentation project. 

2000 DATA i. 5, 8,-1 

2001 DATA 2.1,9,-1 

2002 DATA 3,1,1,2,-1 

2003 DATA 4,2,3,-1 

2004 DATA 5,1,4,-1 

2005 DATA 6,4,3,-1 

2006 DATA 7, .1,5, 6,-1 

2007 DATA 8,0,-1 

2008 DATA 9,0,-1 



Fiqure 2-27. 

Data statements for the board presentation project. 
Getting Access to the Program 

Once you have the list of DATA statements 
written down, you are ready to run the com- 
puter program GCPATH: The first thing you 
must do is to communicate to the computer 
that you want to run program GCPATH. To 
do this, you type the access statements appro- 
priate for your computer. 3 For example, it may 
be: 

PET-GCPATH 

This statement entered into the computer will 
tell the computer that you want access to pro : 
gram GCPATH. 

Entering Data and Running GCPATH 

Next, you must enter your DATA statement for 
your project. In this case enter the DATA state- 
ments just as they are given in Figure 2-27. 
After you have typed each line, press the return 
key. 4 Once vou have entered all the DATA 
statements, you are ready to run the program. 
To do this, type the run statement appropriate 
for your computer 5 —for example, RUN. The 
computer will reply by typing out the question: 

HAVE Y00 ENTERED YO OR DATA ALREADY? YES-1. NO-0 
? 

'* If you have not operated a computer from a terminal 
before, consult your instructor for help. 

4 If you make an error in entering any DATA state- 
ment, simply hit the return key nnd retype the complete 
lino correctly— e.g., 20CfO DATG (error, hit return) 
2000 DATA 1, .5, -i. 

5 Before beginning to use the terminal, be sure you 
know the access and run statements appropriate for 
your computer. 



ERLC 



If the answer is yes, type "1" next to the 
question mark. If you should happen to type 
"0," the machine will print out the following 
lines: 

ENTER THE PROJECT DESCRIPTION IN DATA STATEMENTS 
BEGINNING -WITH LINE - 2000- - 
FOR EACH.. JOB* GIVE THE FOLLOWING DATA — 
JOB NUMBER 

TIME REQUIRED TO COMPLETE 
PREDECESSOR JOBS (IF ANY > 
- 1 

JOBS MAY BE ENTERED IN ANY ORDE'l 

AFTER ENTERING YOUR DATA STATEMENTS. RE-RUN THE PRO GRAM 



In essence, the computer is telling you how to 
enter your data. You would then enter your 
DATA statements and type RUN again. Using 
program GCPATH, the computer will now ana- 
lyze your data. After it is finished it will type 
the information in figure 2-28. 



i 

3 1 



I ": 't, ? f n *f;t>' 

no-iF 
gure 2-28. 

Computer output for the board presentation problem. 

The first information the program prints out 
(Part A) is a list of the activities in the project 
along with their duration time and list of the 
activities which precede them. This is printed 
out so that you may confirm that you have 
entered all the information on the activities of 
the project correctly. In Part B, the program 
prints out the earliest completion time of the 
project, or T— the minimum number of days it 
will take to complete the project. Finally, in 
Part C, it prints out for each activity the Earliest 
Start and Finish, the Latest Start and Finish, 
the Slack Time, and whether or not the activity 
is on the critical path. For instance, in Figure 
2-28, activity 2 ("get curriculum materials 
samples") has an Earliest Start time of 0 days 
and Earliest Finish time of 1 day, a Latest Start 
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time of 0 days. and a Latest Finish time of 1 day, 
and a Slack of 0 days and is on the critical path: 
in contrast, activity 4 ("write the ..presenta- 
tion") has an Earliest Start time of 2 days, an 
Earliest Finish time of I days, a Latest Start 
time of 3 days 3 a Litest Finish of 5 days, and a 
Slack time of 1 day; and it is not on the critical 
path. The critical path through the PERT net- 
work is thus identified by the activities that 
are labeled CP by tho computer program. 



COMPUTER PERT ANALYSIS: 
AN EXAMPLE 

The chief advantage of computer solutions to 
PERT analyses is that they can provide time and 
slack figures and designate the critical path 
much more quickly and easily than hand solu : 
tions. In addition, the computer is capable of 
handling very complex projects with a large 
number of activities just as easily as it handled 
the small example above. 

To illustrate the capability of GCPATH to 
handle a somewhat more complex project, let's 
look at one final example. Suppose that your 



state legislature passed a law during its last ses- 
sion requiring each school district in the state 
to establish educational goals for each grade 
level from first through twelfth within the next 
two years. Assume that you are in charge of this 
project for your school and that you come up 
with the activities list shown in Figure 2-29. 
From this list, you might construct a network 
similar to Figure 2-30. 

This network would clearly illustrate prede- 
cessor activities and the position of dummy 
activities, and you could now complete the 
activities list by entering the latter, as in Figure 
2-31. 

If you had to rely solely on hand calculations 
at this point to derive Earliest and Latest Start 
and Finish Times, Slack, and the Critical Path, 
you would be in for a time-consuming set of 
operations. With GCPATH available, however, 
you could simply make your data statement list 
with activity number, Durations, and predeces- 
sors, and GCPATH would give you the full 
PERT analysis, including all activities on the 
critical path. Figure 2-32 shows the GCPATH 
printout results for the goal specification project. 



ID 



Activity Description 



Duration 
(weeks) 



5 
6 
7 
8 
9 

10 



Secure state guidelines 

Construct committee guidelines 

Appoint goal specification committees 

Contact state university education 

department regarding goal 

specification workshops 

Meet with workshop leaders 

Schedule workshops 

Distribute committee guidelines 

Conduct workshops 

Secure samples of goal specification 

from other districts 

Consult or review literature on 

goal specification 



4 
3 
4 



6 
2 
2 
4 
9 

16 

12 



ID Activity Description 

11 Generate preliminary set of goals 

12 Distribute for teacher reaction 

13 Call in consultant 

14 Compare with goals of other 
districts 

15 Revise goals 

16 Submit to superintendent for 
approval 

17 Submit to school board for 
approval 

18 Submit to state department of 
education for approval 

19 Publish, distribute to all teachers 

20 Inform community of outcomes 



Duration 
(weeks) 



4 
6 

2 
& 

4 

8 

10 
14 
4 



Figure 2-29. 

Activities list for goal specification project. 
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Figure 2-30. 

Network for the Goal Specification Project. 



ID 

1 

2 
3 
4 



5 
6 
7 
8 
9 

10 

11 
12 
13 
14 
15 
16 
17 
18 

19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 



Activity Description 



Predecessors Duration (weeks) 



Secure state guidelines 

Construct committee guidelines 

Appoint goal specification committees 

Contact state university education 

department regarding goal 

specification workshops 

Meet with workshop leaders 

Schedule workshops 

Distribute committee guidelines 

Conduct workshops 

Secure samples of goal specification 

from other districts 

Consult or review literature on 

goal specification 

Generate preliminary set of goals 

Distribute for teacher reaction 

Call in consultant 

Compare with goals of other districts 
Revise goals 

Submit to superintendent for approval 

Submit to school board for approval 

Submit to state department of 

education for approval 

Publish, distribute to all teachers 

Inform community of outcomes 

Dummy 

Dummy 

Dummy 

Dummy 

Dummy 

Dummy 

Dummy 

Dummy 

Dummy 



22 
1 

23 



21 
4 
5 
2,3 
6,7 

24 

25 
8,9,10 
11 
11 
11 

26,13,27 
15 
16 

17 
18 
18 



12 
14 
19 
20 



4 
3 
4 



6 
2 
2 
4 
9 

16 

12 

8 
4 
6 
2 
8 
4 
8 

10 
14 

4 

0 

0 

0 

0 

0 

0 

0 

G 

0 



Figure 2-31 . 
Durations. 
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2000 DATA 1,4,22,-1 

2001 DATA 2,3,1,-1 

2002 DATA 3,4,23,-1 

2003 DATA A,*, 2 1,-1 

2004 DATA 5,2,(i,-| 

2005 DATA 6,2,5,-1 

2006 DATA 7,4,2,3,- 1 

2007 DATA K , 9 , * * 7 , - 1 
2Q08 DAIA 9, 16*24,-1 

2009 DATA 10, 12,25,-1 

2010 DATA 11,8,8,9,10,-1 

201 1 DATA 12,4, 1 1 0- 1 

20 12 DATA 13,6,11,-1 

201 3 DATA 14,2,11,-1 

2014 DATA 15,8,26,13,27,-1 

2015 DATA 16,4, 15,-1 

20 16 DATA 17,8, 16,-1 

2017 DATA 18, 10, 17,-1 

2018 DATA 19,14,18,-1 

2019 DATA 20, 4* 18, - 1 

2020 DATA 21,0,-1 

2021 DATA 22,0, -i 

2022 DATA 23,0, - 1 
2Q23 DATA 24,0,-1 
20?4 DATA 25, 0# - 1 

2025 DATA 26,0, 12,- 1 

2026 DATA 27,0, 14, - 1 

2027 DATA 28,0, 19,-1 

2028 DATA 29,0, 20, - 1 



RUN 

GCPATH 

HAVE YOU ENTERED YOUR DATA ALREADY? YES- 1 , ^0-0 
? 1 



ACTIV; DURATIONS PREDECESSORS 



1 


4 


22 


2 


3 


1 


3 


4 


23 


4 


6 


21 


5 


2 


4 


6 


2 


5 


7 


4 


2 


8 


9 


6 


9 


16 


24 


10 


12 


25 


1 1 


8 


8 


12 


4 


1 1 


13 


6 


1 1 


14 


2 


1 1 


IS 


8 


26 


16 


4 


IS 


17 


8 


16 


18 


10 


17 


19 


14 


18 


20 


4 


IS 


21 


0 




22 


Q 




23 


0 




24 


0 




25 


0 




26 


0 


12 


27 


o 


14 


28 


0 


19 


29 


0 


20 



EARLIEST COMPLETION TIME FHH THE ENTIRE PROJECT - 78 



Figure 2-32. 

GCPATH Analysis of the Goal Specification Project. 
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EARLIEST _ .. _ LATEST, 



ACT IV 


STAHT 


FINISH 


STAHT 




SLACK 




1 


. - - 

0 


4 


0 


4 


0 


♦ CP* 


22 


0 


0 


0 


0 


0 


♦ CP* 


2 




7 


4 


7 


0 


♦ CP* 


3 


0 


4 


3 


7 


3 




23 


0 


0 


3 


3 


3 






0 


6 


1 


7 


1 




21 


0 


0 


1 




1 




s 


6 


8 


7 


9 


1 




<«, 


8 


10 


9 


1 1 


1 




7 


7 


1 1 


7 


1 1 


0 


♦CP* 


8 


1 1 


20 


1 I 


20 


0 


• CP* 


9 


0 


16 


4 


20 


t\ 




26 


0 


0 


4 


4 






10 


0 


12 


8 


20 


8 




25 


0 


0 


8 


8 


[? 




i i 


20 


28 


20 


28 


0 


♦ CP^ 


12 


28 


32 


30 


34 


2 




13 


28 


34 


28 


34 


0 


♦ CP* 


14 


28 


30 


32 


34 


4 




15 


3* 


42 


34 


42 


0 


♦ CP* 


26 


32 


32 


34 


34 


2 




27 


30 


30 


34 


34 


4 


•CP* 


16 


42 


46 


42 


46 


0 


17 


46 


54 


66 


54 


0 


*CP* 


18 


54 


64 


54 


64 


o 


*CP* 


19 


64 


76 


64 


78 


0 


♦ CP* 


20 


64 


68 


74 


78 


10 


*CP* 


28 


78 


78 


78 


7 8 


0 


29 


68 


68 


78 


78 


10 





Figure 2-32. Continued 



REVIEW 

Exercises Use GCPATH to analyze one of the problems listed below thr.t you have 

done previously by hand. 

1 . Preparing a budget request for an elementary school from page 14. 

2. Polling the district teaching staff on their attitudes toward differenti- 
ated staffing from page 14. 

3. Conducting a census for your school from pa^e 25: 

Your printout will depend upon the exact data you included in your initial 
analysis of the project. 



USING PERT IN THE EDUCATIONAL SETTING 



ORGANIZING, PLANNING, AND 
TIME MANAGEMENT 



As you can appreciate at this point, PERT pro- 
vides an invaluable approach to the organization 
of thinking and planning for any project which 
involves a well defined collection of interrelated 
activities. Some examples of typical administra- 
tive projects appropriate for PERT methods of 



analysis are building a new building, introducing 
a new instructional program into the curriculum, 
reorganizing existing programs, budget prepa- 
ration, teacher-salary negotiation processes, 
planning affirmative action programs, planning 
school integration, and conducting needs surveys. 
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Using the network sequence, subprojects can 
be broken out of the network and ._ desig- 
nated as specific units of work to be delegated. 
Also, using the time figures from the analysis, 
activities can be systematically scheduled on the 
calendar. 

Once a project is under way, the PERT analy- 
sis can be used as a valuable guide in managing 
the progress of the project in terms of time. Not 
only can the PERT-derived schedules be used, 
but the critical path provides check points to 
which the manager may want to pay particular 
attention. 



PERT AS A COMMUNICATION TOOL 

Once a PERT analysis is complete, it provides 
ample material for communicating effectively 
with subordinates, superiors, and any others 
who may require information about the project. 
The network alone provides a graphic picture 
of the interconnection between activities and 
among the subprojects, giving workers a clear 
understanding of how their tasks fit into the 
overall picture. The specific time figures, in- 
cluding slack and critical path factors as well 
as the resulting calendar schedule, clarify the 
time constraints for all concerned: 

The administrator can summarize the PERT 
analysis ir formation in any number of ways in 
order to communicate effectively about the 
project, depending on the situation. 

AVAILABILITY OF COMPUTER 
PROGRAMS FOR PERT ANALYSES 

As with computer programs for other opera- 
tion research techniques, most administrators 
find that they can rely on the director of their 
computer center or the service agency that 
provides computer processing to obtain com- 
puter programs for PERT analyses and to run 
them with the data provided by the admini- 
strator. Such programs are usually readily avail- 
able from the manufacturer of the computer 
you have access to, from university computer 
centers, or from users' groups; 

There is a great number of different PERT 
analysis programs, but they are all basically 
the same. They differ primarily in special de- 



tails—for example, the exact form of the input 
or the features of the. output may be some- 
what different. Since PERT analyses always 
require basically the same initial data and pro- 
duce basically the. same PERT results, admini- 
strators will normally have little difficulty using 
whatever PERT program may be available. 



ADVANTAGES AND 
LIMITATIONS OF PERT 

Now that you have some idea of what PERT 
is and what it can do, it is time to step back 
and take the larger view of PERT as a manage- 
ment tool. Obviously, it will not solve every 
problem of school administration. Yet it doos 
have advantages (as well as disadvantages) when 
employed as a decision-making tool. 

Let us consider the advantages first. Wiest 
and Levy provide an excellent summary of the 
advantages of PERT/CPM 6 for management 
in general: 7 

1. . . . [PERT/CPM techniques] are useful 
at several stages of project management— 
from the early planning stages, when 
various alternative programs or pro- 
cedures are being considered; to the 
scheduling phase, when time and resource 
schedules are laid out; and finally in the 
operational phase, when used as a control 
device to measure actual versus planned 
progress. 

2. They are straightforward in concept and 
easily explainable to the layman with no 
background in network theory. Data cal- 
culations, while tedious for large projects, 
are not difficult., Basic critical path data 
may be hand calculated with reasonable 
speed for projects with up to 500 or 600 
activities. Computer programs are readily 
available for larger projects. 

3. the network graph displays in a simple 
and direct way the complex interrelations 

6 CPM refers to the independently developed tech- 
nique of Critical Path Method, the essentials of which 
are incorporated in such general PERT analysis as that 
presented in this text. 

7 Jerome D. Wiest and Ferdinand K. Levy, A Manage- 
ment Guide to PERT/CPM (Englewood Cliffs, N.J,: 
Prentice-Hall, 1969). 
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of activities which comprise a project. 
Managers of various subdivisions of the 
project may quickly perceive from the 
graph how their portion affects, and is 
affected by: other parts of the project. 

4. Network calculations pinpoint attention 
to the relatively small subset of activities 
in a project which is critical to its com- 
pletion. Managerial action is thus focused 
on exceptional problems, contributing to 
more reliable planning and more effective 
control. 

5. CPM enables the manager to reasonably 
estimate total project costs for various 
completion dates. These various trade-off 
possibilities, along with other decision 
criteria, enable him to select an optimum 
or near-optimum schedule. 

6. CPM and PERT are applicable to many 
types of projects— from aerospace de- 
velopment projects to large construction 
and maintenance jobs, from new product 
introduction programs to missile count- 
down procedures. Moreover, they may be 
applied at several levels within a given 
project, from a single department working 
on a subsystem to multi-plant operations 
within a large corporation. 

7. As simulation tools, they enable the 
manager to project into the future the 
effects of planned or unanticipated 
changes and to take appropriate action 
when such projections indicate the need 
for it. Thus, for example, the manager can 
quickly study the effects of crash pro- 
grams and can anticipate in advance 
potential resource bottlenecks that might 
result from shortening certain critical 
jobs. 

in addition, PERT contains several other ad- 
vantages for the educational administrator. 
First, and perhaps foremost, PERT allows the 
person responsible for the project to examine 
the entire project systematically and to identify 
the activities involved and the relationships 
among them; stated briefly, it is an analytical 
tool for planning and analyzing projects. It 
benefits the administrator concerned with 
obtaining grants from a number of funding in- 
stitutions in that many such institutions now 
require proposals to be accompanied by a 



management plan similar to PERT. Finally, 
PERT offers a highly useful method of docu- 
menting projects for future use, either in re- 
peating the project or in planning new but 
similar projects. 

On the other side, PERT has several limita- 
tions arising primarily from the assumptions it 
makes about projects. 

First, PERT assumes that a project can be 
subdivided into a set of predictable, independent 
activities. This has been challenged on two 
grounds. The first is that it may not be possible 
for all the activities which comprise a new 
project to be known before the project is 
started. This is not unreasonable when a group 
of individuals engage in a new project which 
they know little about; but for school admini- 
strators, it is unlikely that many completely 
unfamiliar projects would be initiated. The 
second challenge has to do with the identifica- 
tion of separate activities within the project. 
It maintains that in some cases it is not possible 
to separate the activities into independent units. 
For instance, the managerial function in a proj- 
ect is difficult to fit into the definition of an 
activity as having definite beginning and ending 
points within the project. This objection may be 
valid for several types of activities. 

The second PERT assumption is that the re- 
lationships among activities can be completely 
represented by a noncyclical network in which 
each activity connects directly into its immedi- 
ate successors. The assumption is not valid 
where the relationship between activities is con- 
ditional, i.e. the case where the order of activi- 
ties is contingent upon the outcome of other 
activities. In a curriculum development project, 
for example, publication of the materials may 
hinge on the successful outcome of the field 
trials. If the trials are not successful, the mate- 
rials must be revised— otherwise they go to 
publication: PERT has no provisions for this 
type of conditional precedence of project 
activities. 

The third assumption of PERT is that activity 
durations may be estimated and are independent 
of each other. Since the calculation of the criti- 
cal path depends on the time estimates, it is 
necessary that the estimates be accurate. But 
this is not always the case: when a project is 
initiated, the personnel involved may know little 
about the duration of the activities they must 

3J 



ERIC 



34 



THE COMPUTER IN EDUCATIONAL DECISION MAKING 



carry out and their estimates may be inaccurate. 
There may also be cases where the activity 
durations arf» not independent. When there is 
only a limited amount of manpower or money 
available, for instance^ applying it to one activity 
may result in another activity being slowed 
down or stopped: 

Finally, PERT has one characteristic which 
may prove a disadvantage in some situations. 



This is that it generally takes some time to 
carry out ..the data gathering and calculations 
necessary for a PERT analysis. If the project is 
fairly small and the time schedule tight, it may 
be more efficient to do without the analysis. 
However, this saving in time must always be 
weighed against the ultimate cost of poor 
scheduling and planning for the project. 



FINAL EXERCISE 

Choose a project which is or might be your responsibility and perform a PERT analysis, using GCPATH 
to aid in your analysis. You should generate the following: 

1. An activities list; 

: A PERT network of the project; 

3. A PERT analysis by the computer; 

4. A verbal description of the critical path, making any advisable adjustments; 

5. Using actual calender dates, schedule the activities for your project. 



BIBLIOGRAPHY AND SUGGESTED REFERENCES 

Cook, D. L. Better Project Planning and Control through the Use of System Analysis 
and Management Techniques. ERIC ED019 729. (Paper presented at Symposium on 
Operations Analysis of Education, sponsored by the National Center for Educational 
Statistics, Washington, D.C., November 20-22, 1967.) 

Federal Electric Corporation. A Programmed Introduction to PERT. New York: John 
Wiley and Soils, Inc., 1963. 

Harris, Roy D., Michael J. Maggard, and William G. Lessb. Computer Models in Opera- 
tions. Research. New York: Harper and Row, 1974. Suggested reading: Chapter 4, 
CREW, pp. 69-88. 

Siemens, Nicolai,C: H. Marting, arid Frank Greenwood. Operations Research, New York: 
The Free Press, 1973. Suggested reading: Chapter 4, Planning Long-Range Objectives, 

pp. 65-103. - - - - - - 

Van Dusseldorp, Ralph A., Duane E. Richardson, and Walter J Foley. Educational 

Decision-Making through Operations Research. Boston : Allyn and Bacon, Inc., 1971. 
Wiest, Jerome D., and Ferdinand K. Levy. A Management Guide to PERT/CPM. Engle- 

wood Cliffs, N.J.: Prentice-Hal!, 1969. 



? Linear PRoqRAMMiNq 



CHAPTER PREVIEW This chapter introduces the technique of linear programming as a manage- 
ment tool for decision making. Linear programming is a problem-solving 
technique useful in problem situations where one quantity must be opti- 
mized (made as large or small as possible) while other quantities must re- 
main within certain limits. An example of such a problem is determining 
the amount of instructional time to be spent in each of several different 
teaching modes so that the value of instruction to students is maximized 
while the limits of teachers and factiitie^ available are observed. 

The chapter contains a sample of a linear programming computer prograoi 
and illustrates its use in several different situations. At key points, exercises 
are given to provide the user with experience in using a computer program 
and applying specific techniques for handling various linear programming 
problems. 

The problems used as examples and exercises in this chapter are real-world 
problems which have been simplified somewhat in order to illustrate clearly 
the various technique:: of linear programming. 

The authors wish to thank the editors of Allyn and Baron, Inc., for per- 
mission to reproduce and adapt portions of chapter '3, "Linear Programming," 
Ralph A. Van Dusseldorp, D. E. Richardson and W. J. Foley, Educational 
Decision-Making through Operations Research, Boston: Allyn and Bacon, 
1971. 



CHAPTER AIMS Successful completion of this chaptei with its exercises should provide the 

reader with a basic understanding of what constitutes a linear programming 
problem, how to form a mathematical mortel of the problem, and how to 
use a computer program to find the solution. Once these skills have been 
mastered, the reader should be able to deal successfully with real-world 
linear programming problems in all their ccmnl^xity. 
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INTRODUCTION TO LINEAR PROGRAMMING 



WHAT IS LINEAR PROGRAMMING? 

In the course of their careers, educational ad- 
ministrators encounter many problems like the 
following: 

How can we adjust the salary schedule so that 
beginning teachers' salaries are as high as 
possible and still remain within the budget? 

Which teachers should we hire in order to 
maximize the quality of teaching in the 
district? 

v How can we have racially balanced schools 
while transporting students a minimum 
distance from their neighborhoods? 
How much time should be devoted to indi- 
vidualized instruction in mathematics so 
that students are receiving the maximum 
possible benefit? 

Although the above problems deal with 
widely varied topics, all of them are concerned 
with allocating or assigning some resource. In 
the first question we are interested in allocating 
money for a salary schedule. In the second, we 
are concerned with assigning teachers to posi- 
tions. The third is concerned with the assign- 
ment of students to schools, while the fourth 
deals with the allocation of class time. 

The questions posed above also have another 
common characteristic. They are all concerned 
with making some quantity as large or as small 
as possible (maximizing or minimizing): in the 
first question, the maximum salary of a be- 
ginning teacher; in the second, the maximum 
quality of teaching; in the third,, the minimum 
distance students must travel; and in the fourth, 
the maximum possible benefit in mathematics 
instruction. 

Problems like those outlined above, which are 
concerned with allocating or assigning some re- 
source in order to maximize or minimize a cer- 
tain result, are called problems in optimization. 
Optimizing a quantity can refer to either maxi- 
mizing or minimizing it. 

Many optimization problems can be solved 
using the operations research technique qfjinear 
programming. In the past, linear programming 
has been used principally to solve problems in 



the military, industry, and business, In recent 
years, however, the flexibility and .problem- 
solving power of linear programming have 
proved it to be a highly effective tool for edu- 
cational decision making. 

The term "programming" in "linear program- 
ming" does not specifically refer to computer 
programming. Rather, it refers to expressing or 
modeling a real problem situation in mathe- 
matical terms. The term "linear." refers to a 
particular kind of mathematical relationship 
between the variables or quantities in the prob- 
lem. The reason this relationship is called linear 
is that graphs of linear mathematical formulas 
are always straight lines. Each of th^ formulas 
in the model of a particular situation must have 
this linear relationship of its variables before the 
technique of linear programming can be applied. 
A precise definition of a linear formula is given 
in the following example, and a more complete 
discussion of linear equations appears in the last 
section in this chapter. 



EXAMPLE OF A LINEAR 
PROGRAMMING PROBLEM 

To get a first look at how the technique of linear 
programming works,, let's use a hypothetical 
problem borrowed from the business world. 
Suppose a television manufacturer produces two 
models of television sets— portable and console. 
The profit on each portable set produced is 
$20, while the profit on each console model is 
$25. The maximum capacity of the assembly 
lines is 60 portables and 40 consoles per day. 
The plant employs 150 assembly-line workers, 
ail of who can work on either the portables or 
the consoles. It takes two person-days to pro- 
duce a portable set and three person-days to 
produce a console. We assume that all television 
sets produced will be sold. The problem is to 
determine the number of consoles arid portables 
to produce each day in order to maximize the 
total profit. 

At the outset, this appears to be a problem in 
optimization because it involves certain re- 
sources to allocate (assembly lines and workers) 
and something to be optimized (the total profit). 
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The first step in solving the problem using linear 
programming is to express it in mathematical 
symbols. Let us choose T to stand for the total 
daily profit, the variable p to stand for the 
number of portable sets manufactured per day, 
and the variable c to stand for the number of 
console sets manufactured per day. 

Since, each portable set yields a profit of $20 
and each console set a profit of $25, the total 
daily profit can be expressed in the following 
equation: 

2 Op + 25c = T 

Since our goal is to find the number of portables 
and consoles that should be produced each day 
so the maximum possible profit is made, we 
want to find values to assign to p and c that 
yield as large a T a? possible. 

There are some special terms used in linear 
programming to identify various parts of the 
problem. The measure of effectiveness is the 
quantity we want to either maximize or mini- 
mize—in this problem, the total daily profit. 
The mathematical equation expressing the 
measure of effectiveness is called the object 
function. In this case, the object function is: 

2Up + 25c = T 

From the above equation for T, it initially ap- 
pears that the manufacturer could maximize 
his profit by producing only console sets c: 
However, the number of consoles that can be 
produced is limited by plant capacity to 40 per 
day. This condition is symbolically expressed 
by 1 : 

c < 40 

In linear programming a restriction like this is 
called a constrai nt. In terms of the problem, in 
finding values for c and p which will maximize 
the plant's daily profit, we are limited or con- 
strained by the fact that only 40 consoles can 
be build per day. 

Another constraint is the restriction that no 

1 The sitfn _<; means "less than or equal to," so c < 40 
is read "e is less than or equal to 40" or "the number of 
consoles produced must be less than or equal to 40." 
The sign < is read "strictly less than." If we had written 
"c < 40," we would have excluded the possibility that 
c could exactly equal 40. The sign > (the reverse of <) 
means "greater than or equal to," and > of Course 
means "strictly greater than." 



more than 60 portable sets can be built per day. 
This condition is expressed by: 

p < 60 

which indicates that p, the number of portable 
sets that can be produced, is less than or equal 
to 60. 

A third constraint is that it takes two person- 
days to build a portable set and three person- 
days to build a console set. When p portables 
are built, this production requires 2p employees 
each day. If c consoles are built, 3c employees 
are needed each day. Only 150 employees are 
available to build television sets each day, so 
the third constraint expressed in mathematical 
terms is: 

2p + 3c < 150 

That is, the total number of employees used to 
build portable and console television sets must 
be no larger than 150. 

At this point, we have expressed the elements 
of the television production problem mathe- 
matically, in the form of three constraints and 
one object function. The problem's conditions 
are mathematically stated. These mathematical 
statements— constraints _ and object function— 
comprise a mathematical model of the problem. 

We are now in a position to examine the for- 
mulas in our model and to determine if they are 
linear. If they are, we can conclude that the 
problem is a linear programming problem; that 
is, it can be solved using linear programming 
techniques. 

A formula (either an equation or an in- 
equality) is linear if the variables are only added 
and/or subtracted from each other; that is, 
variables may not be multiplied or divided b r 
each other or by themselves. Real numbers may 
be added, subtracted^multiplied, or divided at 
any point in the formula without affecting its 
linearity. A fonnula_with one variable appearing 
only once is automatically linear. Study the 
following examples of formulas and the discus- 
sions of whether or not they are linear. 

x + y = 0 Linear— because tho varia- 

bles are added together. 

3x - 4y < Vi Linear— because the varia- 
bles are subtracted from 
each other. Notice that the 
numbers can be multiplied 

4o 
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by the variables (3 • x and 
4 ' y). 

x ~ y 

— = — 5* z + 4w + 1 Linear- because the varia- 
2 bles are added or subtracted 

from each other: Notice 
that numbers can be divided 
into variables (x - y/2) and 
can stand alone (+1). 

a • b = 14 Not linear— because the vari- 

ables are multiplied by each 
• other. 

3x 2 < x + 2 Not linear— because the vari- 

/% ables are multiplied by each 
other {x 2 means x • x y so 
x is multiplied by itself). 

4jc + y 

— = jc Not linear — because the vari- 

z ables are d\\ :ded by each 

other (4x + y/2). 

Note: There is no limit to the number of vari- 
ables allowed in a linear formula. 

Let's look at the formulas in our model to see 
if they are linear: 



p< 60 
c< 40 
2p + 3c < 150 
2 Op + 25c = T 

AH of them either have variables, which are 
added to each other or contain only one vari- 
able. Therefore, all four of pur formulas are 
linear formulas and this is indeed a linear pro- 
gramming problem. We have, therefore, ac- 
complished these steps: 

1. We have determined that the problem, 
one of resources to allocate and a quan- 
tity to optimize, is an optimization prob- 
lem and therefore is a candidate for 
the technique of linear programming. 

2. We have formulated the model by 

a. identifying the controllable variables 
and the measure of effectiveness; 

b. identifying the constraints; 

c. representing the constraints and mea- 
sure of effectiveness mathematically. 

3. We have examined the model and deter- 
mined that the formulas are all linear. 

In summary, then, we have the following in- 
formation for this problem: 2 



Statement in Problem 



Ma thematical Expression 
of Statement 



Subject to the above constraints, 
find p and c to maximize . . . 
20p + 25c ~ T 
p < 60 

c ^ 40 

2p + 3c < 150 



Type of 
Statement 



Object function 

Constraint 
Constraint 
Constraint 



The daily profit should be 
maximized. 

No more than 60 portable 

sets can be built per day. 
No more than 40 console sets 

can be built per day. 
A total of 150 employees are 

available; it takes 2 person- 
t days to build a portable and 

3 person-days to build a 

console. 



2 It is tacitly assumed that the number of portables 
and the number of consoles are greater than or equal to 
zero, i.e. t t > 0 and t 2 > 0. It would make no sense to 
tajk" l about producing a negative number of television 
sets! U is unnecessary to include the expressions > 0 



anc | > 0 as const' in the mathematical model. 

When we use a com^ program to solve linear Pro- 
gramming problems, we will find the program auto- 
matically assumes that controllable variables cannot, 
have negative values. 
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REVIEW 



Terminology 



1. OPTiMIZATION^h_e_maxiraizatiori or minimization of a given quantity. 

2. MEASURE OF EFFECTIVENESS— the quantity to be maximized or 
minimized. 

3. CONSTRAINT ^.restriction that imposes limits on a problem's solution. 

4. OBJECT FUNCTION— the mathematical equation expressing the mea- 
sure of effectiveness, i 

5. LINEAR— characteristic of a formula in which variables are only added 
to and/or subtracted from each other, thus resulting in the graph of the 
formula being a straight line. 

6. LINEAR PROGRAMMING— a problem-solving technique useful for real- 
life problems in optimization which can be expressed by a mathematical 
model involving linear formulas. 



Exercises 



1. Choose variables to represent the following quantities for a school: 

number of classes in session at any one time; 

number of teachers; 

number of teacher aides; 

average teacher's salary; 

average teacher aide's salary; 

number of children in the school. 
Now, practice translating English statements into equivalent mathemati- 
cal statements by expressing the following conditions symbolically: 

a. The number of classes in session at any one time is no larger than 65. 

b. The number of children is at least250. 

c. The number of teachers plus the number of teacher aides is less than 
or equal to 75. 

d. The average teacher's salary is $2,000 more than the average teacher 
aide's salary. 

e. The number of teachers is between 35 and 40. 

2. Which of the following formulas are linear? 
a: 5x = y 

b. 2/Sa - 36 + c > 0 

c. y 2 + 5y + 6 = i 

d. ;5c -d = e -3 

e. 2mn - 6m + 5n < 0 



FINDING A SOLUTION TO THE TELEVISION 
PRODUCTION PROBLEM 



Once the mathematical model for the problem 
has been formulated, the search for a solution 
involves finding the best solution from among 
many possible ones. The best solution to the 
television production problem is the one that 



maximizes the expression 20p + 25c = T and thus 
results in the greatest possible total profit, T. 

What values of p and c will make T as large 
as possible? Remember that we are limited in 
choosing p and c by the following constraints: 
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p < 60 (number of portables) 
c < 40 (number of consoles) 
2p + 3c < 150 (number of person-days) 

Let's try to solve this problem by trial and 
error, merely to illustrate how possible solu- 
tions to a problem differ from the best solution. 
(We will subsequently learn to use the computer 
program LPRG to solve linear programming 
problems.) 

Suppose we choose, arbitrarily, to manufac- 
ture 60 portables and 40 consoles. That is, we 
choose values for p and c of 60 and 40 respec- 
tively (p = 60 and c = 40), 

There are now two things we want to know: 
Have we found a possible solution to the prob- 
lem and is this the best solution? We know we 
have found a possible solution if our choices 
for p and c satisfy all the conditions, or con- 
straints, of the problem. We have found the best 
solution when T, the total daily profit, is as large 
as it can possibly be. There are therefore three 
things we want to check, now that we have as- 
signed arbitrary values to P and c: 

1. Does our choice of P and c satisfy the 
constraints? 

2. If the constraints are satisfied, what is the 
resulting daily profit, T? 

3. Is this profit as large as it can possible be? 

Using the arbitrary values p = 60 and c = 40, we 
now answer these questions. 

1. Are the constraints satisfied by p = 60 
and c = 40? 

First constraint: p < 60. 

p = 60 and 60 < 60; 

therefore, this constraint is satisfied. 
Second constraint: c ^ 40. 

c = 40 and 40 ^ 40; 

therefore, this constraint is satisfied. 
Third constraint: 2p + 3c < 150, 
Substituting p = 60 and c = 40, we have 
(2 • 60) + (3 40) = 120 + 120 = 240. 
240 is not less than or equal to 150; 
240 is greater than 150. Therefore, p 
= 60 and c = 40 is not a solution be- 
cause it does not satisfy all the con- 
straints. 



Since we have learned we cannot use values 
for p and c as large as 60 and 40 respectively, 
let's try p = 0, c = 40 for a second possible solu- 
tion. 

1. Are the constraints satisfied by p = 0 and 
c = 40? 

First constraint: p < 60. 
p = 0 and 0 < 60 so 0 < 60; therefore, 
thi; constraint is satisfied. 

Second constraint: c < 40. 
c = 40 and 40 < 40; therefore, this con- 
straint is satisfied. 

Third constraint: 2p + 3c < 150. 
Substituting p = 0 and c = 40, we have 
(2 • 0) + (3 • 40) and 0 + 120 = 120 
< 150. Therefore, this constraint is also 
satisfied. 

Since all the constraints are satisfied, we 
can conclude that p = 0 and c = 40 is a 
solution to the problem. 

2. What is the resulting daily profit, T? 
The object function is 20p __+ 25c = T. 
Substituting p = 0 and c = 40, we find 
20 0 + 25-40 = 0 + 1000 = 1000 = T, so 
the daily profit is $1000 if 0 portables 
and 40 consoles are produced. 

3. Is T as large [as it can be? 

We don't know yet. It may be possible to 
choose values for p and c that result in a 
larger value for T. Let's try another set of 
values for p and c and see what happens 
to the value of T. 

Again we select v^cies for p and c. We know 
that c = 40 is as large as allowable according to 
the second constraint; For the next solution, 
let's keep c = 40 and makep as large as possible, 
hoping to maximize T. With a little forethought 
we can select a value for p which will be as large 
as possible and which together with c = 40 will 
satisfy all the constraints. 

i. Our first concern is to pick values for c 
and p which satisfy all constraints. Since 
we already have chosen the value of c as 
40, which satisfies the constraints, we 
turn to p. Let's look at the constraints to 
get a clue to what value to select forp. 
First constraint: p < 60. 
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Arc all 




Value for p 


Value for c 


constraints 


Value 


(portables) 


(consoles) 


satisfied? 


for T 


. _ . 

0 


- .-- 

40 


yes 


$1000 


10 


20 


yes 


700 


10 


40 


yes 


1200 


10 


50 


no* 




15 


35 


yes 


1175 


15 


40 


yes 


1300 


20 


35 


yes 


1275 


30 


35 


not 




30 


30 


yes 


1350 


40 


20 


yes 


1300 


50 


10 


yes 


1250 


60 


10 


yes 


1450 


70 


10 


noi 





*c = 50 violates the constraint that c <s 40. 
tp = 30 and c = 35 violates the constraint that 
2p ± 3c < 150 (2-30 + 3-35 = 60 + 105 =?. 165). 
tp = 70 violates the constraint that p ^ 60. 

Table 3-1. 

Sample values for p and c, television production problem. 

We already know from our earlier at- 
tempt that p cannot be as large as 60 
when c = 40: So we know that any 
smaller value that we chose forp will at 
ieast satisfy this constraint. 
Second constraint: c < 40. 

Since we are staying with c = 40, we 
know the second constraint is satisfied 
regardless of which value is chosen for 
P- 

Third constraint: 2p + 3c < 150. 
Since we have already decided that c 
= 40, we can use this fact tD figure out 
what restrictions the third constraint 
has on the value of p, which we have 
yet to determine. Using c = 40, the third 
constraint becomes 

2p + 3-40< 150, or 
2p + 120 < 150. 

From this we can see that 2p < 30, 
which means p < 15. Therefore, in 
order to satisfy the third constraint, we 
must choose a value for p which is not 
larger than 15. 

Since we want p to be as large as pos- 
sible, we chose p = 15. So p = 15 arid 
c = 40 is our new proposed solution. 
Because of the way values for p and c 



we:;e chosen, we can be assured that p 
= 15 and c = 40 is a solution, since these 
values satisfy all three constraints. 

2. What is the total daily profit, T? 

T = 20p + 25c = (20-15) + (25'40) 

= 300 + 1000 = $1300 

3. Is T as large as it can be? 

T is larger than it was when we tried 
values of p = 0 arid c - 40, but we still 
don't know if T is as large as it can pos- 
sibly be. Suppose we have tested several 
more combinations for p and c and have 
summarized our findings as in Table 3-1: 

From Table 3-1 we can see that there are 
many solutions to the television production 
problem-^that is, it is possible to produce the 
following number of television sets while satis- 
fying the given constraints: 



Portables (pi 


Consoles (c) 


0 


40 


10 


20 


10 


40 


15 


35 


15 


40 


20 


35 


30 


30 


40 


20 


50 


10 


60 


10 



The combination of p = 60 portables arid c 
- 10 consoles produces a profit of $1450. If 
we could check every possible solutior to this 
problem, we would find that the combination 
of p = 60 and c = 10 is the only solution which 
produces a daily profit of $1450, and further- 
more, that $1450 is the maximum profit we 
could obtain. We call the values p = 60 and c 
= 10 the optimal solution to this problem; i^e:, 
the values P - 60 and c = 10 satisfy ^the original 
constraints of the problem while at the same 
time optimizing (in this case, maximizing) the 
total daily profit. 

This problem typifies many problems in 
linear ^programming in that it has many solu- 
tions but only one optimal solution. 3 We 

3 Some linear programming 'problems will have no 
solution at all, while others have an infinite number of 
optimal solutions. See pages 65-73 in this chapter. 
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could find many values for p arid c that satisfy 
all the constraints in the television problem, 
but only one set of values will produce the 
largest possible profit. (Don't y/orry at this 
point abCM'i. how we know $1450 is the largest 
possible profit, or how we know that p = 60 
and c - 10 is the optimal solution. We will later 
verify it through Use of a computer program.) 

To sum up, in solving the television produc- 
tiori problem we first expressed the conditions 
of the problem as three constraints: 

60; 
c < 40; 
2p + 3c < 150. 

We then found p and c such that the object 
function: 

20p + 25c = T 



was a maximum. The optimal solution was: 

p - 60 portables 
c = 10 consoles 

The maximum value of T was $1450. 

The trial-and-error technique was used to 
illustrate the difference between the many 
possible solutions to a problem and the optimal 
solution. It is fairly easy to guess the optimal 
solution to simple linear programming problems 
like this, one, but most practical linear^ pro- 
gramming problems contain far too many vari- 
ables for the trial-and-error method to be useful 
or even possible. Our next step, then, is to learn 
how to solve linear programming problems using 
the computer program LPRG. 



REVIEW 

1. What is the difference between a possible solution to a linear program- 
ming problem and the optimal solution? (Review text pages 39-42.) 
2- Read the following problem, then answer the five questions below- 

A school system wants to hire a total of 85 teacher aides for 85 elemen- 
tary school classrooms. One aide will be permanently assigned to each 
classroom. Ten teachers have indicated that they definitely need full- 
time teacher aides. The rest (75) would prefer full-time aides if possible 
but would accept part-time aides: The school system, in an effort to im- 
prove community relations, is committed to hiring at least 15 qualified 
parents as part-time teacher aides: An additional consideration in hiring 
aides is that the school system wishes to qualify for additional federal 
funds by increasing staff: To meet the federal requirement, the school 
must employ at least 50 teacher aides as staff members. Full-time aides 
are counted as one staff member, part-time aides as one-half. The school 
system wishes to satisfy all the above conditions while at the same time 
spending the least amount of money. A part-time aide is paid $7 a day, 
a full-time aide $15 a day. 

How many full-time and part-time teacher aides should be hired? 

(a) What makes this problem a candidate for the linear programming 
technique of problem solving? 

(b) Which quantities will be the two controllable variables in the model 
of the problem? Choose variable names for these quantities. 

(c) What is the quantity we wish to optimize in this problem? Do we 
wish to maximize or minimize this quantity? Write this quantity 
mathematically as the object function. 

(d) List the constraints on the controllable variables as concisely as 
as you can; then express them mathematically. (There are four 
constraints.) 
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(e) Set up a table similar to the one we constructed for the television 
problem and try to guess the optimal solution by varying the values 
for the controllable variables. 



SOLVING LINEAR PROGRAMMING 
PROBLEMS BY COMPUTER 



THE COMPUTER PROGRAM LPRG 

The program we will use to solve linear pro- 
gramming problems is named LPRG. Since you 
are now familiar with the television problem, 
we will use it as a sample problem to illustrate 
how tc use LPRG. In the last section of this 
chapter you will examine many examples ox 
more c mplex problems relevant to the field 
of educational administration and study their 
solutions as given by LPRG. 

How to Use tPRG 

The following four steps are necessary to solve 
linear programming problems using LPRG. 

li Completely formulate the mathematical 
model for the problem. Write out in mathe- 
matical symbols all the constraints and the 
object function. 

Recall that the mathematical model of the 
television problem consisted of the following 
object function and constraints, where p repre- 
sents the number of portables and c the number 
of consoles: 

p< 60 \ 
c < 40 \ Constraints 

2p + 3c <_150) 
20p + 25c = T } Object function 

We want to find values for p and c such that 
T, the total daily profit, is maximized. 

Once all the constraints arjd the object func- 
tion have been formulated, you will have to 
assign an artificial order to the controllable 
variables. It does not matter what the order is 
or what method is used to determine it. Ail that 
is important is that there is a first variable, a 
second variable, a third one, and so on. 

In our example, the controllable variables are 
p (the run of portables) and c (the number of 
consoles); Let us agree (arbitrarily) that p is the 
first variable and c is the second. 



Examine the first constraint. It says that p is 
lass than or equal to 60, but it says nothing 
about c. When we enter information about the 
mathematical model of a problem into the 
computer using LPRG, we must make sure that 
each constraint says something about each con- 
trollable variable. Suppose, we rewrite the first 
constraint as: 

p + 0c < 60 

We have not changed the meaning of the con- 
straint at all. In effect, we have just added zero 
to the left-hand side, in the form of the variable 
c with a coefficient of zero. 4 Suppose, further- 
more, that we write this constraint again, this 
time clearly indicating the coefficient of p is 1: 

lp + 0c < 60 

We must rewrite all the constraints and the 
object function of the mathematical model in 
this manner, clearly indicating what the cbeF 
ficients of the variables are, and including every 
variable in every constraint. The purpose of re- 
writing the model is to facilitate entering correct 
data into the computer program LPRG. 

Here is the revised (but equivalent) model for 
the television problem: 



Ip + 0c < 60 
Op + ic ^ 40 
2p + 3c < 150 
20p + 25c = T 



Constraints 
Object function 



Notice that we have lined up the equations so 
all p's and c's are directly under each other in a 
column.. 

The constraints must also be in order, LPRG 
is organized to expect all the constraints in- 
volving < first, the constraints involving = next, 

4 The coefficient of a variable is the number which 
multiplies it. The coefficient of 2p is 2; the coefficient 
of 3c is 3^ the coefficient of p is 1 (p is one P); the co- 
efficient of c is 1 (one cj. 
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and the constraints involving > last. If there is 
more than one constraint involving <, their rela- 
tive order is unimportant and may be assigned 
arbitrarily. The same holds for two or more = or 

> constraints. 

In our example, all the constraints are of the 

< variety, so their order is assigned arbitrarily. 
Since we have already distinguished lp + Oc 

< 60 as the first constraint, Op + lc < 40 as the 
second, and 2p + 3c ^ 150 as the third, we will 
retain this order. 

The model is now in a form from which we 
can easily enter all the necessary information 
into LPRG. 

2. Run LPRG. To run the computer program 
LPRG, first access the program by typing in the 
message GET-LPRG. 5 

When the compute* ~?sponds by spacing up a 
line (or by typing READY or otherwise indi- 
cating that you are to proceed), type the com- 
mand to start execution of the program: RUN. 

The first line the computer types will identify 
the name of the program: LPRG. 

Now you begin to tell the computer about 
your linear programming problem. You do this 
by responding to a series of questions which 
will be typed by the computer. The questions 
will be easy to answer when the problem is 
organized as the television set problem is orga- 
nized in Figure 3-1. Let's begin: 

IF MAXIMIZING THE OBJECT FUNCTION* TYPE - 1 - ! 
IF MINIMIZING THE OBJECT FUNCTION, TYPE '-I*. 



Since we are maximizing the television set 
problem, we respond with a 1. The program 
continues: 

NUMBER OF VARIABLES? 
?2_ 

This question refers to the controllable vari- 
ables only. In the television problem we have 
two controllable variables, p and c (the number 
of portables and consoles). 

5 The message used to access LPRG may be different 
on the computer system you are using, and the com- 
mand to begin execution may also be different,, so be 
sure you know the correct commands before coritinuihg. 
Notice that in this and other discussions involving inter- 
act io ns w i t h the computer, all responses ty ped by the 
user will be underlined to distinguish them from com- 
puter-generated response. On actual runs, however, no 
underlining will appear. 



NUMBER OF CONSTRAINTS? 
7 3 

We have listed three constraints in Figure 3-1; 
therefore, the correct response is 3. 

Next, you will be asked how many of the con- 
straints are "less-than" (involving <), how many 
of them, are "equality" (involving =), and how 
many of them are "greater-than" (involving >). 
You must account for all the constraints as one 
of these. If you do this incorrectly the program 
will tell you the data you entered is inconsistent 
and you will have to enter it again. Since all 
three constraints in the television problem are 
"less-than," we respond to the qu^tions in the 
following manner. 

NUMB EH OF LESS-THAN CONSTRAINTS? 
*3 

SOMBER OF EQUALITY CONSTRAINTS? 
70_ 

NUMBER OF GREAT ER-THAM CONSTRAINTS? 
70 

Now you will begin entering the constraints 
and object function formulas themselves; The 
program will ask you to supply the information 
contained in Figure 3-1 in an organized manner. 
It begins with the message: 

ENTER THE COEFFICIENTS -OF THE CONSTRAINTS. 

SEPARATED By COMMAS. 

CONSTRAINT 1 ? _N 0_ 

Recall that both the controllable variables and 
the constraints have an order. You must enter 
the information using these orders. In this case, 
the first constraint refers to lp + 0c < 60. The 
coefficients are 1 and 0. Always begin with the 
first variable when entering coefficients, so that 
the coefficient of the first variable is entered 
first, followed by the coefficient of the second 
variable, and so on until the coefficients of all 
the variables in the constraint have been entered. 
LPRG knows how many coefficients to expect. 
If you enter too many, it will consider the last 
ones as extra and ignore them. You will get a 
message to this effect. If you do not enter 
enough coefficients, LPRG will print "??" until 
you have entered the correct number of co- 
efficients; It will then go on to the second 
constraint. 

CONSTRAINT 2 ? 0_» 1 

In this case, the second constraint is Op + lc 
< 40. The coefficient of the first variable (p) is 0 
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and the coefficient of the second variable (c) is 1. 
LPRG then goes on to ask for information about 
the final constraint. 

CONSTRA IMT 3 7 2, 3 



DO YOU V!SH TO CHA.MGE OH CORRECT A*JY OF THE COMSTRAt^TS? 
<YES o 1* NO" « 6)7 0 



DO YOU WISH TO CHANGE OH CORRECT THE RIGHT-HAND SIDES? 
(YES ■ |« NO ■ 0) ?6- 



00 YOU WISH TO CHANGE OH CORRECT THE OBJECT FUNCTION? 
(YES - I* NO - 0) ? 0 



Since the third constraint is 2p + 3c < 150, 
the proper response is 2 followed by 3. 

At this point, all the relevant information on 
the left-hand sides of the constraints has been 
entered. 6 LP?„G knows this and will stop asking 
about the constraint coefficients. LPRG also 
knows whether the constraints involve <, =, or 
> from the information entered earlier. The 
only remaining information about the con- 
straints is the numerical values on the right-hand 
sides: These values are the subject of the next 
question; 

ENTER THE RIGHT-HANC SIDES OF ALL THE CONSTRAINTS* 
- - .-- SEPARATED BY COM** A 5. 

7*0*40* ISO 

Remember that these values must be entered 
according to the order of the constraints. For 
this example, we respond with 60, followed by 
40, followed by 150. 

Now LPRG has all of the information about 
the constraints. Only one piece of informa- 
tion is missing: the coefficients of the object 
function . 

ENTER THE COEFFICIENTS OF THE OBJECT FUNCTION, 

SEPARATED BY COMMAS* 

720* 25_ 

The object function is 20p + 25c = T so the 
correct response (don't forget about the order 
of the variables) is 20 followed by 25. Now 
LPRG has all the information necessary about 
the television problem: 

Before it starts calculating, however, it gives 
the user a chance to correct or change the data 
about the constraints and the object function. 
If you have made a mistake in entering the data, 
this option allows you to correct your mistake 
easily by retyping the incorrect line of data. 

As we have not made any mistakes in entering 
the data in this example, the conversation will 
be as follows above. 



6 In mathematical formulas, a relational operator 
such , ^, or - is what separates the formula, into 2 
sides (the right and the left). For example, in 3x + 2y 
+ z > 0, the left-hand side is 3x + 2y + 2 and the right- 
hand side is 0. In IJa - b * 2c + d + the left-hand side 
is 14a-6 and the riRht-hand side is 2c + d + 



Now LPRG will begin calculating the solu- 
tion to the problem. Figure 3-1 presents a com- 
plete run of LPRG solving this problem. 

3. Interpret the results. As you can see, the 
last several lines of the computer run in Figure 
3-1 give the computer's answers. Let's look at 
them. 

VARIABLE 1 refers to p and VARIABLE 2 
refers to c. The maximum value of the object 
function, i.e., the maximum daily profit, is 
$1450, and will occur° when p = 60 portables 
and c = 10 consoles. If you will refer back to 
page 00 you will see that these answers are the 
same as the ones obtained by the triai-and- 
errbr procedure. 

The variables and their values will not neces- 
sarily be listed in order in the computer's answers 
because of the method the program uses to find 
the best solution. Also, sometimes a variable Mil 
not be listed under ANSWERS if it has a final 
value of zero. This situation is also a result of 
the method of solving the problem which is 
being used. 

It is possible that there are no solutions to the 
problem you are working on. A simple example 
would be if we added to the constraints of the 
television problem that the number of portables 
had to be at least 50 and the number of con- 
soles had to be at least 20. With these additional 
constraints the model of the problem would be 



p < 60 (at most 60 

portables) 
p ^ 50 (at least; 50 
portables). 
40 (at most 40 

consoles) 
20 (at least 20 

consoles) 

2p + 3c < 150 (manpower 
limitations) 

(Maximize) 20p + 25c \ 
= T (total daily profit) I 



c< 



c > 



> Constraints 



Object function 



This problem would have no solution because 
if we chose p and c to satisfy the first four con- 

5i 
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RUM 
LPRG 



IF MAXIMIZING THE OBJECT FUNCTION. TYPE U . J 

IF MINIMIZING THE OBJECT FUNCTION. TYPE -U 

7 ± 

NUMBER OF VARIABLES? ?1£ 

NUMBER OF CONSTRAINTS? ?3_ 

NUMBER OF LE5S-THAN CONSTRAINTS? ?3_ 

NUMBER OF EQUALITY CONSTRAINTS? ? 0. 

NUMBER OF GREATER -THAN CONSTRAINTS? ?0_ 

ENTER THE COEFFICIENTS OF THE CONSTRAINTS* SEPARATED BY COMMAS. 
CONSTRAINT 1 ? 1*0 

CONSTRAINT 2 ? 0*J, 
CONSTRAINT 3 7 g£g 

ENTER THE RIGHT-HAND SIDES OF ALL THE CONSTRAINTS* SEPARATED BY COMMAS. 
760*40* ISO 



ENTER THE COEFFICIENTS OF THE OBJECT FUNCTION* SEPARATELY CO 
720*25 

00 YOU WISH TO CHANGE OR CORRECT ANY OF THE CONSTRAINTS? 

(YES « I* NO m 0)70. 

DO YOU WISH TO CHANGE OR CORRECT THE RIGHT-HAND SIDES? 

(YES • I. NO ■ 0) ?0 i 

DO YOU WISH TO CHANGE OR CORRECT THE OBJECT FUNCTION? 

(YES • 1* NO m 0) 70. 



ANSWERS I 

VARIABLE VALUE 

1 60 

2 10 



THE VALUE OF - THE OBJECT FUNCTION IS 1450 
THIS VALUE IS A MAXIMUM. 



DONE 



Figure 3.-1 . 

Complete Run of LPRG. 



strain ts, the last constraint would not be satis- 
fied. For example, if we chose p = 50 and c 
= 20, then: 

2 • 50 + 3 + 20 = 2 • 50 + 3 • 20 s 160 

which is greater than 150 and therefore violates 
the fifth constraint above. You might try other 
values for p and c in this model to convince 
yourself that no solution is possible. 

Different linear programming programs han- 
dle this situation in different ways. Some pro- 
grams give a message that there are no solutions 
and then quit. Others, like LPRG, will generate 
a solution by ignoring one or more of the con- 
straints. LPRG is designed to test for solutions. 



If it finds some, it proceeds to locate the opti- 
mal solution. If LPRG cannot find any solutions, 
it will ignore the last constraint and test the re- 
maining system for solutions. It will continue to 
eliminate constraints until it has found a prob- 
lem with solutions. Then it will find the optimal 
solution. In the case of LPRG, there fqre L it is 
advisable to check the solution generated against 
the last constraint. On occasion, you will find 
that the last constraint is violated by the solu- 
tion. It is then up to you to decide if the solu- 
tion is acceptable or if the problem must be 
revised in some other manner: 

Also, LPRG does not distinguish those prob- 
lems with an infinite number of optimal solutions 
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from, problems which have only one optimal 
solution. Ah example of a problem which has 
an infinite number of optimal solutions would 
be the television problem, assuming t!iat the 
profit on consoles is $30 rather than $20. The 
model for the problem would then be: 

p < 60 \ 

c < 40 \ Constraints 
2p +3c< 150 ] 

(Maximize) 20p + 30c = T } Object function 

There would be many optimal solutions to this 
problem. For example, all of the following 
values for p and c satisfy the given constraints 



REVIEW 



Terminology 



Exercises 



PURPOSE OF THIS SECTION 

The preceding section of this unit introduced 
the skills necessary to solve problems using linear 
programming. Later we will present detailed 
analyses of problems in educational administra- 
tion which can be solved by the same means: 
Before analyzing problems, however, we want to 
discuss why this technique has been delayed in 



and produce the same maximum profit of 
$1500: 

P c 

60 16 

45 20 

30 30 

15 40 

LPRG would give you only one of the above 
answers for p and c. 

For any linear programming problem, there 
will either be no solutions, one optimal. solution, 
or an infinite number of optimal solutions. A 
linear programming problem would never have, 
for example, exactly two optimal solutions. 



its application to education and adso give a gen- 
eral outline for formulating linear programming 
models. We hope you will keep this general out- 
line in mind as you work through the problems 
in the last section of this chapter. The ideas 
presented below shou'.d help you recognize ele- 
ments and procedures common to all problems 



COEFFICIENT OF A VARIABLE: the number which multiplies the variable. 

1. In what order must the constraints of the mathematical model of a linear 
programming problem be listed when using LPRG? Why is this so? (Re- 
view text pages 43-44.) 

2. How do you go about ordering the controllable variables? When is this 
order used? (Review text pages 43-45.) 

3. When running LPRG, how do you tell the computer whether the object 
function is to be maximized or minimized? (Review text page 44.) 

4. Solve the television problem yourself using LPRG, and check your 
answers with those in the text, page 42.) 

5. Using the mathematical model you developed in Exercise 2 on pages 42- 
43 (the teacher aides problem), solve the problem using the computer. 
Compare the answers you get from the computer with the answer you 
obtained by trial and error. 



GUIDELINES FOR FORMULATING 
LINEAR PROGRAMMING MODELS 
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involving linear programming, even though the 
problems themselves deal with widely diverse 
problem areas. 



LINEAR PROGRAMMING IN EDUCATION 

Educators have only recently begun to _use linear 
programming to solve educational problems. 
There are several reasons for the delay in ap- 
plying the technique in this field. First, linear 
programming is a relatively new tool and there 
has not been much time for educational appli- 
cations to be developed. Second, very few edu- 
cators have become acquainted with this tool 
during their professional training programs. 
Third, mathematicians or computer programs 
needed to provide the solutions to linear pro- 
gramming problems have not been generally 
available to educators. 

Probably the single most important reason for 
the delay in adding linear programming tech- 
niques to the battery of educational problem- 
solving tools has been the difficulty of expressing 
the goals of educational programs in terms that 
can be measured objectively and of relating 
these goals to contributing factors. Goals must 
be expressed objectively before linear program- 
ming techniques can be used, since the object 
function must be a mathematical equation. 
This is usually easier in business than in educa- 
tion because the goals of business are frequently 
expressed in terms of dollars or variables directly 
related to dollars. In the television manufac- 
turing example you have just been working with, 
the goal was to maximize the daily profit, with 
profit expressed in terms of dollars. The rela- 
tionship between the profit and the controllable 
variables (number of portables arid number of 
console television sets produced) was also 
known. Goals involved in education often do 
not fall so neatly into terms that can be measured 
objectively. For example, how often have you 
seen the following educational goals expressed 
objectively, that is, in a quantifiable form? 

Quality of teaching in a school 
Student motivation 
Teacher effectiveness 

Suitability of a teacher for a particular course 
Efficiency of maintenance scheduling in a 
district 



Student citizenship 
Student learning 

Ability of students to generalize what they 

have learned 
Social integration 

Just because the above goals are seldom ex- 
pressed mathematically does not mean that it is 
impossible to do so. The problems presented in 
the final section of this chapter should give you 
some ideas on various techniques of quantifi- 
cation. Of course, linear programming— and for 
that matter all operations research techniques— 
does not claim to be able to quantify euery goal 
or express every educational problem mathe- 
matically. We are limited by the degree of de- 
velopment of our mathematical techniques, the 
presence of variables or relationships which are 
Unknown to us, and the fact that quantifying 
real-life situations may require us to make so 
many assumptions that the final results are too 
far removed from the real world to be practical. 



STEPS IN FORMULATING LINEAR 
PROGRAMMING MODELS 

To help you see a common thread in all linear 
programming problems, and to aid you in 
solving linear programming problems on your 
own, a general list of steps in formulating 
models follows. The steps will be discussed in 
detail and illustrated by examples from the 
field of education and by references to the 
televisibri production problem and the teacher 
aide problem. 

Smythe and Johnson 7 list the following steps: 

Steps in Formulating Linear Programming 
Models 

1. Recognition of the problem. 

2. Formulation of the mathematical model: 

a. identification of the controllable 
variables; _ ... 

b. choice of measure of effectiveness; 

c. mathematical representation of the 
object function; 

d. identification of the constraints; 

"'William R. Smythe^Jr., and Lynwood A. Johnson, 
Introduction to Linear Programming, with Applications 
(Englewood Cliffs, N.J.; Prentice-Hall) p. 187. 
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e. mathematical representation of the 
constraints. 

Once all these steps have been accomplished, 
the problem is relatively easily solved by a 
computer program for linear programming, such 
as LPRG. The major difficulty in linear program- 
ming lies in the formulation of the problem, 
not in the solution. 

Recognition of the Problem 

In formulating the model of the problem, Step 1 
is recognizing that an educational problem is 
appropriate for solution through linear program- 
ming. As you already know, linear programming 
is applicable when it is desirable to establish a 
program of action that is optimal in terms of 
the effectiveness of reaching some measurable 
goal and when all the familiars in the model 
are linear. The program of action consists of 
allocating or assigning some type of resource. 
Furthermore, this allocation or assignment must 
conform to certain criteria, or constraints. 

In the television production problem, we were 
allocating television set workers and assembly 
lines by determining how many portable and 
console sets to produce in order to optimize 
(maximize) the daily profit. In the teacher aide 
problem, we were allocating jobs by deter- 
mining how many full-time and part-time aides 
to hire in order to optimize (minimize) the 
amount of money required. 

Other resources often allocated in educational 
situations include: 



Teachers and teacher aides 
Budget funds 
Federal aid funds 
Teacher time 
Maintenance workers 
Audio-visual equipment 
School buses 

Student distribution in the school system 

Class time 

Classrooms 

What are some of the things to be optimized 
(either or minimized) within certain constraints 
in education? Consider the lists below: 

Results to Maximize: 
Student achievement 
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Teacher experience 

Teacher training 

Time for instruction 

Availability of instructional materials 

Utilization of facilities 

Opportunity for extracurricular activities 

Subject offerings 

Nutritional value of school lunches 

Results to Minimize: 
Cost of: 

total education 

school lunches 

facilities 

transportation 

interest on bonds 

equipment and supplies 
Pupil-teacher ratio 
Transportation time 
Dropout 

Distance students must travel to school 
Distance students must travel between classes 
Class size 

Uriderachievement 

All of the items on these lists appear to be at 
least potential applications of linear program- 
ming in that they are goals to be optimized. 

Formulation of the Mathematical Model 

The second step, 2(a), in Smythe and Johnson's 
procedure calls for identifying the controllable 
variables that affect the problem goal. . . 

Sometimes the resources to be allocated in a 
linear programming problem will be the same as 
the controllable variables, as in the teacher aide 
problem, where the controllable variables were 
the respective numbers of full-time and part- 
time teacher aides to be hired. Other times, we 
will have to use controllable variables which are 
not exactly the same thing as the resources to 
be allocated, as in the television problem: here, 
the controllable variables were the number of 
portable and console sets to be produced, while 
the actual resources to be allocated were the 
workers and assembly lines. 

In some problems, we may have to use in- 
genuity to express the controllable variables. 
Problem 3, pages 61-65, wi! 1 illustrate how to 
use controllable variables to indicate whether 
or not a teacher is hired to fill a particular 
position. 
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Step 2(b) is to choose the measure of effec- 
tiveness—some criterion that can be objectively 
measured. In some cases this step is quite easy; 
Most cost objectives can be measured in terms 
of dollars, as the total daily profit in the tele- 
vision problem or the cost of hiring teacher 
aides: Student achievement may be measured 
by scores on standardized tests. Teacher ex- 
perience may simply be the number of years 
taught. A goal such as quality of teaching, on 
the other hand, may be more difficult to ex- 
press in objective terms, but still possible. You 
could devise a rating system for prospective 
teachers which would indicate their potential 
teaching quality by including such items as 
experience, education, recommendations, ari^ 
the opinions of those who conduct teacher 
interviews— easily translated into numerical 
scores. The higher the teacher's score, the 
greater his potential for quality teaching. The 
total quality of the teachers you hire, then, 
would be the sum of the teacher's scores on 
your rating system. 

Step 2(c) calls for the mathematical represen- 
tation of the object function. That is, after we 
have decided how to objectively express the 
measure of effectiveness, we must write a 
mathematical equation for this quanity. 

The measure of effectiveness for the tele- 
vision problem was daily profit, measured in 
dollars and expressed by the equation : 

20p + 25c = T 

where: 

p = number of portables 

c = number of consoles 
$20 = profit on each portable 
$25 = profit on each console 

T = the measure of effectiveness = the 
total daily profit: 

The measure of effectiveness for the teacher 
problem was the daily cost of teacher 
aid. measured also in dollars and expressed 
•quation: 

15f+ lp = c 

*** . 

/*= number of full-time teacher aides 
p = number of part-time teacher aides 
$15 = cost of one full-time aide per day 
$7 = cost of one part-time aide per day 
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C = the measure of effectiveness = the 
total daily cost of teacher aides 

Both of the above equations are of the general 
form-. 

A • a + B • b = Z 8 

where A and B are constants (numbers), a and b 
are controllable variables, and Z is the measure 
of effectiveness. 

In the equation 20p + 25c = T, the constants 
were A = 20 and B = 25, and we used the sym- 
bols p, c and T instea I of, respectively , a, b, and Z. 

In the equation 15f + lp = C, we had A = 15 
and B = 7, and we named our controllable vari- 
ables f and p. C was the symbol we used for our 
measure of effectiveness. Notice that an equa- 
tion in this general forrri,_ which is the sum of 
controllable variables multiplied by constants, 
is a linear equation. Recall that the object func- 
tions in linear programming problems must be 
linear equations. 

Of course, we are not restricted to only two 
controllable variables for the object function. If 
we had five controllable variables, the object 
function would be of the general form: 

Aa + Bb + Cc + Dii + Ee = Z 

Even when the goals of a linear programming 
problem can be appropriately expressed, it is 
often difficult to establish relationships be- 
tween the goals and the controllable variables 
that contribute to the fulfillment of the goals. 
For example, we discussed above the possibility 
of expressing "quality of potential teaching" as 
the sum of the scores of the teachers who are 
hired. There may, however, be other variables 
we wish to include in calculating the total poten- 
tial quality of teaching: for example, teachers' 
personalities will surely be a factor in quality of 
teaching. But how do we express mathematically 
the fact that hiring a certain English Department 
head will alienate certain other teachers in the 
department? 

Another example of the difficulty in estab- 
lishing relationships between goals and control- 
lable variables might occur if we were measuring 
the quality of mathematics instruction in a 
school according to the amounts of time stu- 
dents spend in large, medium, and small groups 

8 As a convention for this chapter, numbers are repre- 
sented by upper-case letters and variables by lower-case 
letters. 
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and in individual instruction. An administrator 
may decide that individual instruction time is 
generally more valuable to a student than time 
spent in large group instruction. The question 
is, then, how much more valuable? Twice as 
valuable? Ten times as valuable? Often, the 
effect of a controllable variable on the measure 
of effectiveness must be determined by a sub- 
jective judgment On the other hand, experi- 
ence and research can also provide guidelines to 
how much effect a variable may have on a de- 
sired goal. 

If the relationship between the controllable 
variables and the measure of effectiveness is a 
subjective judgment, or if research on the 
matter is not conclusive, linear programming is 
a quick, inexpensive way to try out various 
hypotheses and observe the resulting effects. 
For example, in the problem outlined above, 
where an administrator is interested in ascer- 
taining how much time should be spent in 
various types of mathematics instruction, he or 
she may solve the problem several times, each 
time varying the relative importance of individu- 
alized instruction. The first time he or she may 
specify that individualized instruction is 10 times 
as valuable to a student as a comparable amount 
of large group instruction; another time, he or 
she may specify that those types of instruction 
are equally valuable. The administrator could 
then compare results. The results of such a 
simulation could be very interesting as a school 
district reviews or forms its philosophy regard- 
ing individualized instruction and the resulting 
scheduling of students: 

the next step, 2(d), is to identify the con- 
straints. They may apply to single variables or 
to combinations of variables. In the. television 
problem, we had the following constraints: 

No more than 60 portables could be produced 
daily. 

No more than 40 consoles could be produced 
daily. 

There were only 150 people available to build 
television sets: 3 person-days were required 
to produce a portable, 2 to build a console 
set. 

REVIEW 

Exercise 1. List the steps required 

view text pages 48-51.) 
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In the teacher aide problem, the constraints 
were: 

The number of full-time aides plus the num- 
ber of part-time aides had to ^qual 85. 

At least 10 full-time aides were to be hired. 

At least 15 part-time aides were to be hired. 

A total of at least 50 staff members were to 
be hired, with a full-time aide considered 
one staff member and a part-time aide con : 
sidered one-half staff member. 

Some other constraints which might typically 
be found in educational problems are: 

There is only $50,000 in the district budget 

for merit increases this year. 
We can only afford to pay a new science 

teacher $10,000. 
There are only 62 seats in a school bus. 
No child should spend more than one hour 

a day riding a school bus. 
A school lunch must provide a minimum of 

1,000 calories. 
A teacher must have at least one free period 

per day. 

The enrollment in drivers' education is limited 
to 200 students. 

Step 2(e) entails mathematical representation 
of the constraints on the controllable variables. 
This procedure has been covered before (page 
53). Sometimes we need to use real ingenuity - 
to express constraints oh controllable vari- 
ables. For example, Problem 3 on page 61 
illustrates how to express mathematically the 
condition that only one teacher may be hired 
for each available position in a school. Recall 
that the constraints must also be linear in order 
for a problem to be solvable using linear pro- 
gramming techninnos. 

Remember, dition, that it will not be 

possible to ex, every constraint in a real 
problem situation mathematically. We can only 
hope that the simplification of the constraints 
imposed by the available mathematics will not 
alter the problem to such a degree that the re- 
sults from linear programming are not useful 



in formulating linear programming models. (Re 
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USING LINEAR PROGRAMMING IN 
EDUCATIONAL ADMINISTRATION: 
TYPES OF PROBLEMS AND 
TECHNIQUES FOR THEIR SOLUTION 



GENERAL PURPOSE OF THIS SECTION 

This section is devoted to five typical problems 
in educational administration which may be 
analyzed using the operations research tool of 
linear programming. It may be the most im- 
portant section of all, for it is here that the 
power and versatility of linear programming 
become evident. The number of different topics 
to which linear programming is applicable is 
truly remarkable, and undoubtedly more appli- 
cations will occur to you as you read. 

The preceding four sections outlined all the 
skills necessary to solve any of the following 
problems. They may seem more difficult than 
those presented up to this point only because 
there, are more controllable variables in each 
problem and more constraints on these variables. 
There will always be, however, only one object 
function which we will want to either maximize 
or minimize, depending on the goal of the 
problem: 



PROBLEM 1. SCHEDULING CLASS TIME 
hOR MATHEMATICS INSTRUCTION 

Statement of the Problem 

A school uses a flexible scheduling patterri. 
Mathematics classes are to be scheduled for 
66 students. The schedule can include large 
group instruction with classes of 60, medium 
group instruction with classes of 30, small group 
instruction with classes of 15, and individual 
instruction with one student per teacher. In each 
week, there. are 1,200 minuses of teacher time 
available, which includes preparation time as 
well as teaching time. It takes two minutes of 
preparation for each minute of large group 
teaching, one minute of preparation for each 
minute of medium group teaching, one-half 
minute of preparation for each minute of small 
group teaching, and no preparation for indi- 



vidual instruction. Each student must spend at 
least 250 minutes per week in mathematics 
class or individual instruction, of which at least 
5 minutes must be in individual instruction and 
20 minutes in small group instruction. 

The school administration has placed relative 
values for the students on each type of instruc- 
tion. The value of a unit of time of large group 
instruction is 2, of medium group 5, of small 
group 8, and of individual instruction 40. That 
is, based on his experience, an administrator has 
decided that a unit of time of individual math 
instruction is five times better than a unit of 
small group instruction, eight times better than 
a unit of medium group instruction, and twenty 
times better than a unit of large group instruc- 
tion. These numbers were chosen strictly on the 
basis of the administrator's own judgment; an- 
other administrator might assess the values quite 
differently. 

The problem is to determine the amount of 
time to be devoted to each type of instruction in 
order to maximize the total value of math in- 
struction to the students. 

Mathematical Model 

The measure cf effectiveness in this problem is 
the total value of mathematics instruction for 
one student. The tbtEL value of math instruction 
will depend upon the amounts of time to be 
devoted to each type of instruction. These 
amounts of time are the controllable variables. 
Suppose we choose the variables /, m, s, and i 
to represent the following values: 

/ = time spent by a student in lar^e group 
instruction 

m = time spent by a student in medium group 
instruction 

8 = time spent by a student in small group 
instruction 

i - time spent by a student in individual 
instruction 

5a 
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The total value of math instruction will then 
be measured by the sum of the time spent in 
each type of instruction multiplied by the re- 
spective relative value for that type of instruc- 
tion. From the statement of the problem, we 
have the following relative values for the differ- 
ent types of instructio 



Instruct/ on 

Large group 
Medium group 
Small group 
Individual 



Rnlutivn Value 

2 
5 
8 
40 



Therefore, the total value of mathematics in- 
struction for each student will be: 

21 + 5m + 8s + 40i = V 

where we have arbitrarily chosen the variable V 
to represent the total value of instruction:* The 
above equation is the object function. We are 
interested in obtaining the highest quality of 
instruction possible, so our goal is to find values 
for /, m, s and i which will give a maximum 
value to V. 

The object function we have just formed ex- 
presses the total value of mathematics instruc- 
tion for each individual student. If we wished 
to know the value of instruction for all 60 
students, we would simply multiply the equa- 
tion by 60. 

Equations for the constraints of the problem 
must now be written. That is. we must express 
mathematically the limitations on the control- 
lable variables. 

We first need to calculate how much teacher 
time will be needed for large, medium, and small 
group instruction and for individual instruction. 
A total of 1,200 minutes of teacher time is avail- 
able for preparation and teaching. The class size 
for large group instruction is equal to the num- 
ber of students taking mathematics, so just one 
section of large group instruction need be con- 
sidered. It takes two minutes of preparation for 
each minute of large group instruction taught. 
The teacher time used for large group instruc- 

9 All that has been done to form this equation is to 
weight the times in various types of mathematics in- 
struction -recording to the assessment of the relative 
worth of each type of instruction. 



tion will, therefore, be the time in preparation 
plus the time in teaching for one section, or 21 
+ / = 3/. . 

The class size for medium group instruction 
is 30, so two sections are needed to accommo- 
date all 60 students, It takes a minute of teacher 
preparation for each minute of medium group 
instruction taught. The teacher time tTsecTfor 
medium group instruction will be the time in 
preparation plus the time in teaching multiplied 
by the number of sections or 2 • (m + m) = 2 
• 2m = 4m. / 

Small group teaching requires one-half minute 
of preparation for each minute of teaching. If s 
is the time for instruction for small groups, then 
:5s + s = 1 5s is the total teacher time required 
for one small group. Since a small group consists 
of 15 students and since a total of 60 students 
would require four small groups, we must multi- 
ply i.5s by the number of small groups required 
(four); 4 X (1.5s) = 6s. Therefore, 6s is the total 
teacher time required for four small groups. 

Individual instruction requires no preparation.. 
If one student is allotted i minutes of individual 
instruction, then 60 students would require '.6 0i 
minutes of teacher time per week in individual 
instruction. 

Now we can write the mathematical form of 
the constraint on teacher time: teacher time is 
the sum of the times spent in preparation arid 
teaching of large, medium, and sriiall groups and 
individuals and is limited to 1200 minutes per 
week. The mathematical statement is; 

3/ + 4m + 6s + 60i< 1200 

The next condition we must consider is that 
each student must spend at least 250 minutes 
per week in mathematics class or individual in- 
struction. This constraint can be expressed by : 

/ + m + s + i > 250 10 

Each student must spend at least 5 minutes in 
individual instruction arid at least 20 minutes 
in small group instruction. These^ conditions are 
expressed respectively by: 



/ 



i > 5 



s> 20 



10 Recall that th. sign > means "greater than or equal 



to. 
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In summary, then, we have formed the fol- must be first. There are no "equality " con- 
lowing mathematical statements based on the straints; all the remaining ones are "greater- 
original problem: than" constraints. So we arbitrarily assign 





Mathematical Expression 


type o f 


Statement in Problem 


of Statement 


Statement. 


Teacher time is limited to 1200 


31 + 4m + 65 + 60/ < 1200 


Constraint 


minutes; allow for both 






preparation and teaching 






time in all types of 






instruction. 






Each student receives at least 


1 + m+s+i > 250 


Constraint 


250 minutes of math 






instruction. 






Each student receives at least 


i > 5 


Constraint 


5 minutes of individual 






instruction. 






Each student receives at least 


s > 20 


Constraint 


20 minutes of small group 






instruction. 






Maximize the value of math 


(Choose /, m, s, and / 


Object function 


instruction, based on 


subject to the above 




relative worth of each 


constraints to maximize . . .) 




typ£ of instruction. 


21 + 5m + 8s + 40/ - V 





"/ + m + s + i > 250" as the second, "i > 5" as 
the third, and "s > 20" as the fourth. 

Since every constraint must mention each 
variable, it is necessary to rewrite the third and 
fourth constraints, using coefficients of zero 
for the missing variables. ' 

i > 5 becomes 07 + 0-m + 0-s + 17 > 5 

s> 20 becomes 0*/ + Q*m + !•/ + 0'S > 20 

Table 3-2 summarizes the problem in a form 
which is usable for LPRG. 





1st 


2nd 


3rd 


4th 




right- 




var 


var 


var 


var 




hand 




\ 


m 


5 


i 


sign 


side 


1st constraint 


3 


4 


6 


60 




1200 


2nd constraint 


1 


1 


1 


1 




250 


3rd constraint 


0 


a 


0 


1 


> 


5 


4th constraint 


0 


0 


1 


0 




20 


Object function 


2 


5 


8 


40 







Table 3-2. 

Summary of school schedule problem. 



We are now in a position to order the varia- 
bles arid the constraints and to express the 
constraints in a form acceptable to LPRG. 

Since we have already referred to /, m, s, and 
/ in that order, let's now formally agree that / is 
the first variable, m is the second, s is the third, 
and i is the fourth. 

In assigning an order to the constraints, recall 
that all the constraints must come first, 

followed by the constraints, followed by 
the constraints. As "3/ _+ 4m _+ 6s + 60i 

K 1200" is the only "less-than" constraint, it 
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REVIEW 

Exercise 1 Solve the class scheduling problem presented above using LPRG, then 

verify your answers with those given on the following pages. Reorder the 
variables and rrn LPRG again. Are the results the same? 

Analysis of the Solution 

The computer program will prin* out the fol- problem. (See Figure 3-2 for the complete listing 
lowing optimal solution to the class scheduling of the computer solution to this problem.) 



RET -LPRG 

RUN 

LPRG 



IF MAXIMIZING THE OBJECT FUNGTIOV. TYPE 1. 
IF MINIMIZING THE OBJECT FUNCTION, TYPE -1. 
? 1 

NUMBER OF VARIABLES? ?4_ 
NUMBER OF CONSTRAINTS? ?4_ 

_ _ _ 4> 

NUMBER OF LESS-THAN CONSTRAINTS? ?_£_ 
NUMBER OF EQUALITY CONSTRAINTS? 1 0_ 
NUMBER OF GREATER-THAN CONSTRAINTS? ?3_ 

ENTER THE COEFFICIENTS OF THE CONSTRAINTS, SEPARATED BY COMMAS. 
CONSTRAINT I ? 3,4, 6, 60 

CONSTRAINT 2 ? 1 , 1, 1, 1 i- *' 

CONSTRAINT 3 ? 0,0, 0, 1 

CONSTRAINT 4 ? 0.0, 1 , 0 

ENTER THE RIGHT-HAND SIDES OF ALL THE CONSTRAINTS, SEPARATED BY COMMAS. 
? 1200, 250,5, £0 

ENTER THE COEFFICIENTS OF THE OBJECT FUNCTION, SEPARATED BY COMMAS. 
7 2, S,8>40 

DO YOU WISH TO CHANGE OR CORRECT ANY OF THE CONSTRAINTS? 
(YES - 1, NO - 0>?t£ 

DO YOU WISH TO CHANGE OR CORRECT THE RIGHT-HAND SIDES? 
(YES - I, MO - 0> ?0_ 

DO YOU WISH TO CHANGE OR CORRECT THE OBJECT FUNCTION? 
(YES m I, NO ■ 0 > i-Q- 



ANSWERSf 

VARIABLE VALUE 

1 120 

2 105 

3 20 

4 5 

THE - VALUE OF THE OBJECT FUNCTION IS 1125 

THIS VALUE IS A MAXIMUM. 



DONE 

Figure 3-2. . . 

Class Scheduling Problem Using LPRG. 
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ANSWERS 

the Maximum value of the object function is 1125 

THIS --OCCil«S-WHF*Ji.. 

WAHIABCE 2 • 1Q5 

VARIABLE I • 180 

VARIABLE 3-20 

VARIABLE 4 m 5 
ANY . VARIABLES *J0T LISTED HAVE 0 
DONE 

The computer prints the maximum (or mini- 
mum) value of the object function and the _ cor- 
responding values of the variables, subject to the 
given constraints. We see that the maximum 
value of the object function is 1125, which 
occurs when variable 2 (which is m, the time 
spent in medium-sized group instruction) is 
105 (minutes); when variable 1 (/, time spent in 
large group instruction) is 120; when variable 
3 (s, time spent in small group instruction) is 
20; and when variable 4 (i, time spent in indi- 
vidualized instruction) is 5. In other words, the 
maximum value of instruction will occur when 
each student receives 120 minutes of large group 
instruction, 105 minutes of medium group in- 
struction, 20 minutes of small group instruction, 
and 5 minutes «.f individualized instruction. One 
can verify that the original conditions of the 
problem are satisfied by substituting the fol- 



lowing values for the variables in the original 
constraints: 



Optimal solution: 
First constraint: 



Second constraint: 



Third constraint: 



/ = 120, m = 105, 
s = 20, i = 5 

3/ + 4m + 6s +60j_ 

= 3 • 120 + 4-105 +6 - 20 

+ 60 • 5 
= 360 + 420 + 120 + 300 
= 1200 < 1200 

I + m + s + i 

= 120 + 105 + 20 + 5 = 250 
> 250 

[ = 5^5 



Fourth constraint: s = 20 > 20 

Checking the value of the object function, we 
have: 

21 + 5m + 8s + 40i 

= 2 • 120 + 5 • 105 + 8 • 20 + 40 • 5 
= 240 + 525 + 160 + 200 
- 1125 



REVIEW 



Exercise. 



One of the constraints in the class scheduling problem above was based 
on a subjective assumption by an administrator regarding the relative 
worth of the different types of math instruction (large, medium, and 
small groups and individual instruction). Using only your own intuition, 
try to predict how the results of the above problem will change if the 
administrator decides that all types of math instruction are of equal 
worthy What part of the math model would have to be changed? After 
you have made your prediction, continue reading the text. 



Analysis of Exercise 

If it is assumed that all types of math instruction 
are of equal worth, the only change that must be 
made in the model for the class scheduling prob- 
lem is in the object function: Instead of the 
object function 2/ + 5m + 8s 40i = V, we 
would have the new object function: 

J + m+ s + i = V 



Since the different types of math instruction 
are now assumed to be equal, the times spent in 
each method of instruction are weighted equally 
(all times have a coefficient of 1). 



Let us compare the answers to the class sche- 
duling problem using this new object function 
with the previous answers we obtained. (See 
Figure 3-3 for the computer listing for the re- 
vised class scheduling problem.) 

It should not be surprising that when all 
types of instruction are assumed to be of equal 
worth, the time for large group instruction is' 
increased. Large group instruction is, after ail, 
the most efficient form of instruction, in that 
all students may be accommodated in the struc- 
ture of one large class taught by one teacher. 
The large class .situation can give a large unit of 
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Time Spen t 



Assumption About 


Large 


Medium 


Small 


fn eft virtual 


Value of 


Types of Math 


Group 


Group 


Group 


Instruction 


Object Function 


instruction 


1 


rti 


s 


i 


V 


Weighted values: 


120 


105 


20 


5 


1125 


Individual 












instruction much 












more valuable 












All types of 


260 


0 


20 


5 


285 


instruction equal 

























Table 3-3; - 

Class schedule problem using different weights. 

GET-LP£G 

RUN 

LPRG 



IF MAXIMIZING THE OBJECT FUNCTION* TYPE 1. 
IF MINIMIZING THE OBJECT FUNCTION* TYPE -1. 
7 1 



NUMBER OF VARIABLES? 

NUMBER OF CONSTRAINTS? 7^ 

NUMBER OF LES5-THAN CONSTRAINTS? ?J_ 

NUMBER OF EQUALITY CONSTRAINTS? ? 

NUMBER OF GREATER- THAN CONSTRAINTS? ?_3_ 

ENTER THE COEFFICIENTS OF THE CONSTRAINTS* SEPARATED BY COMMAS. 
CONSTRAINT 1 ? 3*4*ft*60 

CONSTRAINT 2 ? I * I* 1 * 1 
CONSTRA INT 3 ?0*0. 0* I 

constraint 4 ? o*c; ; * o 

ENTER T*?E RTGHT-HAMD SIDES OF ALL THE CONSTRAINTS* SEPARATED BY COMMAS. 
7 1200 * 250*5*20 

ENTER THE COEFFICIENTS OF THE OBJECT FUNCTION* SEPARATED BY COMMAS. 



DO YOU WISH TO CHANGE OR CORRECT ANY OF THE CONSTRAINTS? 

ffES - I* NO ■ 0)70 

DO YOU WISH TO CHANGE OR CORRECT THE RIGHT-HAND SIDES? 

(YES - 1* NO - 0) .0. 



DO YOU WISH. TO CHANGE OR CORRECT THE OBJECT FUNCTION? 
(YES - I, NO - 0) 70 



ANSWERS I 

VARIABLE VALUE 
I 260 

3 20 

4 5 



THE VALUE OF THE OBJECT FUNCTION IS 295 
THIS VALUE IS A MAXIMUM. 



Figure 3-3, 

Revised Class Scheduling Problem Solved by LPRG: 
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time for student instruction while still keeping 
teacher time low. 

PROBLEM 2. PLANNING 
LOW-COST LUNCHES 

Statement of the Problem . . 

Consider the problem of planning a school lunch 
menu. Assume that _ minimum nutritional re- 
quirements for school lunches have been estab- 
lished. The requirements may be stated in terms 
of a day, a week, or a longer period of time, as 
long as they are all stated in the same unit of 
time. A variety of foods is available. The price 
of each food and the nutritional value of each 
are known. The problem is to minimize the cost 
of school lunches, subject to the nutritional 
constraints. 

Specifically, let us suppose that we wish to 
supply six different nutrients to school children 
using five types of vegetables: peas, lima beans, 
carrots, spinach, and beets. The nutrients are 
calcium, iron, phosphorus, potassium, sodium, 
and Vitamin 6. We will designate the pounds of 
each vegetable purchased for every 100 children 
each week by the variables p (peas), / (lima 
beans), c (carrots), s (spinach), and b (beets). 
The cost per pound for each vegetable is known, 
and the number of grams of nutrient contained 
in each pound of vegetable is also known. In 
summary^ suppose we have the information 
given in Table 3-4. 



Pounds 
Vegetable Purchased 



Peas 


P 


Lima Beans 


I 


Carrots 


c 


Spinach 


s 


Beets 


b 



Table 3-4. 

Information for school lunch menu problem. 



Furthermore, , we wish to provide every 100 
children with the minimum amounts of each 
nutrient each week given in the following list. 



Minimum am oun t, in grams, 
Nutrient required each week per 700 children 



400£ (100% RDA) 
9g (100% RDA) 
600^ (100% RDA) 

9l6g (average intake, no RDA established) 
1150JT (average intake, no RDA established) 
20^(100% RDA) 



How many pounds of each type of vegetable 
should be purchased each week, per 100 chil- 
dren, so that minimum nutritional requireme s 
are met while at the same time spending trie 
least amount of money possible? 



Mathematical Model 

The measure of effectiveness for this problem is 
the total cost of vegetables per week for 100 
children. The controllable variables are the 
amounts of each type of vegetable that can be 
purchased. 

Using the cost per pound for each vegetable 
and the number of pounds that must be pur- 
chased, the total cost for vegetables for 100 
children for a week will be: 

25p + 30/ + .19c + .29s + .156 = C 

The above equation is our object function, 
and the total cost, C, is the quantity we wish to 
make as small as possible. In this problem, then, 
we are interested in minimizing the object 
function. 



Grams of Nutrient Per Pound of Vegetable 



Vitamin C 



.04 
.03 
.03 
;1? 
.01 



On the other hand, we wish to suppiy the re- 
quired amounts of nutrients to tLi children 
from these foods. The minimum amount of cal- 



Coi per _ _ 

Pound Calcium iron Phosphorus Potassium Sodium 

.25 .09 .01 .26 .44 1.07 

.30 .12 .01 .30 1.01 1.07 

.19 .15 .00 .14 1.01 .15 

.29 .42 .01 .17 1.47 .23 

.15 :06 .00 :77 .76 1.07 
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eium that is needed is 400 grams; For every 
pound of peas, 09 grams of calcium are sup- 
plied; every pound of beans provides :12 grams 
of calcium; and so on; Therefore, for the pur- 
chase of p, /, c, s; and 6 pounds of peas, lima 
beans, carrots, spinach and beets respectively, 
(:69p + .12/ + .15c + .42s + .066) grams of cal- 
cium will be provided: We want this amount 
to be at least as large as the minimum required 
amount, 400 grams. Therefore, the first con- 
straint on the number of pounds of vegetables 
purchased is: 

.09p + .12/ + 15c + .42s + .066 > 400 

That is, the amount of calcium supplied to 100 
children every week from these vegetables is at 
least as large as the minimum requirement (400 
grams). 

Similarly, we can calculate the total number 
of grams of the other nutrients supplied by the 
purchase of these vegetables and specify that 
these amounts are at least as large as the mini- 
mum requirements for the nutrients. For iron, 
the minimum requirement is 9 grams; Purchasing 
p, /, c, s. and 6 amounts of peas^ lima beans, 
carrots, spinach, and beets will provide ;0ip 
+ ;01/ + 0c + ;01s + 66 grams of iron. We want 
this amount to be at least as large as 9 grams; 
Therefore, our second constraint would be ex- 
pressed: 

.01p + .01/ + 0c + .01s + 0b > 9 

The requirement for phosphorus is at least 
600 grams, so the third constraint would be: 

.26p + .3/ + .14c + .17s + .776 > 600 

T-"e last three constraints would then describe 



the minimum requirements for potassium, 
sodium, and Vitamin C: 

.44p + 1.01/ + 1.01c + 1.47s + .766 > 975 

1.07p + 1:07/ + .15c + 23s + 1.076 > 1150 

.04p + .03/ + .03c + .13s + .016 ^ 20 

In summary, then, we have the following 
mathematical formulation of the problem: 
Find values for p, /, c, s, and 6 which are subject 
to the constraints 

.09p + .121 + .15c + .42s + .066 > 400 
.01p + .01/ + 0c + .01s + 06 > 9 
.26p + .3/ + .14c + .17s + .776 > 600 
.44p + 1.01/ + 1.01c + 1.47s + .766 > 975 
1.07p + 1.07/ + .15c + .23s + 1:076 > 1150 
.04p + .031 + .03c + .13s + .016 > 20 
and which minimize 

.25p + .30/ + .19c + 29s + .156 = C 

Notice that we have essentially already as- 
signed an order to the variables by the manner 
in which we set up the problem. That is, we have 
always mentioned p, /, c, s, and 6 in that order: 
So we now officially recognize p is first, / is 
second, c is third, s is fourth and 6 is fifth: 

Notice also that all the constraints are "great er- 
than," so we must assign order arbitrarily. Let's 
use the order in which they were developed. 

All the constraints already mention each vari- 
able, so there is no need to alter the constraints. 
Table 3-5 summarizes the problem in a manner 
readily adaptable for use with LPRG. 





1st 


2nd 


3rd 


4th 


5th 




Righ f- 




var 


var 


var 


var 


var 




hand 




(P) 


ir) 


it) 


(s) 


(b) 


Sign 


side 


1st constraint 


.09 


.12 


.15 


.42 


.06 




400 


2nd constraint 


.01 


.01 


0 


.01 


0 




_9 


3rd constraint 


.26 


.3 


.14 


.17 


.77 




600 


4th constraint 


.44 


1.01 


1.01 


1.47 


.76 




975 


5th constraint 


1:07 


1.07 


.15 


.23 


1.07 




1150 


6th constraint 


.04 


.03 


.03 


.13 


.01 




20 


Object function 


.25 


.30 


.19 


.29 


.15 







Table 3-5. 

Summary of variable information for school menu problem. 
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Analysis of the Solution 

The Amounts of vegetables which must be pur- 
chased in a week for every 100 children in the 
school system such that the minimum amounts 



of nutrients are supplied while the cost is made 
as small as possible are shown in the list below.. 
(The computer solution is shown in Figure 3-4.) 



GET -LPRG 

HUN 

LPRG 



IF MAXIMIZING THE OBJECT FUNCTION* TYPF I- 
IF MINIMIZING THE OBJECt FUNCTION, TYPE -I. 

? zA. 

NUMBEH OF VARIABLES? ? 5_ 
NUMBER OF CONSTRAINTS? ?_6, 
NUMBER OF CESS-TKAN CONSTRAINTS? ?©_ 
NUMBER OF EQUALITY CONSTRAINTS? 7 0. J 
:^3ER OF GREATER-THAN CONSTRAINTS? ? 6 

,TER THE COEFFICIENTS OF THE CONSTRAINTS* SEPARATED BY COMMAS. 
CONSTRAINT I 7.09* . 12* . 15* » 42* . 06 



CONS INT 

constraint 
constraint 
constraint 

CONSTRAINT 



7 . 01*. 01*0*. 01*0 

? r2f« . 3* . 14* . 1 7* . 77 

? . Q 4* 1.01* 1 -01* 1.47* .76 

? 1 »07v-fr--e?^- j-5^. 23* 1.07 

? . 04* . 0 3* . 03* . I 3* . 0 1 



ENTER THE RIGHT-HAND SIDES OF ALL THE CONSTRAINTS* SEPARATED BY COMMAS. 
7 400*9* eOOr^T^frMS^rSO 



ENTER THE COEFFICIENTS OF THE OBJECT FUNCTION * SEPARATED BY COMMAS. 
? .25* . 30* . 19* . 29* - 1 5 

DO YOU WISH TO CHANGE OR CORRECT ANY OF THE CONSTRAINTS? 
(YES ■ I* NO ■ 0)?p_ 

DO YOU VISH TO CHANGE OR CORRECT THE RIGHT-HAND SIDES? 
(YES - I* NO - 0) 

DO YOU WISH- TO CHANGE OR COHHECT THE OBJECT FUNCTION? 
(YES ■ I* NO «= 0) ?.0__ 



ANSWERS! 
VARIABLE 

1 \ 
5 



VALUE. 
81. 8836 
818. I 17 
817. 026 



THE-VALU5 OF .THE OBJECT FUNCTION IS 380. 279 
THIS VALUE IS A MINIMUM- 



DONE 



/ Vegetable 

/Peas {p) 

/ Lima Beans (/) 
/ Carrots (c) 
, Spinach (s) 
Beets (6) 



Figure 3-4. 

School Lunch Problem Solved Using LPRG: 



Amount Purchased (pounds) 

81.8836 V 
0 
0 

818.117 
817.026 



The total cost of the purchase will be $380.28. 
Furthermore, this cost is the least amount which 
needs to be spent on vegetables for 100 children 
for one week in order to supply minimum nutri- 
tional requirements. It may easily be shown that 
this solution satisfies the original constraints 
by substituting values of p " 81.8836, / = 0, c 
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= G, s = 818.117, and b = 817:026 into the set 
of constraints we formulated above. 



REVIEW 

Exercise i. Although the above solution is mathematically sound, it may not appeal 

to school children who are faced with an abundance of spinach and beets 
in their lunches; Use your imagination to write additional constraints so 
that a larger variety of vegetables will be purchased without sacrificing 
nutritional needs: How does the total cost of the rewritten problem com- 
pare to the minimum cost above ($380.28)? . 

2. Do you think it is reasonable to spend $380.28 per 100 children per 
week for vegetables? Realistically, what could be changed in this prob- 
lem to bring the price down? 



PROBLEM 3. ASSIGNING 
TEACHERS TO POSITIONS 

Statement of the Problem 

Within a school, four teaching positions are to 
be filled by four teachers. The teaching positions 
and the symbols we will use to denote them are: 



A algebra 
G geometry 



C calculus 
P physics 



Each of the four teachers [denoted Tl, T2, 
T3,_ and T4 is qualified to fill any of the four 
positions. 

Based on the teachers' training, experience, 
and recommendations and on the opinions of 
the administrators and department heads who 
have interviewed them, each teacher has been 
given a score from 1 to 10 according to suita- 
bility for each of the four positions: A rank of 
10 indicates that a teacher is extremely well 
qualified for a position; 5 indicates that a 
teacher has average qualifications; and 1 indi- 
cates that a teacher is not well suited at all for 
a position, even though he may be qualified to 
hold it. The respective scores are given by the 
matrix in Figure 3-5. For example, Tl has 
been given a rank of 5 (average) for C, and T3 
has been given a rank of 10 (extremely well 
qualified) for A. . . .. .. 

Because not many teachers have applied for 
positions in the school, these four must be 
hired to fill the four positions. Your problem 
is to assign teachers to positions so the school 
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will obtain the maximum possible quality of 
teaching. 



Posi tions 
G C 



Tl 
T2 
T3 
T4 



4 


4 


5 


2 








5 


4 


9 


7 


in 


9 


7 


6 


8 


6 


4 


2 



Figure 3-5, 

Teacher-Position Matrix. 



Mathematical Model 

The quality of teaching in this problem is the 
measure of effectiveness and will be calculated 
by the sum of the teachers' ranks for the posi- 
tions they are assigned. Suppose we arbitrarily 
make the following assignment of teachers to 
positions: 



Tl is assigned to P 
T2 is assigned to C 



T3 is assigned to A 
T4 is assigned to B 



We can indicate this assignment by drawing 
circles in the appropriate positions on the 
original teacher-position matrix, as shown in 
Figure 3-6. 

The total value of the quality of teachers 
hired will be sum of the teachers' scores for 
those positions: 

67 
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Posi ti ons 





A 


G 


C 


P 


Tl 


4 


4 


5 


© 


T2 


5 


4 


@ 


7 


T3 


© 


9 


7 


6 


T4 


8 




4 


2 













Figure 3-6. . . ... 

Assignment of Teachers to Positions on Matrix. 

Quality of teachers = 10 + 6 + 9 + 2 = 27 

Obviously, the higher the total sum, the 
higher the potential quality of teaching, is there 
a way to assign teachers to positions so that the 
quality of teaching is greater than 27? In posing 
this question, it is now evident that the problem 
can be solved by linear programming. We have 
defined quality of teaching as our measure of 
effectiveness, and have also defined a means of 
numerically calculating quality of teaching. We 
want to assign teachers to positions in order to 
maximize the quality of teaching. 

In order to form the mathematical model for 
this problem, we must define our controllable 
variables so that we can numerically indicate 
whether or not a teacher is assigned to a certain 
position. We will need 16 controllable variables, 
named a, b y c, d, e, f y g y h y i, fc, /, m, n, o, p. 
Each variable will be associated with the possible 
assignment of a teacher to a position, as indi- 
cated in the matrix below: 



Posi tions 
A fi C P 
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Figure 3-7. 

Variables Shown on Teacher-Position Matrix. 

These variables will all be used to answer the 
question, "Is this teacher hired for this posi- 
tion?" If the variable, has value 0, the answer will 
be No. If the value is 1, the answer will be Yes. 



For example, we assumed arbitrarily that Tl is 
hired for P. Then the following values would be 
assigned to a, b, c, and d: 

Tl assigned to P: 

a = 0 (not assigned to A) 
6 = 0 (not assigned to G) 
c = 0 (not assigned to C) 
d = 1 (yes, assigned to P) 

We also assumed T2 is assigned to C. Then the 
following values for e, f y g y and h would occur: 

T2 assigned to C: 

e = 0 (not assigned to A) 
f ' 9 (not assigned to G) 
g. = 1 (yes, assigned to C) 
h = 0 (not assigned to P) 

We assumed also that T3 is assigned to A and 
T4 is assigned to G, so let's compete the entire 
set of values for the controllable variables and 
compare these values to the teacher-position 
matrix where we circled scores for this arbitrary 
assignment cf teachers to positions: 

Positions 
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G 


c 


P 


Tl 


4 


4 


5 




£ T2 

OJ 


5 


4 


© 


_7 


to 

£ T3 


© 


9 


7 


6 


T4 


8 




4 


2 



Rosi tions 
A G C P 
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Figure 

Comparions of Teacher-Position Matrix and Variable 
Values Matrix. 

Not: e that there are values of 1 wherever a 
teacher has been assigned to a position. 
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Now that the controllable variables have been 
defined, it is easy to express the object function 
fur the quality of teaching (denoted by Q): We 
take each teacher's score for each position, 
multiply it by the appropriate controllable vari- 
able, and add all these multiples together: 



Quality of teaching 



= 4a + 4b + 5c + 2c? + he 
+ 4/+9# + Ih + lOi 
+ 9/ + 7k + 61 + 8m 
_ + 6n + 4o + 2p 
= Q 

For the arbitrary assignment above, we have, 
substituting values for the variables: 



Quality of teaching 



= 4-0 + 4-0 + fv»0 
+4-0+9- 1+7*0 
+ 10 • 1 f 9 • 0 + 7 • 0 
+6-0+8- 0+6*1 
+4*0+2* 0 

= 2_+ 9_+ 10 + 6 

= 27 = Q 



which is the same number we obtained before: 
To solve a linear programming problem on the 
computer, we need a mathematical expression 
for the object function. Defining controllable 
variables which could either equal 1 or 0 enabled 
us to do this. 

Now that we have developed a mathematical 
expression for quality of teaching, what are the 
constraints oh the controllable variables? Let's 
again examine the teacher-position matrix 
showing the values of the controllable variables 
for our arbitrary assignment. 
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A f, C 
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Figurn 3-9. 

Matn:x with Sum of Values. 

Isiotiee that we have indicated the sum of the 
values of the controllable variables for each row 
and each column. The fact that the sum of the 
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values of the controllable variables for each row 
is 1 reflects the situation that only one control- 
lable variable in each row has value 1; the rest 
of the controllable variables in that row are 0. 
These values of course indicate that a teacher can 
only be assigned to one position; if more than 
one controllable variable in a row equaled 1, 
the variables would be indicating that a teacher 
was assigned to more than one position— a situa : 
tion not permitted. We can be assured that a 
teacher will be assigned to exactly one position 
if we specify mathematically that the sum of the 
controllab' riables in each row must equal 1. 
We will nec^ ^ae following four equations. 



Condition 



Ma th em a ticaf Equa tio n 



Tl can be assigned only one 

position 
T2 can be assigned only brie 

position 
T3 can be assigned only one 

position 
T4 can be assigned only one 

position 



n + h + c + d - 1 
e +f+g+h = 1 

/+/+*+/-! 

m+n+o+p=l 



Note: Mathematically these equations by themselves 
guarantee only that 1 00 percent of each teacher's time 
will be divided between the four positions arid riot that 
each teacher will spend 100 percent of his time in the 
same position. For instance, Tl could spend half his 
time on algebra and the other half on geometry and the 
first equation would be satisfied ( X A + l A_ + 6 + 6 * ij. 
These equations guarantee that one teacher spends all 
of his time on the same position only when we add the 
extra Condition that the variables may only have values 
of 0 or 1. 



For each column in the teacher-position 
matrix above, the sum of the values of the con- 
trollable variables for this arbitrary assignment 
of teachers is also 1. The reason why exactly 
one controllable variable in each column has 
value 1 is that each position is assigned to only 
one teacher. Having more than one variable 
equal to 1 in a column would indicate that a 
certain position has been assigned to more than 
one teacher. We therefore want to specify 
mathematically that each position will be as- 
signed to exactly one teacher. We do this by 
stating that the sum of the values of the con- 
trollable variables for each column must be 1: 
Four equations are necessary to express this 
constraint: 



6,; 
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Condition 

A can be assigned to only 

one teacher 
G can be assigned to only 

one teacher 
C can be assigned to only 

one teacher 
P can be assigned to only 

one teacher 



Mathematical Equation 

a + e + i + m^l 
b+f+j + n m l 



Again, notice that these equations guarantee each 
posi'.on will be assigned to only one teacher if 
it is stipulated that all the variables can have 

values of 0 and 1 only: 

In summary, here is the mathematical model 
for thi.; problem. We wish to find values for a, b, 
c, d, e. f, g, h, i; j r k y /, m, n, o\ p such that the 
following constraints are satisfied: 



Each teacher assigned 
to one teaching position 



a + b + c +d 


= 1) 


e + f + g +fc 


= 1 


i + j + k + I 


= 1 


m + n + o + p 


= lj 


a + e + i + m 


= l' 


b yf + h+ ri 


= 1 


c + g + k + o 


= 1 


d +h + / +p 


= 1, 



Each teaching position 
has only one teacher 



and such that the value for Q is a maximum : 

4a + *o + 5c + 2d + 5e + 4f + 9g + Ih + iOi 

+ 9; + 7fe + 6/ + Srn + 6n + 40 + 2p = Q 

It js time to prepare the model for input to 
LPRG. Let's agree to use alphabetical order for 
the variables. Since all the constraints are 
"equality/* we will number them in the order 
in which they were developed^ Notice, however, 
that none of the constraints mentions all 16 vari- 
ables. This means that all of them will have to 
be rewritten using coefficients of zero for ail 
variables not originally mentioned in the con- 
straint. Table 3-6 contains a summary of this 
problem for use with LPRG. 

Note that nowhere in the model have we ex- 
plicitly stated that each variable must have 
values of either 0 or 1. The reason for this is 
that such statements are not linear formulas 
and therefore this problem cannot be solved 
using linear programming techniques if they are 
included. We will have to be content with the 
eight constraints we have and be prepared to 
deal with the solution LPRG generates. 



Analysis of the Solution 

The computer listing for the solution of the 
teacher assignment problem, is shown in Figure 
3-11. The resulting values for the controllable 
variables are: 

c = h=j=m = l 
a = b = d = " = f = g=i = k = l = n = o = p = 0 
which correspond to the assignment: 

T3 to geometry (G* 
T4 to algebra (A) 



Tl to calculus (C) 
T2 to physics (P) 
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Figure 3-10. 

Teacher-Position and Variable-Value Matrices for Prob- 
lem Solution. 

The resulting quality of teaching, measured 
by the sum of the teachers' scores for the as- 
signed positions, is the maximum possible figure: 

Quality of teaching = 5 + 7 + 9 + 8= 29 = Q 

Linear programming can be quite useful to 
administrators in solving such assignment prob- 
lems as the one outlined above. This problem 
could probably be solved by trial and error in 
not too long a time, since there are only 24 ways 
to assign four teachers to four positions. How- 
ever, consider the situation of assigning ten 
teachers to ten positions: there are over 3*A 
million ways to make these assignments! It 
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T;» >le 3-6. 

Summary of teacher assignment problem. 



would be virtually impossible to manually ex- 
amine those 3^ million assignments in order 
to find the optimal assignment: Such a problem 
could, however, easily be solved in a few min- 
utes using linear programming and LPRG. 

A FOOTNOTE ON 

ASSIGNMENT PROBLEMS 

The technique of defining controllable variables 
so that they indicate the presence or absence of 
a condition (such as whether or not a teacher is 
assigned to a certain position) is fairly common 
in operations research procedures and is useful 
in a wide variety of problem. . !• or example, 
variables could hav 2 value 1 or C according to 
whether or not a school bus travels a specific 
portion of a route, or whether or not a student 
is assigned id a first-period English class. 

Here u» some variations of assignment prob- 
lems which can be solved using techniques simi- 
lar to those above: 

assigning students to classes; 

making up a master schedule for a high school; 

assigning topics to be covered to teachers who 

are_tea.il- teaching a course; 
scheduling use of maintenance equipment for 

a large school system. 



In some of the assignment problems suggested 
above, it might be more appropriate to use 
numerical ranks nccording to preferences instead 
of using scores based on ability, as we did in thu 
teacher assignment problem. For example, a 
group of teachers who are team-teaching a 
course might numerically rank the topics in the 
course according to their personal preferences 
for teaching each of the topics; the higher the 
number for a topic, the greater the preference 
of a teacher for teaching it. An object function 
could then be for. ed to represent the total 
value of teachers' preferences (we might call this 
the "happiness total"). If teachers were assigned 
to teach topics in the course so that this object 
function was a maximum, we would be making 
the assignment which resulted in the greatest 
possible satisfaction among the teachers. 



PROBLEM 4. BUSING STUDENTS 
TO ACHIEVE RACIAL BALANCE 

Statement of the Problem 

An inner-city area has nine designated school 
bus stops of various racial mixes which are to 
feed two newly constructed elementary schools, 
Edgar Allen Poe Elementary (P) and Robert 
Frost Elementary (F). E;^ch srhool has room for 
not more thar 400 students 
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THE VALUE OF THE OBJECT FINCTION IS 29 
THIS VALUE IS A MAXIMUM. 



Figure 3-1 1. r dd/=» 

Teacher Assignment Problem Solved Using LPRG. 



The school k >oard has determined that all the 
students at the same bus stop will go to the 
same school, that each of the schools must have 
a minimum of 180 black students and 130 white 
students, and that all students should be bused 
as short a distance as possible. The distance 
traveled will be measured in student-miles, 
which is the total number of miles traveled by 
all students (for example, if one student is 



bused 3 miles and another 7 miles, the total 
number of student-miles traveled is 10). 

The total number of students per stop, the 
number of black students and white students at 
each stop, and the distance of each stop from 
each school are summarized in fable 3-7. 

Let's arbitrarily assign bus stops 1, 2, 3, 4, 
and 5 to go to P and bus stops 8, 7, 8, and 9 to 
go to F and use Table 3-7 to compute the num- 
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Stop Total # Students Black Students # White Sl^der>ts Distance to P Distance to F 



1 100 100 .0 .2 5.0 

2 90 80 10 l.Q 4.5 

3 80 65 15 2.0 4.0 
<* n 55 20 1.0 4.5 

5 80 40 40 2:5 2.5 

6 85 30 55 2.5 2.0 

7 80 .6 45 3.0 2.0 
a 70 10 60 4.0 1.5 
9 50 0 50 5.0 .3 



Table 3-7. 

Summary of bus stop data. 



ber of student miles traveled. There are 100 
students at bus stop 1, .2 miles from P, so the 
total number of student-miles from bus stop 1 
is 100 > .2 - 20 miles. There are 90 students 
at bus stop 2, 1 mile from P, making the total 
number of student-miles from bus stop 2 
90 X 1 = 90 miles. Similarly, bus stop 3 ac- 
counts for 80 X 2 = 160 student-miles, bus stop 
•1 for 75 X 1 = 75 student-miles, and bus stop 5 
for 80 X 2.5 = 200 student-miles. Therefore, the 
total number of student miles traveled by stu- 
dents going to P is: 

Bus stop 1 Bus stop 2 Bus stop 3 
(100 X .2)+ (90 X 1) + (80 X 2) 

Bus stop 4 Bus stop 5 
+ (75 X 1) + (80 X 2.5) = 545 student-miles. 

In the same manner we calculate the number 
of student-miles traveled by students going to F 
as: 

Bus stop 6 Bus stop 7 Bus stop 8 
(85 X 2) + (80 X 2) + (70 X 1.5) 
Bus stop 9 

+ (50 X .3) = 170 + 160 + 105 + 15 = 450 
student-miles. 

Thus the total number of student miles trav : 
eled is 

No. Student-miles traveled by students of P 
+ Student-miles traveled by students of F 
= 545 + 450 = 995 student-miles. 

Let's see if this busing assign men*: conforms 
to the constraints set. The first is that each 
school can accommodate no more than 400 
students. The number cf students going to P is 
the number at the first five bus stops, which, 
according to Table 3-7, is 100 + 90 + 80 + 75 
+ 80 = 425. The number of students going to F 



ERLC 



is 85 +80 + 70 + 50 = 285. Clearly there are too 
many students at P; and so these constraints are 
not satisfied. 

The hexc c?t of constraints has to <do with 
how many lb ck and how many white stu :>nts 
go to each jl.ool. Again using Table 3-7, 
see that P ha.- 3 00 + 80 + 65 + 55 + 40 - 340 
black students ai d 0 - 10 + 15 + 20 + 40 = 85 
tfhite students. F b:>* 40 + 35 + 10 + 6 = IS 
black students and 55 + 45 +_60_+ 50 = 23 0 
white students. Thus, P does not have encagn 
white students— each school must have a mini- 
mum of 130 — and F does not have enough black 
students: each school must have a minimum of 
■0. So these constraints are not satisfied either. 
Our arbitrary assignment of a busing pattern, 
th v, does not solve the problem because it 
does not satisfy the constraints. Rather than 
assigning another pattern and calculating all the 
constraints again in hopes of finding a solution 
and then trying to find the best solution, let's 
turn our effort to building a precise mathemati- 
cal model for the situation, hoping to find it has 
all linear formulas so that we can use LPRG to 
solve the problem. 

In order to form a mathematical model for 
this problem, we will need to define controllable 
variables having to do with each bus op and 
where its students go to school: This can be ac- 
complished by defining two variables per bus 
stop, one indicating whether they go to Poe, the 
other telling whether they go to Frost. Each 
variable will have a value of 1 if the students go 
to the school and 0 if they do not. Notice that 
this technique of assigning variables is similar to 
that in the previous problem. For the first bus 
stop, we will call the Poe-indicator PI and the 
Frost-indicator PI; for the second, P2 and F2; 
and so on through the ninth bus stop, with P9 

7. 
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and F9: It should be obvious that for each pair 
of variables associated with a given bus atop, 
one mast have a value of .1 and the other must 
have a value of 0. The following list shows the 
values of all 18 variables for Uie busing pattern 
discussed earlier-that is, that the first five bus 
stops go to P and the last four go to F. 



Bus StoP P-indicator F -indicator 



1 pi - i Ei - d 

2 P2 - 1 F2 - 0 

3 P3 - 1 - 0 

4 P4 - 1 F4- 0 

5 P5 i F5=0 

6 P6 - 0 F6 - 1 

7 P7 - 0 F7 - I 

8 P8 - 0 F8 - 1 

9 P9 - 0 F9 = 1 



Now that we know what the controllable 
variables are, the next step is to formulate the 
constraints in terms of them. First, let's work on 
the constraints that limit each school, size to a 
maximum of 400 students. There will, actually 
be two constraints in this set, one for P and one 
for F. In order to calculate the number of stu- 
dents going to P, we need to add up the number 
of students at each bus stop to be assigned to P. 
But we do not know ahead of time which of 
the nine bus stops will be assigned to P and 
which of thern will be assigned to F, and this 
presents a problem. We do have, however, a 
P-indicator for each bus stop. The value of the 
P-indicator tells us whether or not the students 
at that stop are going to P (the value is 1 if they 
are, 0 if they are not). Therefore the quantity 

Total no. students at bus stop 
X P-indicator for bus stop 

will be the total number of students from that 
bus stop who are going to P. Notice that if the 
students at the bus stop are going to F, the P 
indicator will be 0 and so the whole quantity 
vill be 0. So an expression which tolls the total 
number of students going to P is: 

Bus <top 1 Bus stop 2 Bus stop 3 
(100 X P1)+(90X P2) + (80 X P3j 

Bus st op A Bus stop 5 Bus stop 6 
(75 )' PA) + (80 X P5) + (85 X P6) 
Bus stop 7 Bus stop 8 Bus stop 9 
(80 X P7) + (70 X P8j + (50X P9) 



and the constraint that P can have no more than 
400 students is expressed by: 

100P1 + 90P2 + 80P3 + 75P4 + 80P5 

+ 85P6 + 80P7 + 70P8 + 50P9 < 400 

Similarly, the constraint that F can have no 
more than 400 students is expressed by 

100F1 + 90F2 + S^F3 + 15F4 + 80F5 

+ 85F6 + 80F7 + 70F8 + 50F9 < 400 

Going back to the busing pattern discussed 
earlier and Using the values of the variables as 
defined in the list, we can evaluate the left-hand 
side of the P constraints as: 

100P1 + 90P2 + 80P3 + 75P4 + 80P5 
+ 85P6 + 80P7 + 70P8 + 50P9 

= 100 1 + 90 1 + 80 1 + 75- 1 + 80 1 
+ 85-0 + 80-0 + 70-0 + 500 

= 100 + 90 + 75 - 80 +0 
+0 +0 +0 

= 425 

which is the same figure we originally calculated 
in connection with this set of constraints: 

Now let's turn our attention to the set of con- 
straints concerning the minimum number of 
black and white students at each school. There 
will actually be four of these, one for black stu- 
dents at P, one for white students at P, one for 
black students at F, and one for white students 
at F. 

Let's work on the number of black students 
at P first. This will be the sum of the number of 
black students at ail of the bus stops assigned 
to P. Again, since we do not know the bus stop 
assignments in advance, we must use the P- 
indicators. The quantity 

No. black students at bus stop 
X P-indicator for that stop 

gives the total number of black students at that 
bus stop who are going to P. Again, notice that 
if the bus stop is assigned to F, the P-indicator 
will have a value of 0 and the number of black 
students going to P from that bus stop will be 0 
also. So, using Table 3-7, an expression of the 
total number of black students who are going to 
Pis: 

Bus stop 1 Bus stop 2 Bus stop 3 
(100 X P1)+(80X P2) +(65X P3) 

I x 
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Bus stop 4 Bus stop 5 BUs stop 6 
+ (55 X P4) + (40 X P5) + (30 X P6) 

Bus stop 7 Bus stop 8 Bus stop 9 
+ (35 X P7) + (10 \ P8) + (0X P9) 

'Mid the constraint that P must have at least 180 
oiack studerts is expressed by: 

lOOPl + 80P2 + 65P3 + 55P4 + 40P5 

+ 30P6 + 35P7 + 10P8 + 0P9 >X 180 

Similarly, the constraint that F must have at 
least 180 black students is expressed by: 

100F1 + 80F2 + 65F3 + 55F4 + 40F5 

+ 30F6 + 35F7 + 10F8 + 0F9 > 180 

The constraint about P's white students is con- 
structed by multiplying the total number of 
white students at each stop (from Table 3-7) by 
the P-indicator and then adding together the 
number of white students at each stop who are 
going to P, to get: 

Bus stop 1 Bus stop 2 Bus stop 3 
0P1 + 10P2 +15P3 

3us stop 4 Bus stop 5 BUs stop 6 
+ 20P4 + 40P5 + 55P6 

Bus stop 7 Bus stop 8 Bus stop 9 
+ 45P7 + 60P8 + 50P9 

So, the constraint that P must have ac least 
130 white students is expressed by: 

0P1 + 10P2 + 15P3 + 20P4 + 40P5 

+ 55P6 + 45P7 + 60P8 + 50P9 > 130 

and the constraint that F must have at least 140 
students is expressed by: 



0F1 + 10F2 + 15F3 + 20F4 + 40F5 

+ 55F6 + 45F7 + 60F8 + 50F9 > 130 

Evaluating the left-hand side of the constraint 
about P's black students using the variable 
values from the sample busing pattern discussed 
earlier, we have: 

100P1 + 80P2 + 65P3 + 55P4 + 40P5 
+ 30P6 + 35P7 + 10P8 + 0P9 

= 100 1 + 80 ;c + 65-i + 55-1 + 40 1 
+ 30*0 + 35 0 + iO'O + 0*0 

+ 80 + 65 
+ 0 +0 



which is the same number of black students 
going to P that we calculated originally. 

Although it may seem that we have calculated 
all the constraints for this problem, we have left 
out a very important set of them: the artificial 
constraints we put on the controllable variables 
so that the students at each bus stop are assigned 
to only one school. We will need nine of these 
constraints, one for each pair of variables which 
corresponds to one for each bus stop. A simple 
way of expressing the constraint is: 

P-indicator + F-indicator = i 

Here is a list of all nine constraints in this set: 



PI + Fl = 1 
P2 + F2 = 1 
P3 + F3 = 1 
P4 + F4 = 1 
P5 + F5 = 1 



P6 + F6 = 1 
P7 + F7 = 1 
P8 + F8 = 1 
P9 + F9 = 1 



100 

340 black students 



+55 +40 
+ 0 +0 



Notice that we are in a situation similar to 
that in Problem 3, namely that we would like 
to stipulate that the variables can have values of 
0 and i only; However, the nine constraints 
listed above do nof tfo this: (For instance, the 
first constraint would be satisfied by PI = 3/4 
and Fl_= Va.) These constraints do guarantee 
that each student at each bus stop is assigned to 
only one school (the same student cannot go to 
both schools). As in Problem 3, we will have to 
Use these constraints, because constraints that 
restrict variable values to 0 and 1 are not linear 
formulaf; and so their inclusion in the model 
would make this problem impossible to solve 
using linear programming techniques. 

Finally, we can .turn our attention to the ob- 
ject function: Recall that we wish to keep the 
number of student-miles traveled to a minimum: 
Since all the students at the same bus stop are 
the same distance from their school, we can cal- 
culate the number of student-miles traveled by 
all the students at that bus stop by: 

No. students at bus st 
X distance from assigned school 

Again, since we do hot know ahead of time 
whether the students at the bus stop will be going 
to P or to F, we will have to Use the P and F in- 
dicators. Consider the following quantity: 

No. students at bus stop 
X distance from P X P-indicator 
+ No. students at bus stop X distance from F 
X F-indicator 
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Notice that the first part computes the num- 
ber of student-miles traveled by students at the 
bus stop who are going to P, the second part 
those who are going to P. Remember that the 
students are going to only one school; there- 
fore, exactly one of the school-indicators will 
have the value of 1, the other 0, meaning that 
the students will be counted only once, as going 
to their assigned school, whichever one that 
may be. Since the object function adds an ex- 
pression like the one above for each bus stop, 
it expresses the total number of student-miles 
traveled by all the students to their respective 
schools. Using the values from Table 3-7, the 
object function is: 

100(2)P1 + 100(5)F1 + 90(1)P2 + 90(4.5)F2 
+ 80(2)P3 + 80(4)F3 + 75(1 )P4 
+ 75(4.5)F4 + 80(2. 5)P5 + 80(2.5)F5 
+ 85(2.5)P6 + 85(2)F6 + 80(3)P7 
+ 80(2)F7 + 70(4)P8 + 70(1. 5)F8 
+ 50(5)P9 + 50(3)F9 = M 



or 

20P1 



500F1 
160P3 
337. 5F4 
212. 5P6 
160F7 
250P9 



90P2 

320F3 

200P5 

170F6 

28QP8 

15F9 



+ 405F2 
+ 75P4 
+ 200F5 
+ 240P7 
+ 105F8 
= M 



In summary, we have defined 18 controllable 
variables and a P-indicator and an F-indicator for 
each bus stop: We are trying to find values for 
the variables that will minimize the number of 
student-miles traveled while the following con- 
straints are conformed to: 



100P1 + 90P2 + 80P3 + 75P4 
+ 80P5 + 85P6 + 80P7 
+ 70P8 + 50P9 < 400 

100F1 i- 90F2 + 80F3 + 75F4 
+ 80F5 + 85F6 + 80F7 
+ 70F8 + 50F9 < 400 

100P1 + 80P2 + 65P3 + 55P4 
+ 40P5 + 30P6 + 35P7 
+ 10P8 + 0P9 < 180 

iOOFi + 80F2 + 65F3 + 55F4 
+ 40F5 + 30F6 + 35F7 
+ 10F8 + 0F9 < 180 



Eaibh school 
can have a 
maximum 
enrollment 
of 400 
students 

Each school 
must have 
at least 
180 black 
students 



0P1 + 10P2 + 15P3 + 20P4 
+ 40P5 + 55P6 + 45P7 
+ 6T8 + 50P9 < 130 

0F1 + 10F2 + 15F3 + 20F4 
+ 40F5 + 55F6 + 45F7 
+ 60F8 + 50F9 < 130 

PI + Fl = 1 
P2 + F2 = 1 
P3 + F3 ! = 1 
P4 + F4 = 1 
P5 + FB = 1 
P6 + F6 = 1 
P7 + F7 = 1 
P8 + F8 - 1 
P9 + F9 = 1 ; 



Each school 
must have 
at least 
130 white 
students 



Each student 
at each 
bus stop 
can go 
to only 
one school 



20P1 



500F1 

405F2 

320F3 

337.5F4 

200F5 

170F6 

160F7 

105F8 

15F9 



90P2 

160P3 

75P4 

200P5 

212.5P6 

240P7 

280P8 

250P9 

M 



Object 
Function 



Since we have ail linear formulas in the mathe- 
matical model, we can solve this problem by 
using linear programming techniques with the 
help of the program LPRG. Before we can use 
LPRG, however, we must assign an order to the 
variables and to the constraints, and we must 
make sure that all the formulas are in an accept- 
able form. 

We will agree to order the variables by bus 
stop, with all the P-iridicators first. The order of 
the variables, then, is PI, P2, P3, P4, P5, P6, 
P7, P8, P9, Fl, F2, F3, F4, F5, F6, F7, F8, F9. 
This is an arbitrary 'assignment of order which 
arises from the preceding discussion. Several 
others could have been used just as readily. 

Since all the "less-than" constraints must 
•ome first, the constraints concerning the 
schools' maximum size must come first. We will 
agree that the constraint for P_will.be the first 
and for F the second (again, this internal order 
is arbitrary), the "equality" constraints must 
come next: the constraints that limit the stu- 
dents at each bus stop to being assigned to one 
school. We will agree that they will be internally 
ordered according to bus-stop order. Finally 
come the "greater-than" constraints, which con- 
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Table 3-8. 

Summary of results for busing problem. 

cerri minimum enrollments of black and white 
stude nts at each school. We will agree to order 
these as they were developed— that is, black 
students at P, black students at F, white stu- 
dents at P, and white students at F. 

Following is a list showing all the constraints 
in order and the object function. Within each 
constraint the variables are also in order. Note 
the object function had to be rewritten using 
the agreed-on order of the variables. 



100P1 + 90P2 + 80 P3 
+ 80P7 + 70P8 

100F1 + 90F2 + 80F3 
+ 80F7 + 70F8 

PI + Fl = 1 
P2 + F2 = 1 
P3 + F3 = 1 
P4 + F4 = 1 
P5 + F5 - 1 

100P1 + 80P2 + 65P3 + 
+ 35P7 + 10P8 + 

100F1 + 80F2 + 65F3 + 
+ 35F7 + 10F8 + 

0P1 + 10P2 + 15P3 + 
+ 45P7 + 60P8 + 

0F1 + 10F2 + 15F3 + 
+ 45F7 + 60F8 + 

20P1 



+ 75P4 + 80P5 -f 85P6 
+ 50P9 < 400 

+ 75F4 + 80F5 + 85F6 
+ 50F9 < 400 

P6 + F6 = 1 
P7 + F7 = 1 
P8 + F8 = 1 
P9 + F9 = 1 

D5P4 +40P5 +30P6 
0P9 > 180 

55F4 + 40F5 + 30F6 
0F9 > 180 

20P4 + 40P5 + 55P6 
50P9 > 130 

20F4 +40F5 + 55F6 
50F9> 130 



+ 90P2 + 160P3 + 75P4 + 200P5 
+ 212.5P6 + 240P7 + 280P8 + 250P9 
+ 500F1 + 405F2 + 320F3 
+ 337. 5F4 + 200F5 + 170F6 
+ 160F7 + 105F8 + 15F9 = M 



One last step remains before we are ready to 
use LPRG on this problem: rewriting the con- 
straints so that all the variables are mentioned. 
Of course, whenever new variables are added ' to 
an existing formula the corresponding coeffi- 
cient is 0, Table 3-8 summarizes the constraints 
and the object function by listing the coefficient 
of each variable, the sign of the* formula, and the 
value on the right-hand side. 



Analysis of the Solution 

The LPRG run for this problem is Figure 3-12 
on page 72. The results are summarized in Table 
3-9. Note that all the variables have values of 
0 or 1 ex- <»nt for the second and eleventh vari- 
ables, P2 < 3 Jid F2. Since this does not meet the 
school board's specifications, we will have to 
assess this solution further. 

We _have a choice how to proceed. As a first 
strategy, we might accept the solution gener- 
ated by LPRG and split the students at the 
second bus stop between the two schools. This 
would mean making two trips to the second bus 
stop, one to pick up the Poe students and one 
to pick up the Frost students. This also goes 
against the school boards' specification that all 
the students from a bus stop go to the same 
school. As a second strategy, we might decide 
arbitrarily to assign all the students at the 
second bus stop to one or the other school. This 
would satisfy the school board in that each bus 
stop would then be assigned to only one school; 
however, if we assign the students to P, P will 
have 420 students assigned when it can hold 
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Bus Stop 



P-indicator 

1 

h 
0 
1 
0 

1 

0 

1 

0 



F-lmll-e ator 

0 
H 
I 
o 
l 

0 

1 

0 



School to Which Students 
- are Assigned 

Poe. 

half to Poe,. half to Frost 
Frost 
Poe 
Frost 
Poe 

Frost 

Poe 

Frost 



Table 3-9. 

Summary of Results for Busing Problem: 

GET-LPRG 

RON 

LPRG 

IS MAXIMIZING THE OBJECT FUNCTION* TYPE I. 
IF MINIMIZING THE OBJECT FUNCTION, TYPE -i- 

NUMBER OF VARIABLES? 7J^_ 

NUMBER OF CONSTRAINTS? ? 15. 

DUMBER OF LESS- THAN CONSTRAINTS? 72;; 

NUMBER OF EQUAL I TY CONSTRAINTS? 79. 

NUMBER OF GREATER-THAW CONSTRAINTS? 74_ 

ENTER THE COEFFICIENTS OF THE CONSTRAINTS, SEPARATED BY COMMAS. 

7 ibb, 90, ed* 75, n o* es* b o* 70* so* o* o* o*-o* ehrp* o* o* o 



7 0 * 0* 0*0* 0* 0 * 0* 0* 0* 100>9Q* 8 0 * 75* 80* 8 5* BO* 70*50 

7 j^^q^jo* o^^o* g* i#o#o»^ * o» o» 0,0 
? o* i*o*o*o#o* q* o» o* o* 1*0*0*0* o* o* o*g_ 

? 0*0*1* 0*0* 0* 0* 0* 0* 0* 0* 1*0* 0* 0* 0* o* o 

7 0* 0* o* i *o* 0 ,0*0*0*0*0*0* 1*0*0*0*0*0 

7 0*0* 0*0, WO/0,0 * 0* 0* 0* 0*0* 1 * 0* 0*0* o 
7 Q*-0* 0*0*0* 1* 0* 0*0*0*0*0*0*0* 1*0* 0*0 



CONSTRAINT t 
CONSTRAINT 2 
CONSTRAINT 3 
CONSTRAINT 4 
CONSTRAINT 5 
CONSTRAINT 6 
CONSTRAINT 7 
CONSTRAINT 8 
CONSTRAINT 9 
CONSTRAINT 10 
CONSTRAINT 1 1 
CONSTRAINT I 2 
CONSTRAINT 1 3 
CONSTRAINT 14 
CONSTRAINT 1 5 

ENTER THE RIGHT-HAND SIDES OF ALL THE CONSTRAINTS* SEPARATED BY COMMAS. 
7 400*400* 1* i* 1* 1* 1* I* 1* \» U 180* 18 0* 14(1^1^0 

ENTER THE COEFFICIENTS OF T HE OBJECT FUNCTION* SEPARATED BY COMMAS. 

? E0 # 9Q # i6Q,7S,g00»glg» i*jj*Pj^^ 160 * 105# ~ 

DO YOU WISH TO CHANGE OR CORRECT ANY OF THE CONSTRAINTS? 

(YES - 1* NO * 0>10_ 

DQ.YOU WISH TO CHANGE OR CORRECT THE RIGHT-HAND SIDES? 

(YES - 1* NO - 0) 70. 

Figure 3-12. 

Busing Problem Solved Using LPRG. 



? o* o* 0* 0* o* o,4, o*-e *-oyorb* o*_o* o* i* o* b 

7 o#o»o,o*o* 0* 0* 1*0*0*0*0*0*0*0*0* i • 0 

? 0* 0* o* 0* 0* 0* o* Q* 1 * 0* 0* 0* 0*0 * o* o* o* +- 

7 jQOf, 80 ^ft * 1* S*_40 *_3 0 * 3 5 * 1 0* 0* 0* 0* 0* O* 0* 0* 0* 0* 0 

7 0* 0* 0* 0* 0* Q* 0*0*0* 10 0*80* 6 5* 55*40* 30* 35* 1 O*-0 

? 0, io^ lS»2g * 4j*jj^4 5* 6 0* 50* 0* 0* 0* 0* 0* 0* 0* 0* 9. 

7 0*0*0* 0 ^0* 0 * 0 *j» *^_0 *JOl.L 5 * 2 0 ' h 0 » 5 5^45^ 66 ^50^ 
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VO YOU WISH TO CHANGE OR CORRECT THE OBJECT FUNCTION? 
CYES - U NO » 0> TO. 

C 



ANSWERS I 

VARIABLE VALUE 

1 !• 

2 -.5 

4 1 

5 0 

6 1 

8 U 

11 -5 

12 i 
U i- 
16 1 
18 I 

THE VALUE OF THE OBJECT FlNCTtON IS 
THIS VALUE IS A MINIMUM. 



DONE 



Figure 3-12 (Continued) 

only 400, and F will have only 140 black stu- 
dents when it should have at least 180. On the 
other hand, if we assign the students at the 
second bus stop to F, then P will only have 135 
white students when it should have at least 140. 
in either case, the value of the object function 
will be changed. If the students go to P it will be 
less (1372.5), and if they go to F it will be more 
(1687.5). A third possible strategy is to choose 
a solution that assigns all the students at a bus 
stop to the same school. But this would mean 
that the value of the object function is larger 
than the minimum of 1530. 

Our inability to state the constraints of this 
problem completely in linear formulas has re- 
sulted in an optimal solution which is not 



completely satisfactory. It must be recognized 
that the fault is not in LPRG or even in the 
technique of linear programming^ the trouble is 
that we have taken a basic problem which can be 
solved by linear programming techniques and 
added nonlinear constraints to it. We then ig- 
nored the nonlinear constraints, used LPRG to 
solve the linear portion of the problem, and 
hoped that the solution would also conform to 
our extra constraints. This happened in Prob- 
lem 3; but in Problem 4 it did not wot k out so 
nicely. Since we created this dilemma Artificially, 
it is now up to us to decide which of the con- 
straints must be kept and which may b* relaxed 
and/or ignored. 



REVIEW 

1. Which of the strategies outlined above would you choose to adopt for 
dealing with the busing problem? Give your reasons. .- . 

2. Many factors other than mileage must be considered when determining 
school bus routes in real-world situations. Using your own experience, 
(a) List as many criteria as you can which could be controllable var 

bles in an actual bus routing problem (for example, the length of 
time a child must spend on the bus). ' 

(h) Give as many realistic constraints as you can for the controllable 
variables you listed in (a) above: For example: no child should have 
to ride a bus for more than one hour each day. 

(c) Give as many examples as you can of different measures of effec- 
tiveness which would be appropriate for a bus routing problem— 
for example, the total amount of time all school children spend 
riding buses should be a minimum. 
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PROBLEM 5. DETERMINING 
A SALARY SCHEDULE 

Background 

One of the most complex and time-consi ming 
tasks of the public school administrator is con- 
structing salary schedules. Teachers' unions, 
support staff organizations, school board, and 
taxpayers all put pressure on the school district 
administration to develop an equitable salary 
schedule; and that difficult task must be accom- 
plished with a set amount of funds. 

Most school districts operate on a fixed-step 
salary schedule. This means that there are sepa- 
rate schedules for teachers and administrators, 
usually based only on the criteria of advanced 
degrees and years of experience. Salary schedule 
revisions typically raise questions not easily 
resolved using such a system, for example: 

Should the district provide financial incentive 
for teachers to obtain college credits be- 
yond their degree? If so, how should this 
incentive be distributed? 

How should teachers' salaries compare to ad- 
ministrator's salaries? 

How should the salary schedule allow com- 
pensation for the teacher who is also a 
department head? Should all department 
heads be on a separate schedule from the 
teachers? 

Should a teacher or administrator in an inner- 
city school receive a comparatively higher 
salary than a teacher or administrator in 
a suburban school? If so, how could we 
build this condition into the schedule? 

Should teaching excellence be financially 
rewarded? If so, how? 

How can we revise the salary schedule so that 
younger teachers are attracted to the 
district? 

James E. Bruno has listed a number of criteria 
which should be part of an effective evaluation 
scheme for determining salaries in a school dis- 
trict: He summarizes these criteria by stating: 

An "ideal' 1 salary schedule should be able to consider 
all factors which both teacher groups and school 
boards consider important in the evaluation of salary 
and to the attainment of the school district objec- 
tives. Most important, the salary evaluatiru scheme 
should be internally consistent and, if desired, main- 
tain the organizational salary hierarchy. It should be 



flexible enough, howevet, to permit overlaps in salary 
between the various hierarchies (e.g., it should permit 
a highly qualified teacher to receive more salary than 
a low qualified admihistratQr); Finally, an effective 
salary schedule should be able to consider the finan- 
cial constraints placed upon school district resources 
available to support the salary structure. This latter 
feature could be extremely important in collective 
bargaining negotiations between teacher unions and 
school boards. 11 

Bruno contends that the traditional fixed-step 
salary schedule does not fulfill these criteria. 
As an alternative, he has developed a mathe- 
matical model based on the technique of linear 
programming. We will present a version of 
Bruno's model that simplifies the mathematical 
notation, eliminates or revises some of the con- 
straints, and uses only five evaluation factors in 
determining salaries instead of Bruno's nine. 
After you have worked through the problem, 
you may want to read Bruno's complete article. 

Statement of tht Problem 

You have just completed conducting salary 
negotiation f he teachers and school board 

in your di^ -*nd the following general cri- 
teria have > jen agreed upon by all groups in 
determining a new salary schedule: 

1. Five "district functions" are recognized: 
Superintendent (and Assistants to th^ 
Superintendent), Administrator (Princi- 
pals, Assistant Principals, Vice-Principals), 
Department Head, Teacher, and Teacher 
Aide. The lowest possible salary a penrjn 
can earn in each of these functions is as 
follows: 



Superintendent $22,000 

Administrator 15,800 

Department Head 11,500 

TeacHfcr . 8,500 

Teacher Aide 6,000 



That is, a teacher with minimum qualifi- 
cations (B.A. or B.S. degree and no ex- 
perience) would receive $8500; the lowest 



11 James E. Bruno, "An Alternative to the Fixed Step 
Salary Schedule," Educational Administration Quarterly, 
6 (1970), 26-46; quotation, pp. 29-30. 
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paid Administrator would receive $15,800; 
and so on: 

2: Five evaluation factors will determine the 
salaries of teachers and administ tors 
within the district. Each factor wiii de- 
termine part of each teacher's or ad- 
ministrator's salary; that is, a teacher or 
administrator will.be assessed within each 
factor and a certain amount of compensa- 
tion assigned for that factor. The total 
salary of a teacher or administrator will 
then be the sum of the amounts from 
each of the five evaluation factors. The 
evaluation factors are: 

a. Learning environment Those^ person- 
nel with "difficult" assignments, such 
as inner-city schools, will receive more 
compensation from this factor than 
personnel in "easier" assignments; such 

* as suburban or alternative schools. 

b. Supervisory responsibility. The more 
extensive the supervisory responsibili- 
ties of a teacher or administrator, the 
greater the salary. 

c. Academic degree. Personnel with 
higher d?£v;rs will be rewarded ac- 
cordingly by higher salary portions. 

d. Work experience. Salary should in- 
crease as the years of experience 
increase. 

e. Additional college credits. The more 
credits beyond a formal degree a 
district employee accumulates, the 
greater his salary. 

The above evaluation factors are not 
meant to be exhaustive. The criteria each 
district uses for salary schedules will be 
different. 

3. Because the district has been plagued in 
the past by high teacher turnover, it has 
been decided to set up the salary schedule 
in order to maximize teachers' salaries. 
The top salary a teacher can earn in the 
district will be the maximum possible 
one under the current budget. In this 
way, the district hopes to provide incen- 
tive to teachers to remain within the 
district. 

Your problem is to set up a salary schedule 
which conforms to all the above criteria, under 
the additional assumption that the current 



budget allows 18 million dollars for teachers' 
and administrators' salaries. 



Mathematical Model 

The measure of effectiveness for this problem 
will be the amount of money the highest paid 
teacher can earn. We want to maximize this 
amount in order to fulfill condition 3 above. 

We must consider five evaluation factors in 
determining salaries: learning environment, 
supervisory responsibility, academic degree, 
work experience, and additional college credits. 
Personnel will be ranked within each factor 
according to their positions. There will be a 
minimum or basic amount of compensation 
associated with the lowest rank for each factor. 
As a person's rank increases within the factor, 
his compensation from that factor will increase 
according to the relative weight associated with 
his rank: The controllable variables will be the 
minimum compensations for each evaluation 
factor: There are five evaluation factors, so we 
will need five controllable variables, e, d, w, s, 

'Mid c. 

To illustrate how the compensations from 
factors will work, consider the factor of learning 
environment. In this district, teachers or ad- 
ministrators may be ranked as being in a diffi- 
cult, medium, or easy learning environment, 
corresponding to whether they are associated 
with inner city, suburban, or alternative schools 
respectively, (These categories were agreed upon 
during negotiations.) If a person receives a rank 
of easy for learning environment (that is, works 
in an alternative school), he or she will receive a 
certain amount of compensation, which we shall 
indicate e. This amount, <?, is one of our con- 
trollable variables. If the ranking is medium— 
that is, if he or she works in a suburban school- 
it has been established that he or she shall receive 
twice the minimum or basic compensation, or 2e. 
A rank of difficult (that is, a position in inhcr-city 
schools) will entitle the person to receive three 
times the minimum amount, or 3e. Therefore, 
the relative weights associated with the cate- 
gories of difficult, medium, and easy learning 
environments are, respectively, 3, 2, and 1. 

The amount of money a person receive 
cording to the difficulty of the learning 
ment is only part of the total salary. T 1 
the salary will be determined by the ar. 



Si 
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or she is eligible for in each of the other four 
evaluation factors. 

A summary of the evaluation factors, the 
notation for the minimum or basic compensa- 
tion for each factor (our controllable variables), 
and the relative weights for determining .salary 
within each factor is given in Table 3-10. For 
now, disregard the last two columns of numbers; 
their significance is discussed below. Remember 
that the relative weights associated with the 
various categories within each factor are as- 
sumed to have been agreed upon in negotiation. 
It should be pointed but also that whole-number 
weights are not necessary. For example, if it had 
been specified that teaching in a difficult learning 
environment would pay three and one-half 
times the basic amount for that factor, or 3.5e, 
the relative weight for this category would be 
3.5. We have chosen whole -number weights in 
this problem merely for simplification. 

Now that we have defined the controllable 
variables and the measure, of effectiveness, we 
must formulate the mathematical modeli.The 
measure of effectiveness is the highest possible 
salary a teacher can earn: Referring to Table 
3-10, we see that a teacher having the following 
ranks within the five evaluation factors can earn 
the highest possible salary: 



Salary 
Rank and from 
Corresponding Wac'h 
Evaluation Factor ' Weight Factor 



Learning environment Difficult (3) 3e 

Supervisory responsibility Class-wide (2j _ 2s 

Highest degree Ph.D. or Ed.D. (5) Sd 

Work experience 13+ years (7), lw 

Additional credits 29+ credit.-; (5) 5c 



The total salary (symbolized by T) that a top 
teacher can earn, then, would be: 

3e + 25 + 5d + lw + 5c = T 

We want to find values for the controllable vari- 
ables e y s % d y w % and c such that T is a maximum. 

Now we must express the constraints on the 
controllable variables. First, let's assume that 
during salary negotiations certain guidelines 
were established for the minimum or basic 
amounts of compensation for each factor. For 
example, it was agreed that e, the basic amount 
paid because of learning environment, will_.be 
somewhere between $200 and $1000. (The 



lower limit w»s probably negotiated by. the 
teachers, the upper limit imposed by the school 
board.) We need two mathematical expressions 
to indicate these limits on e: 

e < 1000 (e will be at most $1000) 
e > 200 (e will be at least $200) 

Similarly, other guidelines were set up for s, d, 
w, and c. These and the corresponding mathe- 
matical equivalents are given in Table 3-11. 

Other constraints on these controllable -vari- 
ables are that we have been given lower limits 
on salaries for each of the five district functions. 
Recall that these lower limits are: 



Vis trict Function Lowes t Salary 



Superintendent' $22,000 

Administrator 15,800 

Department Head 11,500 

Teacher 8,500 

Teacher Aide 6,000 



"The district has definite criteria regarding the 
mmimum/quidifications for each district func- 
tion. F.or example, the teacher who is paid the 
least amount would have the following charac- 
teristics within each evaluation factor and cor-' 
responding salary from each factor: 



Salary 
Rank arid from 
Corresponding Bacn 
Evaluation Factor Weight Factor 



Learning environment Easy (1) le 

Supervisory responsibilities Class-wide (2) 2s 

Highest degree B.A. (2) 2d 

Work experience 0-2 years (1) 1 //» 

Additional credits (1) 0-7 credits (1) 



Therefore, the least possible salary a teacher 
could be paid in this district is: 

le + 2s + 2d + lw + lc 

Furthermore, we know this amount must be no 
smaller than $8506. Therefore, one of the con- 
straints on our controllable variable is: 

le + 2s + 2d + lw + lc > 8500 

Similarly, we can formulate mathematical ex- 
pressions for the minimum salaries for each of 
the other district functions. Table 3-12 tabu : 
lates the minimum requirements for each of 
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i v,i I ua 1 1 nn F i tor 



Contn 



R.-lative weight 
<md Categories 



i di f f ir.ul t 
'.' itn'fl i urn 
1 ' ''i / 



Number of 
Employees in 
This Category 

220 
1166 

0 



Wei gh ted 
Total 

660 
233? 
- - 3 
2992e 



,j|jt.'iw l .nry r».»s:'On*. I - 
til 1 i ii 



M 1 )tW ,! J: ,>i|''" 



7 single district wide {Superi rifenflent 
di stri cf .wide (Assistants to 

. superintendent). 

single school wide (Principals) 

4 school wide ( V i > f-pri nc i pa 1 s , etc.) 

3 department wi dc 

2 class wide 

] student wide (Teacher aides) 



s Ph.D. 0'" 

m:a; 

3 M.Ed. .... 
" ['.A. or 
1 A. A. 



EdD 



2!j 
.90 
12C0 
80 



20 
12Q 
1100 
lino 



7 

30 



ion 

270 
2400 
60 
2892 s 

ino 



612 Gd 



Additional college 
■:. redi r. 



13 + yrars ._. 

11 - \2 years 

r ) - 10 years 

7 - H years 

5 - 6 years 

3 - 4 years 
0-2 years 



5 29 + credits 

4 22 - 2 n credi ts 
3 15-21 credi ts 
2 8 - 14 credi f. 
10-7 credit- 



1C 
100 
300 
400 
500 
50 
20 



600 
500 
200 
50 
36 



112 
-600 
I5Q0 
16 CO 
1500 

100 
20 

svr.< 

3000 
2000 
600 
100 
.36 
5736c 



Table 3-10. 

Evaluation factors; in salary schedule model. 



Evaluation Facto r 
Learning environment 



Supervisory 
respor,3 ibi 1 i ty 

Highest degree 



Work experience 



Addi tional credi ts 



Control laLle 

— V*iH-able 



At mostSlOOO 
At least $200 

At most $3000 
At least $500 

At most $2000 
At least $200 

At most $2000 
At least $100 

At most $500- 
At least $100 



Table 3-11. 

Guidelines for evaluation factor values. 



Mathematical 
Sta tements 

e < 1000 
e > 200 

s i 30QQ 
s >. 500 

d < 2000 



200 



<_ 2000 
- 100 



500 
100 



these functions; the last row indicates the mini- 
mum salary for each and its corresponding lower 
limit. The maximum possible salaries have also 
been formulated, although they will not be part 
of the constraints since we have not been given 
any upper limits on salaries. 12 

12 It is difficult to set a maximum salary for a teacher 



Summarizing from the information in Table 
3-12, we find the constraints on minimum safa- 
ri es_fpx thrive district functions to be as follows : 

aide. We have assumed here that the highest paid teacher 
aide would work in a difficult learning environment and 
would have student-wide responsibilities, no more than 
a B.A. or B.S. degree, 13+ years of experience, and no 
more than 7 credits beyond the Bachelor's degree. 

8u 
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; . ro,tif. ( ] 5 
7 < r^UX: (1) 



Table 3-12. 

Minimum requirements for five district functions. 



District Function 

Superintendent 
Administrator 
Department Head 
Teacher 
Teacher Aide . 



Mathematical Stat* 
Least Possible Su. 

lc + 6s 3d + 2w + lc 
le + 4s + 3d + lw + lc 
le + 3s + 2d + lw + lc 
lc + 2s + 2d + lw + Ic 
lc + Is + Id + lw + lc 



22,000 
15.800 
11.500 
8.500 
6.000 



The onl*/ constraint left to form on the 
controllable vsii.ibles is the total available 
budget for teachers and administrators' salaries— 
eighteen million dollars. Referring again to 
Table 3-10 lotice that the fourth column tabu- 
lates the number of persons within the d ; strict 
who are in each category of the eva r ition 
factors. For example, 220 persons work in "dif- 
ficult" learning environments, 1166 persons are 
in "medium" difficulty learning environments, 
and no persons are in "easy" learning environ- 
ments. The 220 people in the "difficult" en- 
vironment will each have to be paid three times 
the basic amount for the learning environment 
factor, and the 1166 in "medium" environments 
twice the basic amount. So, in all, the amount of 
money necessary for salaries in the learning en- 
vironment factor is: 



(220 • 3 + 1166 • 2) 



e = (660 + 2332) ■ e 
= 2992e 



Table 3-10 calculates similar figures for each 



of the other four e/aluat: 
following results: 



^actors, with the 



Evaluation Factor 



ivioney Necessary 
for$ - ~s 



; irriing environment 
Supervisory responsibility 
Highest academic degree 
Work experience 
Additional college credits 



29y2c 

22323 

6126d 

5432w 

5736c 



Since the budget is limited to 24 million doi : 
lars for salaries, the mathematical expression of 
this constraint on the total money necessary 
for salaries is: 

2992e + 2892s + 6126d + 5432a; 
+ 5736c < 24000000 

The entire mathematical model for this prob- 
lem is summarized as follows: 



e 




1000 


upper limits for 


s 




3000 


values of minimum 


d 


< 


2000 


► or basic amounts 


w 


< 


2000 


for each evaluation 


c 




500 i 


factor 


e 




200 1 


lower limits for 


s 


> 


500 


values of minimum 


d 




200 


► or basic amounts 


w 




100 


for each evaluation 


c 




100 / 


factor 
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1st 


2nd 


3rd 


4th 


5th 








var 


.ar 


var 


var 






M 


.(11 




LwJ. 


icl 


Sign 


1st constraint 


i 


0 


0 


0 


0 


< 


^nd constraint 


0 




0 


0 


0 




'rd constraint 


0 


h 
U 


i 


u 






4th constraint 


0 


0 


0 


I 


0 


< 


5tb constraint 


0 


0 


0 


0 






6th constraint 


299? 


2892 


6126 


5432 


S73o 




■7th constraint 


1 


0 


Q 


0 


0 


> 


8th' constraint 


0 


1 


0 


0 


0 


> 


9th. constraint 


Q 


0 


1 


0 


0 


> 


10th constraint 


0 


0 


0 


1 


0 




11th constraint 


0 


0 


0 


0 


1 


> 


12th constraint 


1 


6 


3 


2 


1 


> 


13th constraint 


1 


4 


3 


1 


1 




I4th constraint 


1 


3 


2 


1 


1 


> 


15th constraint 


1 


2 


2 


1 


1 


> 


16th constraint 


1 


1 


1 


1 


I 


> 


Object function 


3 


2 


5 


7 


5 





Right- 
hand 
side 

1000 
3000 
2000 
2000 
500 
24000000 
?00 
^00 
200 
100 
- 100 
2*000 
158QQ 

nsoo 

6100 

cooo 



TnblG 3-13. 
Salary schcdui, 



oblcm prepared for input to LPRG, 



minima: , 
possible 
salaries for 
each district 
function 



budget 



e + 6s + 3d + 2i.' 
+ c - 22000 

e + 4s + 3d + w 
+ c> 15&0O 

c + 3s + 2d + w 
+ c > 11500 

e + 2s + 2d + w 
+ c> 8500 

e + s + d + w 

+ c> eooo 

2992c? + 2892s + 6126d + 543 
+ 5736c < 24000000 

Find values for e, s, and c subject to the 

above constraints and such that the top teacher's 
salary is a maximum: 

3e + 2s + 5d + lw + 5c = T } object function 

We are now ready to assign an order to the 
variables and the constraints and to prepare the 
model for input to LPRG. The variables have al- 
ways been referenced in the order e, s, ci, w, c, 
so we will Dgree to use that order. As usual, we 
must have all the "iess-than" constraints first, 
the "equaHtv" constraints second (there are 
none), and the "greater-than" constraints 
third. We will agree that the upper limit con- 
straints are the first five,, the budget constraint is 
the sixth, the lower limit constraints are the 
seventh through eleventh, and the minimum 
salary constraints are the twelfth through six- 
teenth. As the upper and lower limit constraints 



have only one of the variables in them, they will 
hnvL 1 lo be rewritten using 0 coefficients for the 
missing variables. Table 3-13 summarizes the 
salary schedule problem as we ha 1 a prepared it 
for input to LPRG. 

Be careful when you input data involving 
larve numbers. Use commas only to separate 
numbers: never use them within a number: For 
example, you would not type the number 2992 
as "2,9^2 , '; the correct coding would be "2992," 



Analysis of the Solution 

The computer listing for the solution to the 
salary schedule problem is given in Figure 3-13 
with the following results (rounded to the 
nearest penny): 



Evaluation Factor 


Controllable 
Variable 


Value 


Learning environment . 


e 


524.59 


Supervisory responsibility 


s 


3606 


Highest academic degree 


d 


400 


Work experience 


w 


1975.41 


Additional credits 


c 


100 



The corresponding highest possible salary for a 
teacher, which we maximized, is $23,901.6 . 

Using the equations in the last row of Table 
. .2 and the above values for the controllable 
variables, we can calculate the lowest and highest 
possible salaries for each district function: 



ERLC 



IF MAXIMIZING THE OBJECT FUNCTION, TYPE 1. 
IF MINIMIZING THE 03JECT FUNCTION* TYPE -1. 
7 1 

NIJM9EH OF VARIABLE^? ? _5 

NUMBER OF CON STH Al NTS? ? 16 * 
NUMBER OF LESS- THAN CONSTRAINTS? ?ft_ 
NUMBER OF EQUALITY CONSTRAINTS? r 0_ 
NyMB^R OF GREATER- THAN CONSTRAINTS? ? U) 

ENYER THE COEFFICIENTS OF THE CONSTH \ 'NTS, SEPAHATED BY COMMAS. 
CON S TH A I NT I 1 \j 0*0, 0*_0 

CONSTRAINT 2 7 0* 1*0*0*0 
CONSTRAINT 3 ? 0* 0* 1 * 0* 0 



» STRAIN T 4 70<0*n, |«0 



CONf'TRAINT 5 7 0*0,0.0*1 



«iSTRATNT .i ?2992*2f592-*6126.. 5432* 5736 







? i * o* 


0* 


0* 


0 




a 


7 0,1* 


Oi 


0, 


0 


jn*jfcfriAi\ ■ 


9 


? 0* 0* 


1 » 


0* 


0 
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10 


7 0* 0* 


0* 


1 « 


0 


CONSTRAINT 


1 1 


70*0, 


a* 


0* 


I 


CONSTRAINT 


I 2 


7 \ ,r , 


3* 


2, 


1 
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1 3 


1*4* 
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I * 
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CONSTRAINT 


1 5 


? 1,2, 


2* 


1 * 


1 


Constraint 
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OR 
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1* NO 
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DO -YOU 


V I SH . 


TO 


CHANGE 


OR 


CORRECT 


THE 


O^tJECT 


FUNCTION? 


CYES o 


1* NO 




0) ? 0 













ANSVERSI 

VARIABLE VALUE. . 

1 524.589 

2 3000. 
v 3 400- 

■ 4 19*7.5.41 

5 100 

THE VALUE 0 7 THE OBJECT Fi. NOTION TS 23901.6 
THIS VALUE IS A MAXIMUM. 



Figure 3-13; . . _ _ . . . 

Salary Schedule Prop 

in this case there is not enough space on one. line to type all the right-hand sides and show 
each number one after another; however, LPRG is designed to continue tc 'accept each 
number, even if the number appears on the paper to be typed directly over the preceding 
digit. Therefore, when the right-hand margin is reached, just .ontinuc typing as usual. 
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. h',tnct Fu fiction 

Mjperi n ton dent 

Administrator 

Dopartmont Head 

■Vac nor 

! i*acher Aido 



S*iLiry 

23,775.11 
15.800. 0; 

1 19 AM QH 

9,400 00 
6.00G.00 



Htqhest Possible 

■ 301:64 

23.901.64 
19.301.6-1 



By substituting the values for the controllable 
variables in the original constraints, we can see 
that all the original constraints have been satis- 
fied. For example, the total amount necessary 
for salaries is: 



2V)92r + 2892s + i,126c/ + 5432a; + 5736c 

= 2992(524.59) + 2892(3000) 
+ 6126(400) + 5432(1975.41) 
+ 5736(100) 

- 1569573.28 + 8676000 + 1 1 50400 
+ 1073042 r; :12 + 573606 

= $24000000.40 

Notice that this figure ; s 40tf over the allow- 
able budget of $24 mill, en. This error arose not 
bee use LPRG calculated incorrectly, but from 
rouridihg. Further, the excess is so small that it 
does not really represent a problem. Surely one 
person (perhaps the superintendent?} will agree 
to accept a dock in pay of 4 

One of the major adv:i using this 

type of salary schedule is ompletely 
objective: given any perse, position and 

background; we can quickly ca. ulate the salary. 
For example, the salary oF a principal (admini- 
strator, single school responsibility) in a subur : 
ban school with an M.Ed , 7 years' experience, 
and 16 credits beyond his o: her degree would be: 

2e + 5s + 3d + 4n> + 3c 

■ 2(524.59) + 5(3000) + 3(400) 
+ 4(1975.41) + 3(100) 

- 1049.18 J - 15000 + 12000 
+ 7901.6 1 + 300 

- $25 1 50.82 

Refer to Table 3-10 for the relative weight* of 
the controllable variables used above. 

Although we will not go into detail here, it 
is possible to introduce many more constraints 



into the salary schedule problem. Consider the 
following list of possible modifications. 

i; The salary schedule could be based on as 
many evaluation factors as your computer 
piograrn can handle. Such criteria as qual- 
ity of teaching, inservice training, addi- 
tional workloads (for example, coaching), 
arid priority of subject matter could ail be 
included. 

2. There are many possibilities for measures 
of effectiveness in this type of problem: 
for example, 

Beginning teacher's salary (maximize); 

Total budget (minimize); 

Compensation for teaching in a difficult 
learning environment (maximize the 
quantity e in the previous problem); 

Total amount allotted for work experi : 
ence (maximize). 

3. The model could be constructed to allow 
for certain salary spreads within each 
district ■ mction. For example, a con- 
straint could be added specifying that 
the least possible salary for some dis- 
trict function was not less than a cer- 
tain percentage of the highest possible 
salary for the same function. To be more 
specific, we could make the condition 
that the least possible teacher 's salary was 
at least 50 percent of the highest possible 
teacher's salary: If this were $16,000, the 
lowest possible teacher's salary would 
have to be $8,000 or more in order to 
conform to this constraint. 

4. You could allow for percentage salary 
overlaps between district functions. For 
exn nple, it would be possible to specify 
that the highest paid teacher could earn 
at least 10 percent more than the lowest 
paid department head. 

5. You could specify dollar spread between 
the highest salaries for district functions— 
for example, the highest-paid teacher 
must earn at least $4,000 more than the 
highest-paid teacher aide. 

6. You could set UppL-i .units n;a..:r^Ufn 
salaries.. For example, the naximum 
salary for teacher aides in the previous 
problem, $19,301,64, turned out to be 
fairly high. This figure is probably not 
realistic, and you might want to specify 
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a later computer run that the maximum 
acher aide_ salary is no higher than^ for 
example, $12,000. 

A mathematical model for salaries as pre : 
sented here is ideal for conducting simulation 
studies. Ah administrator cduJJ outline salary 
schedules for future years based on predictions 
of how the school hudget will change. Or, he 
could assess future budgetary requirements 
based on the r *ed for more teachers within 
tiie district: The possibilities arc endless. 

There is one major limitation In this salary 
schedule model: With the large number of con- 
straints on only a few controllable variables, it 
is very easy to unknowingly construct a prob- 
lem which has no solution at all, much less a 
"best" solution. Such a situation would have 
arisen in the original salary schedule problem 
if we had had a total budget of only 4 million 
dollars. With the constraints we put on mini- 
mum values for e, ~, w, and c it would not 
be possible to ko'»p within this budget. We can 



easily see this by substituting the minimum 
values for the controllable variables in the bud- 
get constraint! This results in a figure greater 
than 4 million: 

2992e + 2892s + 61 -,3 d + 5432w + 5736c 

= 2992(200) +,2892(500) + 6126(200) 
+ 5432(100 + 5736(100) 

= 598400 + 1446000 + 1225200 
+ 543200 + 573600 

= 4386400 



The computer program LP UG will teil you 
when there are no solutions to a linear program- 
ming problem. If that happens, you can vary 
some of the constrains until there is a solution. 
The process of adjusting some constraints in 
order to find a solution should in itself provide 
valuable information; an administrator may find, 
for example, that demands from the teachers' 
Union are impossible to meet under the current 
budget. 
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Exercises 



(a) Re-solve the salary schedule problem assuming that your budget 
is cut by iO percent. That is, you have been a? lotted $21.6 million 
for salaries instead of $24 million. Do you expect that the resulting 
figures in the salary schedule will all be reduced by 10 percent when 
compared to the original salary schedule? 

(b) Re : solve the problem assuming your budget has been increased to 
$27 million. What happens to the salary ranges for the district func- 
tions? Where does the extra money seem to be channeled? 

Suppose you have a budget of 27 million dollars, but you want to pro- 
duce a salary schedule in which the salaries of teachers and administra- 
tors are not as divergent as in problem 1 (b) above. What categories in 
which evaluation -factors could you reweight in order to accomplish this 
revision, and how would you reweight them? What other constraints 
could be included or changed? Try the problem on the computer after 
you have made your "predictions." (There is no set aT-s-ver to this ques- 
tion.) ^ v 
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THE MATHEMATICS BEHIND LINEAR 
PROGRAMMING 



Much of mathematics makes use of thz basic 
concepts of eq> ; tions and inequalities to de- 
scribe relations**. between quantities (vari- 
ables): Mathematical modeling is the practice of 
defining such relationships precisely by using 
equations and inequalities. Once this has been 
accomplished, all the power and sophistication 
of present-day mathematics can be brought to 
hear on the model, and solutions can be found. 
Linear programming is an appropriate problem- 
solving technique when all the equations arid/or 
inequalities in the accompanying mathematical 
model are of a specific forr^ —namely, linear— 
and wl en there is a quantity to be optimized. 



LINEAR EQUATIONS AND 
THEIR GRAPHS 

A linear equation or inequality is one in which 
the variables ,*..e added and/or subtracted from 
each other or from numbers; variable, may not 
be multiplied or divided by e ;:»; other or by 
themselves. Numbers (constants) may be added, 
subtracted; multiplied, and/or divided by vari- 
ables or by themseives. The general form of a 
linear equation is: 

Aa + Kb + Cc + . . . + Xjc + Yy + Zz * 0 

vhere the upper-case letters represent constants 
and the lower-case tetters are variables. Linear 
inequalities have the same form except that the 
equality sign is replaced with an inequality sign. 

Linear equations get their name from the fact 
that graphs of their solutions are lines. 13 Let's 
look at an example. Consider the equation 2a 
+ b = 0. A graph of this equation is the set of 
all *)airs of .numbers which when substituted to 
a and b make the equation true. If we let a = i 
and b = -2 and substitute these values in the 
equation, we get 

2a + b = 2(1) + (-2) - "i -2-0 ,.; 

13 Fit jqiu \n \\ in mathematics *\t talk about graphing 
equations arid inequalities. Technically, we are graphing 
ajl the solutions Lo an equation (or inequality) rather 
th in the equations themselves ; bat wo will use these two 
o x . ; r . \ss i o ns i n U- r c h a n e a b 1 y . 



which is a true statement. If we let a - 1 and b 
= 1 and substitute these values, we ;,cfc 

2a + /■< - 2(1) + (lj = 2 + i = 0 

whieh is not a true statement.. Therefore, we say 
that d = 1 and b = -2 is a solution to the equa- 
tion and p = 1 and b f I is lioo a solution. There 
ar«: hiiiny other solutions to this equation; in 
fact, there are an infinite number of them. 
Some are listed below. 



Value of a 

3 

2 

1 

0 
-1 
-2 
-3 



Value of b 

-6 
-4 
-2 

0 

2 

4 

6 



In order to graph this equation, we must have 
a way to draw pairs of numbers. The standard 
method is to use a grid with a central point 
where each point on the grid represents one 
pair of numbers. T'^e central point is called the 
origin of the grid and represents the pair of 
numbers (0,0). Any other point on the grid is 
defined in relationship to the origin. The first 
number of the pair (called the first or horizontal 
coordinate) tells how far the point: is from the 
origin in the horizontal direction. If the first 
coordinate is positive, the point is to the right of 
the origin; negative, it is to the left. The second 
number (called the second or vertical coordi- 
nate) ^ a lls how far the point is from the origin 
in the vertical direction. If it is positive, the 
P int is above the origin; if negative, below. This 
graphing system is called a Cartesian coordinate 
system, named after its developer, Rene De:s : 
cartes, a French philosopher and mathematician. 
Figure 3-14 is a graph of several points, usin* 
the Cartesian coordinate system. 

Now we are in a posi ion to begin graphing 
the equation ?m + b = 0. First, let's graph the; 
pairs of numbers in the list on page 00. We will 
use a for the horizontal coordinate and b for the 
vertical coordinate. 
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-6 units 
vertical 



+ 

> (0.-61 



( 



vertical 7 unUs 



C-2.-2)# 




,(2.-4) 



■(3.1) 



(3,-6) 



Fujur.- 3-14. 

Random point* nn a Cartesian Cot rdinatc System. 



Figure 3-15. 

Graph of Solu tion to 2a + b = 0. 



Notice that all of the pairs lie on th;* same line. 
In f;ic';, all other pairs which are solutions to this 
equation are on the same liro and all points on 



the line represent pairs which are solutions to 
the equation. 



REVIEW 



1. LINEAR EQUATION: an equation in which the variables are only added 
or subtracted from each other or from constraints. 

2. SOLUTION OF LINEAR EQUATION: a pair of numbers which result 
in a true statement when. substituted for the variables in the equal: >n . 

3. CARTESIAN COORDINATE SYSTEM: a system of naming points in a 
plane with pairs of numbers. 

4. ORIGIN: the central point of a grid, representing the pair (0,0). 

5. HORIZONTAL COORDINATE the first number in a pair, denoting 
horizon! il distance from the origin. 

3. VERTICAL COORDINATE: the second number in a pair, denoting the 
vertical distance from the origin. 

1. Find live pairs of numbers which are solutions to the equation a + 2 b 
+ 1 = 0. Graph these pairs on a grid (use a for the horizontal coordinate 
and b for the vertical coordinate) and "hen graph all the solutions to the 
equation. 

2. Graph the equations a + b = 0 and 3a + b + 2 = 0. Hint: as you may or 
may not remember from geometry, two points completely determine a 
line. Therefore, it is only necessary to find two points on a line (that is, 
two solutions to an equation) in order to draw or graph that line. An 
easy way to find two solutions is as follows. Arbitrarily set one variable 
to zero (say a = 0) and find out the value of the second variable. Then 
set the second variable to zero (b = 0) and find the value of the first. You 
now have two solutions to the equation. 
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GRAPHING INEQUALITIES 

Graphing ine ualities is an easy matter once 
yon know how to *raph equations. Consider the 
inequality 2a + b < 0. We are looking for all of 
the points (pairs of numbers) which make this 
statement true when the values for a and b are 
substituted into the inequality. Certainly r of 
the pairs of numbers on the line 2a + b ~ 0 aiso 
satisfy this inequality ; but there are many others. 
Let's pick out a point which is not on the line, 
say (-4,1 ), and see if it is a solution. 

2a + b = 2(-4) * (1) = § + 1 ■= - 7 < 0 
The result is a true s tax? men t so (-4, 1) is a solu- 
tion. Let's try (-2, -2): 

2a + 6 = 2(-2) + (-2) = (-4 + (-2) = ~6 < 0 

The result here is also a .rue statement, bet's try 
another point, say (3,1). 

2a + b = 2(3) + (i) s 6 + l s 7<6 

The result is ** f aise statement, so this point is 
not a solution t - :.<k quality. Let's try one 
last point, (0,5). 

2a + b = 2(0) -Mb) '0 + 5 = 5 <0 

This also results in a false statement and so (0,5) 
is not a solution. Let's look at our four trial 
points on a graph. Notice that both of the points 
off the line w* : eh are solutions to the inequality 
lie in the b^ii pla<e which is below the lino, and 
that both of the points off the line which are 
not solutions to the inequality lie in the half- 
plane which is above the line. If more extensive 
testing were conducted, we would und that 
every point in the half-plane below the line is a 



•(-3;e) :: 

- + . . - | v s - 0! . i i i i 

- v Ul.-2) 
v 

.: V2.-4) 

\ 

\ 

¥3.-6) 



Figure 3-16. 

Graph of 2a b - 0 plus Selected Points. 

solution to the inequality. Therefore we can 
graph the inequality in the following manner. 




Fiqure 3-1 7. 

Graph of 2a -> b 3. 



REVIEW 

1. Graph the following inequalities: 
x 2b k 0 
b: 3a + 1 < 0 

c. a + b < 0 

d. n - ib 1 < 0 

Mint: on-*e the iinn is graphed, it i. c itfCL^.;*ry to r*st one \ oint or ' cher 
side of che line. Whichever "folitt is - solution lies on the side which 
should be shaded. 
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SOLUTION OF LINEAR PROGRAMMING 
PROBLEMS BY GRAPHING 



Now that we have reviewed basic techniques for 
graphing linear equations and inequalities, we 
are ready to turn our attention toward solving 
linear programming problems, '.et's return to 
our original TV set problem. Recall that the 
constraints were: 

p < 60 
c <- 10 
2p + 3c < 150 

and the obje< t function to be maximized was: 

2 Op + 25c = T 

Recall that we assumed the number of both 
consoles and portables made would be positive, 
since it makes no sense to produce -10 consoles. 



a go 



For the purposes of bur discussion here, we shall 
have to make the non-negativity conditions ex- 
plicit in the form of two extra constraints: 

p> 0 
c > 0 

We are looking for pairs of numbers f Hich sat- 
isfy all the constraints (the sc 1 to the 
problem). Then, from ail the solu - , v wish 
to pick the one(s) which gives an .. ^alue 
to the object function. It will b^ 'nd all 
the solutions using graphing techni.^u-b. we do 
it by graphing all the constraint ", and finding the 
points which, are o*i all. of tlw graphs. Since they 
are on all of the :aphs, they are solutions to 
each of the inequalities and therefore are solu- 
tions to the problem, since they satisfy each of 
the constraints. In graphing the constraints, we 
will use p as the hori7ontal coordinate and c as 
the vertical coordinate. 



(b) 



— c -=- 4&- 



(c) 



?p - 3c 




-4 



jre 3-18. 

Ftroiats o;' Tclcvishjt yoduction Problem. 
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If wt' suprnij, liw- five graphs onto one gr I 

ami indicate the poi- . which are on all five, 1 
have: 



. . . . h.2h . 



i .j.:r.. 3 19: 

Graph of Solutions to Television Production Problem. 

Now we turn our attention toward finding the 
optimal solution. Suppose that we arbitrarily 
set the value of the object function at 2000 and 
graph the equation 20p + 25c = 2000. 




T 

Ficnirr J 20. 

Graph of Solutions with Object Function Value of 2000. 

Notice that none of the solutions to the problem 
iie on this lint*. We can conclude from this that 
no pair of numbers which satisfy all the con- 
straints will yield a value of 2000 for the object 
function. 

Let's set tlv- object function value at 1000 
and examine th- graph in Figure 1 3- 21. 




Fiquro 3-2 1 • 

Graph, of Solutions and Xew Objec' Function Values 
of 1000. 



ERLC 



Notice that there are many solutions which yield 
a profit of $1000. Notice also the relative posi- 
tions of the two lines representing different 
values of the object function. The lines are paral- 
•i to each other, and the line with a value of 
: iOQ is under the line with a value of 2000. 
V lere do you suppose the graph of the line 20p 
* 25c = 1500 will fall? Let's graph it and see. 




Figure 3-22. 

Graph of Solutions and New Object Function Value 
of 1500. 

Again, there are no solutions which will yield 
a profit of $1500, Also, notice that this third 
line is parallel to the oth^r two and lies between 
them. By this time you should begin to suspect 
the fact th... every new value for the object 
function will produce a hew line which is paral- 
lel to the others. Graphically, then, we are 
looking for the highest line which is parallel to 
the three we have already generated and which 
intersects the graph of the solutions in at least 
one point. It should be clear froin the graph, 
that ti: i desired line will go through the upper 
ri to ,it-hand corner, which is the point (60,10). 
This is the optimal solution, as we already know, 
and the equation of the line we are looking for 
is 20p + 25c = 1450. 

The .bove discussion was presented so that 
the user of these materials has a chance to de- 
velop an intuitive notion of what linear program- 
ming problems are all about. It is not intended 
to be a complete discourse on che mathematical 
technique of linear programming. There are 
sevei :i other methods of solving linear program- 
ming problems. The program LPRG uses one of 
them (called the two-phase simplex method) 
rather than the graphing method used above. 
But all of the methods accomplish the same 
thing, namely the identification of ail possible 

So 
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Ficjur*; 3^23. 

(iruph Showing Optimal Solution. 

solutions to the . problem and the subsequent 
identification of the optimal solution. 



OVERVIEW Or UN EAR PROGRAMMING 



ADVANTAGES AND DISADVANTAGES 

We have pointed out several disadvanta^ s ^iit. 
limitations to the decision strategy of in/-' * 
programming, along with obvious advant^p 
for the educational administrator. This section 
summarizes these. 

Advantages 

The primary advantage of using any operation s 
research technique such as linear programming 
is that it provides a rational basis for decision 
making. Any opinion or decision is more be- 
lievable and more valid if it can be substanti ted 
by hard data. Linear programming provides defi 
nite criteria fo determining the ''best'' solution 
to a problem: 

Other advantages are: 

1 . Linear programming provides a format for 
systematic analysis of problems which are 
■oricerned with allocating resources in 
order to optimize a certain iesiilt. It 
forces the administrator to identify those 
variables over which he has control and 
the accompanying restrictions on those 
variables, and to analyze the interrelation- 
ships among them. 

2; Using linear programming encourages the 
identification o f goals and objective ex- 



pression of these goals. The administrator 
is forced to establish the extent to which 
er ^ '/ariable affects the goal. Quantifier^ 
tl^c of goals is invaluanle in terms of 
o: ; U' ition and accountability, since it 
!,, :,)6 establish whether goals have been 
attained and how well they have been 
attained. Such question* as whether edu- 
cational goals have been met are of vital 
importance to the administrator, since he 
is answerable to many groups, including 
the federal government, the state govern- 
ment and of course *..e taxpayers. 

3. Once the problem has been expressed 
mathematically, linear programming com- 
puter programs such as LPR6 provide 
the means for obtaining fast answers at 
little cost. 

4. Programs like LPRG also ^provide a means 
*or simulating changes in the linear pro- 
gramming problem in order to see how 
the goal and the controllable variables 
would be affected if such a change were 
implemented. 

Disadvantages 

The foremost disadvantage to using linear pro- 
gramming is the difficulty >'n the mathematical 
formulation of real-world situations. Some 
problems just do not lend tl.emselves to mathe- 
matical expression. With others, successful 
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mathematical modeling is limited by available 
mathematical techniques, variables that are un : 
known, and goals that are difficult to express 
qualitatively. Kveh when a problem can be 
expressed mathematically, the assumptions 
which were necessary for the formulation may 
have so changed the problem that the results are 
not useful; As computer programmers are prone 
to say; "Garbage in, garbage out:" That is, if 
the data which go into *i linear programming 
problem are not valid or representative of the 
real-world situation, the output from the prob- 
lem will neither Ik; correct nor useful. 

Linear programming only aids in decision- 
making; it docs not actually make decisions. 
Linear programming gives validation and sup- 
port to decisions, but it cannot replace the 
human administrator who is ultimately respon- 
sible for determining courses of ac tion. 



SUMMARY OF THE MAIM POINTS 
IN LINEAR PROGRAMMING 

Formulating Models 

A. Recognition of the problem: Linear pro- 
gramming is an operations research tool 
used n problems where resources are to 
be assigned or allocated in order to opti- 
mize some result . 

1. Typical resources to be allocated in 
education problems: 

a. '>l f >ney; 

b. Teachers and teacher aides; 

c. Facilities; 

d. Class time; 

e. Kquipmeht. 

2. Typical resells to optimize in educa- 
tion problems: 

a. Money: Minimize costs, maximize 
certain salaries; 

b. Transportation time: minimize; 

c. Racial balance: maximize; 

d. Quality of instruction : maximize; 

e. Facilities: minimize empty class- 
rooms and empty school bus seats. 

B. Formulation of the mathematical model. 
1. Identification of the controllable vari- 
ables ( resources) ; 



2. Choice of a measure of effectiveness 
(quantity we wish to maximize or 
minimize); 

3. Mathematical representation of the 
object function (relate the cbntrplla : 
ble variables to the measure of effec : 
tiveriess); 

4. Identification of the constraints (re- 
strictions or limits oh the values v. f 
the controllable variables;; 

5. Mathematical representa 4 i^: »f ih 
constraints; 

6: Determination of :he linearity of the 
model and hence the model's suit- 
ability for use of the linear program- 
ming technique: 

Solving Linear Programming Problems 

A. Types of solutions. 

1. Possible solution: satisfies all con- 
straints; 

2. Optimal solution: satisfies all com 
straints and gi es optimal (maximum 
oi minimum) value to the object 
function. 

B. Possibilities for solutions to linear pro- 
gramming problems. 

1. Many possible solutions but onlv one 
optimal solution; 

2. No solutions at alt; 

3: An infinite number of optimal solu- 
tions which satisfy all constraints and 
give the same optimal result. 

C. Solving linear programming problems 
using the computer program LPRG. 

1. Formulate mather latical model, 
listing "less-than" constraints, fol- 
lowed by "equality" constraints, 
followed by ''greater-than'' con- 
straints, and object function; 

2. Prepare other necessary informatioi; 
for input to LPRG: whether object 
function is to be maximized or mini- 
mized; number of constraints ; number 
of "1 ess -than" constraints; number of 
"equality* 1 constraints; number of 
"greater-than" constraints. 

3. Run the computer program. 

4. Analyze the results. 
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CHAPTER PREVIEW 



Many dtuatidns ih education require waiting lines or a waiting period— for 
example, students waiting in line to register or equipment waiting for repair. 
To maximize efficiency in these situations, administrators often need to 
answer such questions as. Are the lines too longer waiting periods excessive? 
Are more or fe^er facilities needed to correct<prdbtems or to maximize effi : 
cierjcy? Queueing theory provides a powerful tool for analyzing such- situa- 
tions and answering these questions, ; 

litis chapter presents the basic elements of queueing theory and illustrates 
its many us^s in education. Emphasis is on analyzing realistic situatiohs arid 
interpreting statistics to provide the basis for effective decision making. An 
understanding of simple algebra will equip the reader to follow the step*by- 
step discussions of all hand calculations of queueing statistics. In additibft, 
the use of computer ^opramtis to perform queueing analyses is explained 
arid demonstrated. Exercises provide guided practice in using both hand cal-* 
culaf ions' and computer programs.: , 



CHAPTER AIMS 



After completing this chapter, the reader will be able to use the terms spe- 
cific to queueing theory, and recognize which situations satisfy the condi- 
tions' required for applying the theory. He will also be able to perform 
queueing theory analyses using either hand calculations or computer pro- 
grams and to interpret the results for use in effective decision making. 



INTRODUCTION TO QUEUEING THEORY 



THE fcLEWENTSSF 
QUEUEING THEORY 



In everyday life there are many 'situations in 
which - individuals must wait some, length of time 
for a needed service. People commonly have to 
wait in line to buy a theatre ticket, to be seated 



in a restatupnt, and to park their cars in ji parking 
lot ; airplanes regularly line up wheiramving^tad 
departing; lines of ears at a turnpike tol> booth 
are a common sight. Each of these examples 
involves a queueing or waiting system. Many 
other common situations involve similar prob- 
lems: situations in which things must be placed 
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in order (filing, stocking goods), for example, 

* ox in which a certain percentage of items must 
be repaired" periodically so that back-up items 
are required^ K ^ . /. . v 

' The operations' • research ' technique called 
queueing .theory provides a means for analyzing 
these queueing 'systems and obtaining statistics 
that . describe , their important features ; In addi- 
tion, the_ theory can be used tor analyze tfu? 
effects of making changes in tiie queueing sys- 

* terii and determine whether such changes might 
be acceptable or beneficial. In effect^a decision 
maker can simulate ^h^^S before they are im- 
plemented, _l^ank~ manager might use queueing 
theory to .tell him howTnuch customer waiting 
time would be affected if he were to add an- 
other teller; the highwiy commission -might 
use it to investigate the effectfe of constructing 
more toBbooths at a turnpike interchange. 

There are, of course, many situations iri edu- 
cation that can be effectively dedtwith Using 
queueing theory. Students waiting to see a coUri-. 
selbr, children waiting ibr appointments with a 
schodt 41 district psychologist^ school? or class- 
rooms waiting for major repairs by a carpenter, 
and purchase orders waiting to be filled are all 
examples; * 

All waiting line situations have two charac- 
teristic parts: 0 • 

1. A queue of waiting liSe # of customers 
(e.g. teachers waiting to use projectors; 
students waiting to see a counselor). 

2. Service facilities which provide a service 
or product to the customers (e.g. the 
projectors; the counselor). 

In order to apply the techniques of queueing 
theory, .some qUan^ties must be known (or 
estimated) about the customers and the facili- 
ties. These include the number of potential 
customers, _ ; the number " of service facilities 
availsttde, tile avenge number of customers 
that arrive in any given unk of time^to use the 
facility, and the average length of time required 
to provide the service^For example, 300 high 
school students (cpstomeraj -may be advised by 
one counselor (service facility). T{ie students 
may wish tdT see the counselor at an .average rate 
of about Smr students per day (arrival rate) arid 
fyom the counselor's records it might be found 
that an average counseling session lasts 15 jriiri- 
utes (lengtii of ttoe required 'tote>SSe service). 

Once these quantities are Known, queueing 



thebjfy can provide informative and useful sta- 
tistics^" the average waiting time for ah arriving" 
customer, the average number of customers 
, waiting in line, the probability that a given 
' number of customers will be waiting for service 
at any. given time, afid the probability that the 
service ! "f^Uftjris "idle i (i.e. that there are rip 
' customers being serviced ot waiting in line). 

Thus queueing theory cA\ help answer such 
„ ^questions as: How many people, bri the average, 
are waiting to use 1 "the facility at any , given time? 
How l'orig shb^ 

facility. is available for use? Is the time people 
spend waiting- so costly , that another facility 
would be justified? -Co^d schedid 
scheduling the^ users eliminate any of the wasted 
idle time qfthe f agjSty? ^_ - | 

In addition to providing data to help answer 
questions like' fesej queueinig theory gives the 
administrator a m$ans for examining a problem 
1 frqm several different angles' Suppose purchase _ 
orders for a district seem to be continually 
" stacked .up and teachers are complaining about 
r delays in obtaining materials. The orders are 
handled by brite purchasing, clerk. An adriiirii- 
strator can useMate from Queueing theory rtb 
help decide whether the extra cost of a second 
• cletk would be justified in terms of increased 
speed * in processing purchase orders. Alterna- 
tively, the adrriiriistratbr might Use queueing 
theory to detishriirie how many clerks would be 
necessary to insure that most orders would be 
processed witiiiri a certain number of days. Or, 
the adriiiriistrator might discover in the course 
of the analysis that tjie present clerk needs to 
be retrained or replaced. Or, again, L the ^admini- 
* strator might discover that far too many pur- 
chase orders are beingjilled and that it would be 
most efficient to anticipate the use of certain 
materials arid have them on hahd at the begin- 
ning of the school year. 

It is obvious that queueing theory is a valu- 
able decision strategy' for the administrator 
v concerned about efficient utilization of tiriie arid 
facilities; Iri summary, its four primary uses are 
the following: - 

It helps the administrator' to study current 
queueing systems (or ribn-systerns) arid 
to pinpoint .problem areas arid potential 
solutions. . • _ 
It prbvides statistics that carl be used as cri- 
♦ teria for determining the "best" solution to 
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a problem: For example, the best Solution 
to the purchase order problem discussed 
abov/e might be the specific number o^f 
clerks (service facilities) required to insure 
♦that no purchase order must wait over two 
_' dayl^fSTbe processed. y 
It prdvides^- data which may suggest possible 
changes in the system being studied. Exami- 
nation of the purchase order problem, for in- 
stance, may suggest such possible Changes as 
varying the number of purchasing clerics (ser- 
vice facilities), reducing- the frequency of 
^purchase orders by requesting that teachers 
. submit material requirements well before . 

the schqol year begins, said reducing the 
• amount of time required to process, the 
/ orders by retraining the clerk. A 
It allows the administrators to test, at a small 
; * cost i^everdi alternative modifications o f\the 
system and determine _the most economical 
or practical course to pursue. ^ 

Queueing theory is^ a rapidly growing area 
of mathematical inquiry. Many types of models 
have been studied m great detail; this chap- 
ter will deal specifically with f types of queueing 
situations* that have a great many practical 
applications. 



( 



large populations— greater tharv or equal 
to 3JH-wUi be close enough to an infi- 
* niteiy large population for use iri practical 

problems; ;v . % __. 
Waiting Timer-the tinie elapsed from when a 
customer joins thejvaiting line (queue)* to' 
the time when service is begun for that 
customer. '■ * i 

^^/^/ S^-^he average number of cus-* 
tomers arriving at the service facility during 
a unit of time ; denoted by A. 
^croicc Sflter-tlie werage number of cus- 
tomers that can be serviced by one service 
facility during 3_unit of time, assuming -bo 
idle time,; denoted by S.' 

To illustrate the use of these tenns, let's con- , 
sider the^ situation of a school district's, pur- 
chasing clerk who receives purchase orders from 
jail schools in the district- Typically, the time it 
takes to process orders ykries because of differ- 
ences in availability of items, suppliers' delivery 
schedules, and so forth. ■ 

Suppose the purchasing clerk keeps records 
for two weeks (ten working days) and*, obtains 
the following data: . 



QUEUEING THEORY TERMS 

Following are the basic terms us^d in queueing 
theory and tfceir definitions. 

:-: * : 

Service Fdcili ty -location, at which a service* 
is rendered (purchasing clerk, machine to__be 
Used, repairman, school psycho me trist) . The 
letter F denotes the number of service facili- 
- ties in a queueing situation. 
Customer-user of the service facility, A cus- 
tomer need not be a person. A machine 
. waiting for repair is Considered a customer 

in queueing theory. 
Source Fie/d— the #populati<?n of potential 
users or customers of the facility: Two 
types of source fields ace considered in 
queueing theory: 
A small, finite population, i.e.,. less than, 
' . 36. The fetter M denotes the exact size of 
such a population. 

An infinitely large population, fii general, 





No. of 


Hours Worked 




Orders 


Ba ch Da y oh 


Day 


Received ; * 


Processing Orders 


1 


1 


2.0 


2 


20 


8.0 


3 


6 


5.7 


4 


7 


6.5 


5 " 


a 


8.0 


\ 6 


3 






19 


■ - 


i 


-9 


8/0 




13 


8.tJ 




14 


8.0 ' 




100 Orders 


66:7* Hours 



In this -situation, the customers are the pur- 
chase orders. The service facility is the one clerk 
(F ¥ 1).- The source field is infinite, since a 
school district would presumably produce more • 
than\ 30 purchase oiders. Since . the clerk re- 
ceived 100 orders in 10 working days, the arrival 
rate of customers is an average of 10 orders/day 
(A = 10 orders/day): The clerks worked 66.7 
hours to process 100 orders, so we could say he 
worked at the service rate of 1.5 orders/hour 
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(S * 1.5 drders/hbur). Since queueing theory 
requires that arrival and service rates be specified 
iii the same- time units, we will express the ser- 
vice rat$ in terms of orders per day. Asfsumiflg 
that the clerk works 8 hdure a day^ . 

1.5 ojdere/hr. X 8 hrs./day = 12\ordere/day. 



Therefore, S * 12 orders/day. The average 
waiting time of an order, which wijl not; be cal- 
culated at this point, would be the average time 
elapsed frojii when ah order arrived in the pur- 
chasing clerk's office to the time when the clerk 
began to process the order. 



REVIEW 



Terminology 



1. 
2. 
3. 

4. 

5. 
6. 
7. 



finite M is less than 30 



SERVICE_FACILITY (F): location at which service is rendered. 
CUSTO^Eliiuser of service facility. %> 
SOUHOE FIELD: population of potential users; fir 
t< 30i ahd infinite is more than 30 (> 30). 

WAITING TIME: time from arrival at F until>service begins. 

ARRIVAL RATE (A): average number of arrival* during a unit of time. 
SERVICE RATE (S): average number of customers served by one F 
during a tirii$ of time. . # ■ 



Exttcise 



1: Assume that a school has one ditto > machine for teacher use and th?t| sev- 
eral teachers have complained that they frequently have to wait*to use 
the machine because; it is busy/In th|s situation, suppose the principal 
keeps track of the uses for 30 days ancl discovers that the machine was 
used by teachers 480 times and that the total time the machine -#as 
actually being used was 160 hours. For this situation, what is F (number 
of facilities)? What is A Arrival rate)? Whtit is S (service rate)? Express 
' both^A and Sin houfs. ' 



CONDITIONS FOR QUEUING THEORY, . 

.- - / V\;. 

In the qiieueing situation^ L^rtaHi conditions 
* must be satisfied in order N for the queuing 
theoty described fiere to give useful results. 
These conditions; arise because o£ the* mathe- 
. miatics underlying tjje theory. They are. de- 
scribed below. . \ . 

i 1. Arrivals of customers Must be indepen- 
dent and occur at random time interval^. 
Independence of, arrivals means that aft 
arrival is not affected by (is independent 
of) other arrivals. For example, if eiisto^ 
mers frequently came tcu;tise a facility 
/ ' but saw it w^busy or that a Ipiig line 
was waiting • and hence they, left, thosg 
_ arrivals (or honamvals) would depend on 
* othei arrivals-*4he customers already using 
» or waiting to use the facility— and the con- 



dition of ind^ftehdehce wooild be violated. 
The fact that customers arrive at random 
time intervals means that arrivals do not 
foUoW a p^icular pattern. If arrivals were 
consistently most frequent at the begin- 
ning of thfe day or immediately after the 
cliange of Vcjass periods, or ^followed a 
regular irch<edule siich as qne event per half 
hour* this condition would be vfoBj^ed^ 
Service times are assumed to be indepen- 
dent over time. Independence of service 
tiines- over time mefitns that ^the _service 
tiifie for ahy one customer is assumed to 
be independent of th| service* J;ime for 
any other qustomer and-to be Unaffected 
by 'such factore as the length of the line 
or the , tiredness of woSirs; 1 , in other 
wotds, the seiyiGe time is assumed neither 
to spe^d up because the line is longer nor 
to stow dbwit because worker^ are tired. 
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The queueing system is in equilibirum. 
This, means the facility has Been oper- 
ating l<?ng enough for the laws of proba- 
bility on which queueing theory is based* 
to take effect. In general, queueing theory 
. does not apply when toe facflity^ fast 
opens, usually at the beginning of a\day. 
In some situations at tfiej>eginnmg of^the 
day there will be no arnvads before the 
facility opens^md^he first arrival wf 
always be served immediately. In oth 
situations, anxilus customers will line u| 
before a facility opens and all will spend 
some time waiting to use the facility. 
Therefore, queueing theory does not ap- 
ply when a facility is first opened, because 
the expected waiting time and number 
waiting will .be different than after the 
facility has been open for a while. . 

Figure 4-1 illustrates a queueing system 
in equilibrium which, involves cars in line 
at a service station. The drawing suggests 
that theJehgih of the waiting line is fairly 
constant, and customers arrive steadily. 
The amount of time car C has to wait in 




iine^until. it begins service; will be about 
the same time that bar F or any other car 
must wait. ; ^ 

A simple example of a system vfrhich is 
not in equiUbrium is_a service station 
when it first opens. The first customer 
would encounter no waiting liheHi% 
would simply drive up to the gas pump 
and be serviced. His waiting time would 
be zero. This situation ^however, applies 
ojf^y to the first few customers. After the 
station has been open a while, it . is as- 
sumed that the arrivals will settle down' to 
a constant rate; a waiting line will form 
which remains fairly stable; and the length 
of time each customer -will Have to waif 
for service will be quite similar. The 
system would . then have reached equi- 
librium, and queueing theory could be 

appRed. \ 

Customers are served on a >' first come, 
first served" baste This condition requires 
that there are np priority customers who 
go to the head m the waiting line. 
Once a customer joins the queue, he does 



WHAT HAP PENS. 
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Waiting Line has Remained Constant 

Figure 4-1. ' 

Illustration of 4 'Well-Behaved 9 * Queueing System. 
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not leave it until he has been serviced. A 
customer is 'assumed not to get tired, of 
waiting and leave before he is serviced. \ 

; The arrival rate of custqmer^must be lew 
than the number of customers' whb can be 

K serviced^ during the same, unit [ of time;. 
This iast^ condition' ^is ^particularly impor- f 

^ tant. if customers alWays iarrive at a ser? 
vice ^ facSitY; at a. rate greater than the 
semce fecifitj^ can handle them \ '> ihe 

' w^mg Jme - become ^ rtoriger and 
lorfger; and tjfere will be no assurance that 
every : custodier wiH ^ eventually Be jBer- 
viced. Specifying that ^ the .arrival rate is 
less than the semce rate assures u$ that aH - 
customers will eventually toe serviced." 
: Foi a ._ m queueing systepi with just one 
service facility, this condition 'can be ex- 

* pressed simply as 'the arrival rate of the, 
customers .must be less? than the service - 
rate"— qr^ symbolically^ A< S,* \ 

For queueing .systems with mukiplel 
Service facilities, if F is the number of : 

^facilities and S is the service rate for any 

, jone facility -(assuming all^have the' stole 

T servide rate), /this condition xian be "ek- 
pressed % <^ F • S : that is, the arrival rite 
of customere is less than .the Jtot^jiumber 
of^customers that can ^handled by^ali 

.Service facilities. For exaniple, if one pur- 
chasing clerk cin process an average of 12 
orders a day (S 12 ord^S/day), two 
clerks (F = 2>cpuld process F * S -2 \.¥2> 

x r= $4 6Kiers v per day. 'the arrival rate of 
purchase qrders; A, would then have to 

^be less than 24 orders per day for this 
condition to be satisfied.— j \ 

■■ At this point, it may have occurred toV 
you that we seem to have a paradox con- 

'cemirig amvaT and service rates: if the 
hifcBerjpf arrivals at a- service facility is 
always less than the number who bah be 

. servicpdj' how .does a waiting line ever 

■ form? If we rememtier that the arrival rate 
and the service rate are averag'es y Jhe para- 
dox is easily resolved. Sometimes the 



number of arrivals may be higher than the 
average figure, and sometimes it may be 
lower. It is generally during the times- 
wheu arrivals are greater than average that 

. ••",<•/ ■;_ . • ' 

1 Sjhcc the sign <, means "less than-", the possibility 
that A * S is also excluded from any queueing problem. 



the waiting line is forbedi Once a Wfdtjng 
line forms, ^fie service facility falls behind 
in its work apd ^xn^ tak^ sqme^ttoeHo 
datch up^ wttfi 

have a waiting line of customers which, is 
assumed to stay at a faifly constant length. 



SUMMARY OF CONDITIONS FOR 
QUEUEING THEOft Y P.RQBLEMS 

• y.;.>"- ? ^ ■/■-■■■ >:■; . : 

v^The conditions a system must meet in order fpr 
queueing "theory to be applicable are summarized 

• ' below.. ' ' • .' . 1 • • : 

„. i.; Arrivals of .cttstomijjB are random and 

independent. _ s _ _ : _^ •> 
■ . 2> Servfce' times are independent.,. s : ■ " e 
3.; Equilibrium System, j' / - ; 

r r."- 4. Pirst.come, first served. 4 ... \ ' 
, .5. "Customers" entering , the queueing system 

* i' dd ! npjt Jeaifie until they atf e fejwedl - 

»• 6*- Rate of arrivals., must be less J thgh the 
rate' qf service _{£ < -$.fbc'sin^_e-&ilit^' 
systems; A < J? • S for multiple fecilityV 
■ . systemd). * * *< . • "*\ '** ' - i: 

* - • ■ _' - * ' _ •" 

: ' ..■ . .. > ; . X •« - ' ■ . . . ' • 

? Xhese .conditions have not teen chosen arbi- 
trarily; .&ey*ate_-^f|u^ a b^'tfae. mathematics' 

'used in queueing l^&eqrj?. The JijynericS results 
ftoi^ queue^ing^ / theory :equatfons reflect the 

• assumption ^^tiiat ^^hese conditions ^re present . k 
in the system r Practical problems often violate 
one oijmore to a certain* extent^ as ffife realities 
of the^ieveryday world do not Sfteri" coihcide 
with the strict conditions* 'of "matheiflatical, 
theory . Small deviations are acceptable, but, it^ 
is important to° reiiiembfe^ that the measures. 
jhus derived from queueing theory, should &e ' 

; regarded as approximations to,* rather "than * 

exact representations of, the real problem > 



In the next section of this chapter, we apply 
the above terms and conditions to three general' 
queueing problem situations ancj analyze eaeh ? 
using queueing theory. The situations to, be : 
examined are: • • - ' • • * . \ 

[ ■ '." * ./t 

1. Infinite Population (30 or more), Single * 
Servicp^ Facility. An example of this 
system ^is aWgh school with one' counselor- 
to service^ adl the students: We will exam- 
- ine situations in whid) one purchasing ' 
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clerk processes all purchase orders for a 
school, one switchboard operator handles 
; " all calls of a district office, and onfe repair 
facility is ti§ed to service a large popula- \ 
n tion of school typewriters. ; 
2. Infinite Population, fifuliiple Service Facili- , 
tfiSL An example: five nurses^ (service 
- facilities) serving all the students, in a 
school, represents ah" infiriite-population 
.-multiple-service-facilities situation. .The 
ex&mples we will study are :- an administra- 
tor -considering having two operators 
1 handle £11 calls on the districts switch- 



board system; a. school wanting to deter- 
mine ^ftetherte terf bi fewer 
audio-tutorial listening stations for stu- 
dent use^i:> ; - ._ j" ? - ± r 
Finifc-Popfation .{less tfah >30)tSingler 
Service Factffty- ,$n: examfcte would be a 
situation in whi^eich of 15 fcachefs is 
to review his&hnual wSuation wth 'the 
principal. The situation we %ill examined 
involves a school wishing _■_ to determine/ 
if one science center is sufficient to serve 
eight teachers. , . 



\ REVIEW \ / / 

Exercises ^1 . Outline the conditions aVqueueing problem must satisfy before queueing 

. . theory can be ^applieid. (Review text j)^es^94--96.) . 

•* ' 2. What is the significance of these expressions? 

■ / .- ; . a'< s , \__ ■■ . 

: : ■_' \ f A < F • S (Review text pages 96-97.) / , 

_ - • ' 3. A school district switchboard with one opefitoj handles about 300 calls 

;": . r . .* - in on^ six-hour school day. The operator estimates that it takes about 

t i one minute td haSdle a typical call to > grei^t the caller, determine Whom 

1 [ ' , " ■ * - the caller wishes to speak toTand transfer the'call). Calls that cbme in 

when the operator is spfaking to someone else are placed on hold until 
* • •• th£ operator i#*free. 

a.- What is the service facility in. this problem? * 
Who we' the customers? * " / 

c. . Is t^sduice Afield infinite or finite? 

d. 'What .is the arrival rate of customers? (Express in time units of 
; miputes.)' ^ * 

e. WJiat is the serVice'rate? (Also ^pre^ in minutes.) - 0 

f . If yoii v^ere asked to determine if one operator was enough to run v 
the switehboslai effieiaitly* how would you answer? What criteria 

; would- ybtii Use° in .making your decision? (You are* to use only ihe 

* r . * ; ^ aboye data,and your intuition at this point.) _ ^ 
• A large city school district :has 2 full-time psyehometrists: Approxi- 

* # V* -v- * ■ _ : mritel^.Jj&S children must £>e given diagnostic t^ts, each month. We wflU 
^ Y > » consider a month to consist of 20 school days, 6 hours a day.^Fests are 

, • given on a onie-to-oVie basis: that is* each psychometrist tests one child 

at a time: Records indicate that each child needs about one hour for 
' testing.' * _^ ' ■ " 

/ a. * *What are the service facilities in this problem? ■ ' t . 

«' b; Who are the customers? 

7 * " t 1 ; c. -i^ifre soured i field infinite or fifiite? V 
■ * > ' «>d* What 'is the arrival rate of customers? (Express in time units of hours.) 

( Does the district need to employ another psychometrist? What 

'j->'*- " - -' . I - -\ r'i.' i ... , : ,-. - 

T » J*>3 : . : .:■>■■.;■: i 
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criteria could ypu nise to make your decision? ,( Again; use only the 
data given in the problem Ind your own judgment.) / . 



APPLICATIONS OF.QUEUEING THEORY 



LMEINITE POPULATIONiSINGLE 
SERVICE FACILITY PROBLEMS . 

It is easy to visualize examples of a single service 
facility whose users are drawn from an infinite 
or essentially infinite pdfJulatiqn. The purchase 
order situation used earlier in this chapter is an * 
example of a queueing situation with an infinite 
population of customers (orders) and a single . 
service facility (the one purchasing cferk). The 
single clerk was in charge pi pToc^ing ^ the 
purchase orders; the duties included making sure 
the {purchase forms were prpperiy ^mpleted 
and! authorized, seeing which suppliers- stocked ' 
the ! desired i|em, deciding which Supplier re- 
ceived the oraer (according^to price and speed 
of delivery), and finally placing the order by 
phone or maH. We* witi continue to uSe this 
example as we study the application of queueing 
theory , to infinite population, single service 
f acUity problems. 

Left's assume that recently your school .ad : . 
miriisSation has receiveo^ cbmplaihts ftbm 
teachers that they are having to do without 
certain materials. Some teachers have implied 
that there are too many purchase orders for one 
clerk i to handfe and it has been suggested that 
another purchasing clerk be hired. Before making 
a decision and presenting the case to the school 
bo^rd, assume that you, a school administrator, 
want to ascertain tiie extent of tlie problem. 
You would want to > know such things as ^the 
average time an order waits to fe processrf^ter / 
reacfiing the clerk 'is desk, L the ^er^e rannEfer of 
orders waiting on the clerk ^ dEbsk at any given 
time, and the relative aniount of time thb. pres- 
ent clerk, actually spends processing orders. With 
figures like these in hanil, you dbuld present an. 
effective case before ^he board for hiring an- 1 
other clerk, if that were ^bur final decision.; v 

What you would need td do, then, is to calcu- < 
late the quantities listed above. The formulas 
are not difficult, and we will go through each of 



tjiem step by step; -It © /gpt necessary tojnemo- 
rize them. Th|y have ^ bwn included here 4a 
illustrate ho w_ queueing * statistic 'are calculated 
and what irifonnfttjoti is n ece ssary? for these 
calculations: As \ an administrator you will in j 
many casfcs be using ccfmputir programs to carry 
out queueing analyses. In the next seGtion we 
introduce such a jprx?gram and discuss its use "in 
solving the purchase order problem, as ari ex- 
ample. At this point,\however, let's pro<Jtejed with 
the hand calculations so that you can ^fearly^ 
^ grasp each step in trie solution of this kind of . 
problem* ' * ; v _ t * \ 

. At the outset, you ban get a good idea of the 
arrival rate of purchase \prders by examining the 
clerk's records for .a substantial period of* time. 
Let us use the data firorn . pages 93-94 'I of this 
chapter, shpwing that purchase ordto an^re.at 
the rate often a day: \ - V : : f'\ 

. A = 10 brdek/dsgr - j f 

rihd the clerk cah usually get them prbcessed 
at a service rate of 12 a day: > V W 

.-r ic 



\. S = 12 orders/day. 

We now have afif the information we nee& to 
analyze the problem! using -queueing theory^: || 



Scarce field: " 
Customed 
Service facilities: 
Arrival rate:: 
Service rate: 



infinite (more than 30 orders) 
purchase' orders I 
one clerk (E-l)"" 
A>iOordere/day ;: 
JS - 12 orders/day 



We will assume that this ^problem situation 
satisfies the conditions required for queueing 
theory: that the purchase orders Mriye at ran- 
dom time intervals and independently of one 
another; the times neces^q^y to process : the 
orders are independent; the system is in eqiiflib- 
rium; the purchase orders are proceed in the 
order in which thgy arrive; the orders do not 



er|c 



leave the clerk's" de^k uh til they are processed; 
aryi the arrival rate is less jthari the service rate 
(A 10 -orders /day fe y Iess : than S » 12: orders/ 



Let r Si start, out anatygis Jby determining hbSy 
much' xjt ~tfce clerk^T^ime is occupied With pro- 
cessing orders .ajjcf how much of his time is 
' was%edt_ If; the-.felerk is capable of pfocesiing 12 
orders, & day (sentfcf /jfite't .SJ_but only receives 
\0\ orders af <tey (Arrival, rate* A), then he is busy 
■ c fbt- only; paft of the day ./The* part of the day 
that he Is # busy is Jhe fraction 10/12; the re- 
mHi|fder /must be' free time for. the clerk. This 
time^. ^eri . the-.clerk is not processing orders, 
is called \ idt$ time. If the clerk is busy for 10/12 
of a d$L% the^n vhe" rrxusf be idle for 2/12 o£the 
,day, since ^ ' 

' . * . " L 10 
qnejfult <Jay ? the part : of = 1 * 

the day th6 clerk is busy : ^ 
> ' *' 12 10 

■-V- .*> ~ 12" 12 

■ ■ 2 part of the day . 

" * 12. the clerk is idle 

The frictions expressing the amount of time 
the clerk is busy and idle can alsti be changed to 
percentages. The fraction ' 10/12 is the same as 
the decimal .83, so the clerk is busy for 83 per- 
cent of the day; 2/12 is decimal .17, so he is 
idle for 17 percent of the day. t 

Percentages can also be thought bf_as prob- 
abilities, To say the clerk is idle for 17, percent 
of the time is equivalent to_ saying that the 
probability that>he _i^ffle~_is'_.17. That is» if we 
Jook in oh the clerk 100 tinges during the day, 
17 of those times he will beadle; Otir chances of - 
seeing him idle are 17 out of 100/ or .17. 2 

The above "discussion shows the. intuitive cal- 
culation \for the probability that the clerk is 
idle. Now, let's state the general fom/i^for this 
quantity. Remember that we are at tKe moment 
only working with an infinite population^singie 
service facility problem. We will use the symbols 
?(9_) _ zert5 I tc f indicate the probabBity 

that the service facility is idle, i;e., the proba- 
bility that zero customers are being service^ and 

~ - M— - ' '- - 

Piobabilitie^rcan take values from 0 to 1, where a 

probability of 0 denotes an impossible event and a 

probability of 1 indicates a sure event. + .* • ' 



zero customers' are waiting for service. In other 
m words, P(0) denotes the part of the time that the 
service facUity is hot servicing, customers. The 
J * probability that the service facility is idle is cal- 
culated by this formula: 

__ _ _ 

. where A is the average arrival rate and S is the 
average service rate. 

For pur purchase order problem, since A « 10 
orders/day arid S = 12 orders/day, 

S 12 12 

' The next quantity we wish: to find is hoiy 
many orders, on the average, are waiting on tlfe 
> clerk 's desk tb be processed. Wq call this quantity, 
the exp&cjed nurnper-df_customers waiting for 
service, abbreviated \if symbols J3( W) (read B W*) : 
In queueirig theory, "expected number" means 
the statistically estimated average number; The 
formula for E(W) is easy to use, but, it does not 
have the simple, intuitive explanation that the 
formula for P(0) has. Consequently, you.nfeed 
only to understand the elements in the fonriula 
and to accept the equation itself oh faith. % 

• If A and S are respectively the average arrival 
> and service fates, then E(Wj, the expecVell num- 
ber of customers ulaiting, is: * !? 



E(W) = 



A 2 



S(S - A) 



Fdr.the purchase order problem, since A - 10 
drders^day and S = 12 orders/day, the calcula- 
tion of E(W) is: 



E(W) 



S(S - A) 12(12 - 10) 



£00 

m 



= 4.2 orders 



^fote that this quantity does have units^fifW) 
= 4.2 customers for * orders. That is, an average 
of 4.2 ordeS will be waiting ori the clerk's desk 
at any given time; of* the average length of the 
waiting line of purchase orders is 4.2 orders. 
(This number does rxbt include any drder which 
th$ clerk is in the midst of prociessing.) 

At this point, jthen, we know two important 
. tilings about the system. Firsts there is e :17 
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probability that Jlie jclejrk IS idle; second, that 
the average length of the waiting line is 4:2 

orders^s iV± jjl'L 

The final statistic of interest in ttiis pf oblem 
is'ifce average time an onier Jxtrn^ to 'writ ' n ft*' 
line %e fore the clerk begins to process it This 
quantity is abbrevteted E(T) (read E Tj. The , 
formula for E(T), thfc average waiting tJirnfc of an 
Juxival, is 



E(T) - 



mm 



where A is the arrival rate and E(W) is the £ver- 
; .ag? length of the waiting line. ; _ _ 
c <,In*the purchase order problem, we Jtriow 

(E(W) :■*» 4.2 orders and A - 10 orders/day; 

therefore, v 



E(T)« 



E(W) 



4.2 orders 



■= 0.42 days 
10 orders /day \ 



The intuitive reasoning behind the. derivation 
of this formula is as follbws: Over long periods 
of time, yire can speak of average arrival and ser- 
vice rates for a queueing system, ? and _of an aver- 
age waiting line length, which ^ we # /hOTe c^lied 

: E(W). Because of the steady amvai and seryic^ 
rates -ehi^teristic of a system ii> equHifirfum, 
the -waiting line ^len^h, E(W), dways reniaihs 
fairly constant; this means that orders must be 

. leav^g the . clerk's desk^at approximately the 
same rate as they wee arriving; That is, tHe de- 
parture of the 'ordters from the waiting line is at 
the same rate as their arrival. If the arrival rate 

, is A , the departure rate is also A. When ah iprder 
joini the waiting line pn the clerk's desk, then, 
there are: E(W) orders ahead of it, wjiich are 
departing the waiting line at rate A. The last 
order to join the line will be processed after all 
orders, in front of it have left the line. If £.2 
orders (E(W)) are oh line and are departing at a 
rate of 10 orders/day (A), then an order which, 
joins the line must Wait ,42_days = 4.2 orders . 
divided by 10 orders/day « E(W)/A: (Note that 
the departure! rate is not the same thing as the 
service rate, S, Thf simple illu^bratipii of 'Car C 
joining a . waiting line arid going through the 
service facility * as shown in Figure 4-1, again 
may help y by visualise the elements of a 
queueing situation.) . 

We can now summarize all the information 
we have gathered about the purchase order 
situation: V 



Source field: 
Customers f _ 
Service facilities: 
Arrival rate: 
Service rate: 



infinite 

purchase prders 
one clerk (P - lj 
A ■ IP bideri/day 
S - 12 orders/day 



Probability that service facility is idle ■ .17 

i7 



A 10 2 
■ S* 12 12* 



Average length of waiting iine ■ 4.2 ordefra 



E(W) 



A* 



10 s 



100 



S(S-A) 12(12-10) 24 
Average waiting time ■ .42 days 
E(W) 4.2 orders 



- 4.2 orders 



E(T) = 



A 10 driers/day 



■ .42 days 



At fchis point, the administrator is in a posi- 
tion to examine the gathered data and make a de- 
cision. From the facts, he or Axe may conclude 
that any large stacking up of orders on the clerk's 
desk is fairly infrequent, since on. the average 
only 4.2 orders (E(W)) are .waiting on the 
clerk's d<^k at any given time. The average time 
,an order waits to be processed is really quite 
smallRess than half a cfcy (E(T) - ,42 days). 
Hence, the administratbr may feel at this point • 
that hiring another clerk is not justified; the 
present clerk seems to be hanctling orders fairly 
efficiently. The delay in getting materials is 
probably due more to inefficiency pri the sup- 
plier's part than to the school district. Based 
bri the observations of the current situation, J;he 
administrator now has several options open to 
hiip ? He or she may instruct the clerk to^wo^ 
overtime when orders are heavy, or to order from 
fast delivery suppliers regardless of extra cost; or 
he may institute a system for teachers to order 
materials at the beginning of th? school year. 
These suggestions are by no means ttie oidy 
possible dries. The administrator's ultimate de- 
cision will be based on which^strategy he or she 
feels will best suit tie circumstances and what 
specific constraints limit the decision^ The school 
board, for example,: rosy or niay not be amen- 
able to approving overtime pay for the ptuv 
chasing clerk. Queueing theory has helped the 
administrator in this example to organize his 
available data and come to a quick appraisal of 
the initial -suggestion of. hiring another pur- 
chasing clerk. 
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Let's now look at the problem of .the one 
switchboard operator fb* the school district, 
used in Exercise 3" on page 97. This ip another 
example of an infinite population, single service 
facility queueing theory problem. The arrival 
rate of incoming calls to the district switchboard 
is 300 per day, and the switchboard operatpx 
works a six-hour day. It is estimated that the 
operator could handle about one cafl a minute. 
After expressing A - 300 calls per day as the 
equivalent figure pf A ■ .83 calls per minute, 3 
we,have the following information: 



Source field : 
Customers: 
Service facilities: 

Arrival rate: • 

Service rate: 
(Again, note A < S.) 



infinite 
incoming calls 
brte switchboard 

operator (F "1) 
A~ .83 calls/ 

rjrinute v 
S « 1 call/minute 



-Then, the probability that the operator is idle, ' 
P(0), is: 

A .83- i 

S 1_ __ o 

• -^17, or 17 percent of the time 

The average number of incoming calls waiting to 
be answered (presumably on hold) is: 



E(W) 



1(1 -.83) . .17 



S(S - A) . x^x r -ow; . -x # , 

The average Waiting time for a call is then 



E(T)- 



E(W) m 4.1 calls 
A .83 calls/minute 



m 4.9 'minutes 



The statistic the administrator would proba- 
bly feel is the most important is the waiting 
time of aA incoming call* HJ(T)^He or she ihay 
feel that almost five minutes (E(T) s 4.9 min- 
utes) is actually quite a long time for a call t6 be 
held, especially "when thfere may be 1 an Urgent 
message for one of the students in the district 
In additiojn, the data used in this problem has not 
taken into aecount the outgoing long distance 
calls which the switchboard must also handle. 
Therefore, the delays before incoming calls are 
taken care of are probably greater than is in- 
dicated by the figure E(T). 

At this point, the administrator probably 
would begin to seriously investigate the cost of 
adding another switchboard operator and would 
want to obtain _estimates of what effect a second 
operator wbuld have on Suiting times . for calk. 
The effect of adding mother ope^tor will be 
examined in the section in this chapter dealing 
with infinite populations and multiple lervice 
facilities, page$ 108-113. 
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1. IDLE TIME: time spent by facility not servicing customers: 

2. P(O):- probability that service facility is idle. 

3. ' E(W): expected number of customers waiting for service. 
'4. E(T): average waiting time for a customer. 



Exercises 



4 1. 



2. 



In Exercise 3 on page 97, you were asked to analyze the district switch- 
board problem intuitively. Now that we have calculated P(O), E(W), and 
EOF), hoSv is your^first analysis affected? Can you use these data to im- 
prove your criteria for decision snaking in this problem? 
Your public relations officer has made a request tb you for ah assistant. 
He 'reports he has had 210 telephone inquiries in the last month and 
averages about that many each month. (A school month will be assumed 



3 One day ■ 6 houri per day times 60 minutes per 
hour r 360 minutes. 300 calls/ 3 6b minutes - .83 calls/ 
minute. * - 
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to^be 20 days find 6 hoursa d&y.) He also claims that it tekes htth half Mi s 
hour to process ej^h inquiry^ > > f : i\ .} : 

^. What is fa* " " • * ; '?| < v ' 

Who'var^ ihe cu8t6mers? • v / ;> i * . ^ ^ 
Is the Bowrce^elid finite of Infinite?. ; 
What is the arrival Vate (in tenns of hours)? j ' 
Whfit is the service rate, (also in terms of hours)? ^ ^ v : V* 
Wheit is the prpbability that the service facility is idle? 4 : :. ^ 
B , What is the average length of thfc waitingiine£ : , ■ ; v + t 
6- What is the average waiting time for customer*?, ■"». ,. 4; : -i j 
" If ^our school board has set down a policy ; thfit all public inqjiirieC 
shquid b* answered . '•promptly, " what wp*ild your decision be W:-. 
garding the new assistant, for your public ^brmation officer?; What 
criteria could you use? 



b. 

, c, 
d. 
\e> 

g 



SINGLE SERVICE FACILITY 

QUEUEING PROBLEMS WITH 

A COMPUTER • • - , 

As. can fee seen froitf the examples given thus far, 
\ the a pplication of qUeueing theory formulas, 
even in reiatively simple problems, ^ caCh^ihvblye 
• some ^dious aShS^tic cbSpuiatiph. Use of a^ 
: computer can greatly ■• facilite^ 

- ' -tort ability tb gather statistics on' queueipg 

problems and to simulate potential ^ ch^ge^in . 

) / the system. Hence, fit this point, ;we. y^mbve : 
from manual to compute^bas^c^ 

% queueing statistics. '; • _ i . 

•/ A pybgnmj to. solve the queiieih^tKebry eqtia- 
. tibns haa bein written* in BASIC J Beginner's 
^^Purp^se - Sjrmbolfe' tostructibn Code);- ^The 
program, named QDBlJE, requires a minimal 
amount of input. T<V solve a problem ^li it, : 
you need to know only the "basic information 
about the prpblem that -you have already, learned-- 
" ; to identify: ' 

1. The size of the source , field (finite or 

- ;i infinite); -* : ' . ; '.^ '•• • •, • ' ■ . 
yV 2, Theijumber of service faciDiftes, F; • ■ . 

; . 3. . The average anriwd ra|e of customers, A; 
v 4. 4inhe ? average service rate, S. • 

QUEUE will caldilate and p^t:6ut the fol- 
lowing quantities on the blfisj:of the data you 
:. • ; enter: ; • ' .• : V : .' ■ - >^ .,.• ; "■> : ' ' 

r|0) : pro^ 



probability that N users are being 
serviced or waiting . ;•; >i^'y ; .^-'" 

pro^btfity -vtoat all persons; 1ft 
source field are f 



P(N) 
P(M) ; 



or waiting (P(NQ " 0 for fin in^ 
finite source population) ;i ? / 
expected niimber being se^oed , ■. 
;^r'iyaiting - ._ : ; ■'. - >7 i v . /v-***/ ' 
* ; expected ^unibeif #^tihg ^ ^ i | 
* expected waiting time ; .; ( ^ ; : 
' P(N > L) probability that ^e number bl . 

customers being' serviced. Wy,:;^ 



E(wy 

• E(T) 



> 



The quantities ¥(6), E(W), and E(T) have al- 
ready been explained in * this chapter. P(N) and , 
' P(N> LJ, which will b^ iUustrsited in s^seo^nt 
' problems, are ' useful . when the lehgtti; dflT-the 
: waiting line .is important to a pwrticlilflr prbb? 
v lem . iE(N), the expected number being serviced 
>or waiting, differs from Ej[W), the expected 
number waiting, in that E(N) ini^iides cystomers' 
in the process of being serviced as ^weU ^ cfusto^ 
mets in the waiting line; E(W) include^bnly the 
' * average number jof "cli^tti^.itt,.tiHie w.aiting li^ej 
The quantity P(M) applies ^ : ^^l^^^fdfi% 
with finite pbpqlalaons and^will be idisctissfd 
. when we : s^i^ the prpHems on pages 115-117. 
To/S^ how QUEUE works, let's take the puor^ 
chase order prbblan; which ^yas ai^yzed Oil 
pages 93-94 and solve it using the QUEUE 
program. 'Recall that " we hpS the following in> 
•formation for this prbblenl: ' i -'i 
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. oct- ouxuk 
run 

QUEUt 



Source field: 
Customers:' 
Service, facilities: 
Arrival rate: * 
Service rate: 



istxn 50 unci field 4 

' O-IIFNITI POPULATION 

m • finite population or 3ttt n \ ■ ■: L. 

-I TO QUIT W 

- - - ■ • ■ " • 

r • NUMBER Of SERVICE FAC IL 1 TIES ■* 

; *j. ' ■ ■ , ■ • - •■ 

: A - AVERAGE NUMBER Or ARRIVALS PER UNIT TINE 

* XXSL -s' f ... • • : : ^ - ~. 

$ • AVERAGE NUMBER OF CUSTOMERS SERVED . PER UNIT TINE 

719 _ ■■ . . :' ■; • 

PHOBABILTTY IHAT-THE MC1L4TY -IM I DLEi P<0> « , 

EXPECTED NUMBER EITHER BEING SERVICED OR VAlTINQt ECN > - 5 

EXPECTED NUMBER WAITING I EC V) * ' 4* J 6667 

EXPECTED WAITING TIME OF AN ARRIVAL! E< T) * " ,4)667 

IF TOU WISH PCN>. THE PROBABILITY THAT N USERS ARE BEING 

SERVICED OR WAITING. ENTER THE NUMBER FOlTNi IF NOT* 
ENTER -I 

vzi ... '• . • \ \ . ; 

If TVU HISH P(N^L># THE PROBABIttTY THAT THE NUMBER. *0F- - 

. USERS BEING '.SERVICED OR WAITING EXCEEDS SONE NUMBER L# 
ENTER THE NUMBER FOR L* IF NOT* ENTER • I 

*zl • .' ■ ■ : "... 

ENTER SOURCE r I FLD -. 

0« INFINITE POPULATION __ • ' ' : 
M - FINITE POPULATION OF SlCE M 

h to ouit : ' . — 

DONE " 

Figure 4-2: m 

Sample Run of QUEUE y Pitrvhaae Onkr Problem. 



infinite / 
purchase orders 
one cleric (F * 1) 
A * %0 orders/day 
S * 12 orders/day 



1 ^^i^i 0 ^ 11 !^^?!^^^^ D®^' A com* 

plete listing of^the computer run of \QUEt^E 
for this pfbblem is shown in Figure 4-2, bat 
let's stajrt here by looking at the program run 
one step at a time. 4 • - 

Since the first thing to be done is to tell the 
cojmputer that you want to run the program 

; ceiled QUEUEi you would typ* the appropriate , 
statements on the terminal/ For example: 

Citf*OUEUE 

, •■ •* • ; ._ ■ - 

■' These 4 statements have been underlined to in- 
dicate that they art typed by the user (you), not 

: 4 J¥:you:Saw;niy#r und a terminal to run • computer 
program, coma I t yoar instructor: f t should also be noted 
. that statement* required by your computer to sccest 
the. program " QUEUE and begin Its execution may bei 
different from those uaed In this text (OET-QUEUE and 
RUN); be sure you know what aUt*nri*nts are appropri- 
ate for your computet, • 

• • • 7 ■ C . 



the computer, .The underlining will, of course, 
riot appear when you actually type entries on. 
the teletypewriter. 

Next, thd^computer will as& for the type of 
population by printing the following; 

ENTER ioURCfc FIELD _ _^ _ ti 
. O-INFINITE POPULATION _ , • 

M - FINITE POPULATION OF SIZE N 
^| TO OUIT * 

T V_': • ■ * t 

(We have underlined the zero to identify it as an 
item the user types.) * , ... 
_ If we had been dealing with a finite popula- 
tion, we would have typed in the actual size of 
the population (denoted by M) instead of 0. If 
we did hot wish to hih the program any furtfierf" 
we would enter -1 and the program would stop. 
The program will next ask for the number of 
service facilities. Since this problem has only one 
(a purchasing clerk), a 1 would be entered: 
* <*\ 

f - NUMern of service facilities 

* ■ ■* •' ' 

,Thte program will next ask for the aVerage 
number of arrivals ptor Unit time. In feur prob- 
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Jem, ten orders per day arrived, So a 10 should 
be entered as illustrated: - 

AVE PAN* WUM^KJI OF AMtVALS PS* Of IT TINE 



_ The last figure the prog ray w ill, ask for is the 
average jiumber of xus<boifljp served by tl^e 
facility per ftfiit of time. In our example, the 
. clerk can process an average of 12 orders per 
day, so a 12 should be entered after the question 
mgrk. Remember that^the units', of time for 
-arrival rate A and service rate S must be the 
same (here, both are one day). 

A 

I - AVEAAOE NUNPEP OP CU5TOMEPS SUVIO WH tM I T TIME 

We have how „input all the information the 
program heeds to calculate the queueiiig statis- 
tics. After the calculations are made, the pro- 
gram will print but the following statistics: 

PROBABILITY THAT THE FACILITY IS IDLCt P< CM • . . 1 »S6.T 
EXPECTED N IPtBEP CITHEH BIIHO SERVICED 5ft VAlTINOl E<N> - 5 

EXPECT CO HUMBCA WAIT ISO t EI»1_»_ 4, 16667 

EXPECTED VAITINO TIME OP *9 AJUUV*Ll EIT> • -AI667 

_,These figures, with the addition of E(N), are 
the same dries obtained on page 101 using 
manual calculation: the purchasing clerk is idle 
about 17 percent of the time (P(0) - 17, (which 
is *16667 rounded to two places); an average of 
4.2 orders will be waiting to be processed atany 
given time (E(W) - 4.2); and h the expected 
waiting time of a customer, or the aVeragetime 
from when lyi order reaches the clerk's desk to 
when the cleric* begins to process it, is .42 days, 
or less than half a day (E(T) - .42). 

At this point; the program will ask you if 
yod wish to find P(J^) for some N, that is, the 
probability that exactly N customers are in the 
, waiting line or being serviced. For the time 
being, we will reject this option; therefore, a 
-1 would be entered in response. 

IP TOU _iliSN^««^ I^^Um , 

UJESI NEINO SEPVICED 0f| WAITING EXCEEDS »NE NWfSEP U. 
ENTIP THE NUNPIP POP L» I* NOTi EN TIP -I 

The final option you will be given is4o enter 

1 ..V 

REVIEW 



some number, «L, t<? find P(N >^ L), tee proba- 
bility that more than L customers are in the 
waiting line. Again,' lejfcfc reject that option for 
now; it will be illustrated in a lb v sample. 



IP- YOU WISH P<N>* THE PPO BASIL I TY THAT N USEPS APE SEIN0 

SEPVICED OR VAITINO* Hi TEH THE NUHBEP POP N. IP NOT* 
EN TEA -1* 

At this point, the program is finished with the 
data you originally, gave it; it is now ready for 
hew data, and will- give you the following in- 
struct ions, which appeared before, in the begin- 
ning of the program.; 

EN TEN _ 90 UPC E _ PI EL 0 

P-INPINITE WPULATION 

M • PINITE POPOLAtiON OP SIRE W 

-i TO Quit 

t 

If you fiave another problem to solve, merely 
proceed as outlined above, first specifying your 
source field and so forth. If you have no more 
data, enter -1 in response to th.e question mark 
and the computer will type: * 

DONE 

To ^ee the^ entire Sn we just made, read 
through the printout illustrated in Figure 4*2. 

It is important to remember that the com- ~ 
puter program for queueing theory, will give ypu, 
data, hot make' your decision. Based on the size 
of the source field, the number of service facile 
ties, the arrival rate* and the service rati* the 
program will tell you the probability of ,the 
facility being idle, the expected waiting line 
length, the expected waiting time, and the 
probabilities of certain numbers of customers 
waiting in line. It will not tell you whether the 
expected waiting line is 'too long; wheteer ser- 
vice facility is idle too much of the time; whether 
you can afford another service facility ;_ or 
^whether the waiting time for a c^ustomerjs too . 
long. These we deciaions you must ultimately 
make. The data from queueing theory will 
often aid you greatly in making your decision; 
but queueing theory alone will not make the 
deciijons. \yr 



Extrclm 



1. What basic irifbrmltidfr-do we need to enter into the computer program 
QUEUE? (Review text pages 102-103;) V 
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2. What statistics does QUEUE calculate? (Review text page 102.) * L _ 

3. How does the statistic E(N) differ from _S(Wj? (Review text page^02.j ■• 
.4. What is the number that mustbe entered to reject the options of finding 

P(N) and fc(N > L)? (Review text page 104:) ? 



Let us^pw cojisider a.gueueing problem, of a 
somewhat different type but again one involving 
a single service facility and an infinite popuda- 
tiori. Suppose that a school has a iarge ^number 
of typewriters (greater than 30) us£d for instruc- 
• tibnal purposes. They also have eight spare type- 
writers which jpre^rou^t mto use when any of 
the regular typewriters break down and have to 
be sent to a local repair shop. Records indicate 
that typewriters break down on the average of 
one every ten days and that it takes eight days 
for Oie repair sKop to service a typewriter and 
return 'it to the school. The crucial concern here 
is the possible situation of more than eight type- 
writers being out for repair: the class would be 
short one or more typewriters, so at least one 
sty dent would be without a typewriter. Thus, 
it is important to know hotf often this situation 
might occur. The* quantity \yhich Will be of 
special interest here is P(N > 8)*, the probability 
that the number of typewriters waiting to be 
serviced or in the process of being serviced (N) i is 
greater than the number of spare typewriters * 
available (8). s 

To analyze this problem using pUEUE, we 
.first heed to calculate arrival and servipe grates. 
Since one typewriter is senf for repair on the 
average of every ten days, the number of type- 
writers sent per day is 1/10; therefore, A = 0: 
1 typewriters/day: The service period is eighty 
days, so the average service rate is 1/8 type- \ 
writers per day; S - 125 typewriters per day. In 
summary, then, we have: 

Source field: infinite 
• Customers: typewriters hewing repair 
Service facilities: one repair shop (F * If)* 
Arrival rate: A - .1 typewriters/day > 
Service rate: S " .126 typewriters/day 

The complete computer listing for this prob- 
lem is Figure 4-3,. page 106. Th6 appropriate, 
responses by the_U|er would be 0 to indicate an 
infinite source field, 1 to indicate one Borvjce 
facility, .1 to denote the arrival rate of .1 type- 



writers/dqy, and-^125 for a service rate "Of .125 
typewriters a daj* * ■; 

ENTER SOURCE FIELD 

*• P-WFIWITE POPULATION _ 
M - FINITE POPULATION OF SIZE N 
-I TO QUIT 

10 ■ 

■F - NUMBER OF SERVICE FACILITIES . 

7* _ __ ■_ __ * 

A*"- AVERAGE • NUMBER OF ARRIVALS PER UNIT TINE 

T .io — * 

S - AVERAGE NUMBER OF CUSTOMERS SERVED PER UNIT TIME 
T.185 

Trie statistics which QUEUE then calculates J 
will be : 

PROBABILITY' THAT -THE FACIHTIVIS IDLE - PCQ) - *8 
EXPECTED: NUMBER EITHER BEING SERVICED OR WAITING - E<N> ■ 
EXPECTED NUMBER WAITING -_E<W>_« .3. 2 
EXPECTED WAITING TIME^JF AN ARRIVAL - ECT) - 3S« 

That is, the repair shop is idle 20 percent of the 
time (E(b) - 20); an .'avenge of 4^t5rpewiters 
are being serviced or waiting to be serviced (E(Wj 
= 3.2); and the average waiting time for a type- 
writer until repaiw^are^ begun is 32 days (E(Tj 
« 32) L Since our primary interest^ this problem 
is finding P(N > 8)— the probability that more 
than 8 typewriters will be tied up in the repair 
shop— we will first reject the option* of finding 
P(N) for some N by entering -1 to this option: 

IF YOU WISH PCN>* THE PROBABILITY THAT N USERS ARE. BEING 

SERVICED OR WAITING* ENTER THE NUMBER FOR N. IF NOT* 
'- ENTER -I 

Th^h, when the computer presents the next • 
option, we will enter 8 to specif^ L: 



IF YOU WISH PCN»L>* THE PROBABILITY THAT THE NUMBER OF 

.ft""" " 

IF NOT* ENTER *.l 



USERS BEING SERVICED OR «Ain«0 EXCEEDS SOME NUMBER L* 
ENTER THE NUMBER FOR L. 



9 Rimimlxr, th© ilgn>^i«h« "ghutir than. 



' ( *. * . . 

The computer will respond immediately with^ 
pjn > L >V 

ENTER ANOTHER \ OR -1 TO QUIT 

. T r 

Let's hold off* on our response: to ? fo£the 
time being. Now we know that 13 percent of the 
time (P(N) > 8) - .13), more than 8 typewriters 
will be tied up jn the repair shop? that is, 13 per- 
cent of the time, at least one student will be 
without a typewStpr. 

As an administrator reviewing the above* data, 



ERIC 



106 



THE COMPUTER IN EDUCATIONAL DECISIONMAKING 



get- queue 

JWM_._- 
QUEUE 



t h 



ENTER SOURCE FIELD 1 

O-INFIMITI POPULATION 

H - FINITE POPULATION OF SIZE H ^ 
•I TO QUIT 

to —..i-L. 

F_r NUMBER OF SERVICE FACILITIES 

M 1 

A~~- AVERAGE NUMBER OF ARRIVALS PER UNIT TINE 

'•JL * _ kc 

S - AVERAGE NUMBER OF CUSTOMERS SERVED PER UNIT TINE 

7. 185 



INGt ECN> w 4 
38. 



PROBABILITY THAT THE FACILITY IS IDLE! PC 
EXPECTED NUMBER EITHER BEING SERVICED OR Vi 
EXPECTED NUMBER WAITING f EC V) ■ 3*2 _.— 
EXPECTED WAITING TINE OF AN ARRIVAL! EC T > 

IF YOU WISH PCN># THE PROBABILITY THAT^ USERS ARE BEING 

SERVICED OR WAITING* ENTER THE NUMBER FOR N. IF NOT* 
ENTER -I a • 

T-I 



IF YOU WISH P<N»L># THE PROBABILITY THAT THE NUMBER OF 

USERS BEING - SERVICED OR. WAITING EXCEEDS SOME NUMBER L# 

IF NOT* ENTER - 1 



Utr - 


: f. ■. 






PCN » 


8 > - 


• 134ST8 




ENTER 


ANOTHER L 


OR -1 TO 


QUIT 


*£ 








P_TM_* 


9 1 ■_ 


^1073?-- 




ENTER 


ANOTHER L 


OR -1 TO 


QUITp 


tUtt. 








PCN > 


i d '>. - 


1085* 




ENTER 


ANOTHER L 


OR -1 TO 


QUIT 


?Xt- 








PCN > 


11 > - 


•06878 




ENTER 


ANO THER L 


O R -1 TO 


QUIT 


T18 








PCN * 




•05498- - 




ENTER 


ANOTHER L 


OR -I TO 


QUIT 


?±£ 








PCN > 


13 > - ' 


•04398 




ENTER 


ANOTHER L 


OR -1 TO 


QUIT 


T-I 









ENTE/t SOURCE FIELD 

0- INFINITE POPULATION 

H - FINITE POPULATION OF SIZE M 

_ . -1 TO QUIT 

7 zl 

DOME 

Figure 4-3. _ 

Sample Run of QUEUE TypewritirfProblem. 



you promptly determine that students are with- 
out, typfewfiters too much of the time. You 
would Be likely to ask: How many more type- 
writer 8 are needed to reduce the probability of 
one or more students being without ^typewriter 
to an acceptable level?^The answer to this ques- 
tion depends on how much of the time you are 
willing to hive students without typewriters. 
For example, assume that you want students to 
have typewriters available 96 percent of the 
time. That is equivalent to stating that you want 
enough typewriters so that the probability of 
one or more students being without a typewriter 
is less than .05. Suppose* you decide to see 



v whether purchasing one more spare typewriter 
will reduce the typewriter/less situation 'to ,05 
probability. Then, you will want to know what 
the probability is that more than nine type- 
writers are tied up in the repair shop. At this 
point in the computer run, you could have 
entered 9 in response to the above option to 
"ENTER ANOTHER L OR -1 to QUIT," and 
obtained: 



PIN 
ENTER 

? 



anV 



\ m ^I0t3? — 

THER L OR -I TO QUIT 



That is, more than nine typewriters will be tied 



QUEyEING THEORY 

up in the repair shop about 11 percent of the 
I5ne. The probability has decreased from P{N 
> 8) = 13 percent but it is still riot 5 percent! 
which you decided was an acceptable level. So* 
you must try P(N > 10), P(N > 11), and so on, 
uritit the probability is 5 percent qi^less. The 
complete sequence of reqipsts arid responses 
tor P(N >*L) would be as follows: 



ir 'YOU-WiSH -Pt^LJ^-THE-PROBA&ICITr THBT THE "JOMBEB Or 
. USER$ BEING SERB* C ED OH WAITING EXCEEDS. SOME *»UWBER L# 
ENTER THE NUMBER FOR L» IF NOT* ENTER - 1 
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ptM> 8 .> - 




• 13488 




ENTER ANOTHER 


L 


OR -1 TO 


QUIT 


19 • . * 








p(V» 9 > » 




- 10737 




INTER ANOTHER 


C 


O R - 1 TO 


OUIT 










•pcm> id 




.0859 — 




ENTER ANOTHER 


t 


OR -I TO 


OUIT 










PCN> ti > - 




.0AB72 




ENTER ANOTHER 


L 


OR -I TO* OUIT 


rl2 








PCN> 12 > - 




-05498 




ENTER ANOTHER 


L 


OR -I TO 


OUIT 










PCN> 13 ) - 




.04398 




INTER ANOTHER 


L 


OR -I TO 


OUIT. 


?-l 







ENTER SOURCE FIELD ' 

O-INFINITE POPULATION -- 

y - FINITE POPULATION OF SIZE M 

-I TO OUIT 

* 



DONE 



The probability we are interested _uu.05* falls 
between ^05498 and .04398; that is; the value 
of L which makes P(N > L) _- .05 is somewhere 
between L - 12 and L - 13. Since we carinot 



buy. fractions of typewriters, we will choose L 
= 13. That is,' haying 13 spare < t^e^t^ wffl 
assure us that students are withojft typewriters 
less than 5 percent of ttip time. * 

Thus, in order to ensure ^eoreticiedly thaV^ « 
students will have typewriters 95 percent of the 
time, an additional five machines ^ould bei piir-* • 
chased, since the School originally had 8 spare 
typewrit ere and we want to^havejrtotd^f 13. 

Of course, buying additional spate typewriters i?' 
was riot the only possible s^tion to fee type- 
writer problem. We could hav^investigafed ways 
of decreasing the service time SYfor examplevby ^ 
using more thaw one repair shop), or we could' 
havfe considered bujrfaig^ typewriters of better 
quality so the arrival rate A was smaller (i.e. rate 
at ^hich typewriters broke down and arrived at \* 
the service f acilfty for repairs). The final de- 
cision would then be based on whichvmodifica- 
tion of the queueing system was best iiivterms of 
'cost, ttee needed to make the changes^ and re- in - 
sulting probabilities of students Being ^fhout£»4 
typewriters. 1 

These examples should give you some idol of 
how queueing theory can be applied to situa- 
tions where one has a waiting lirie formed ^>y 
arrivals from ai$ infinite population of customets 
and billy brie facility to serve them. You need 
only to determine two quantities, the average 
number of arrivals per unit time ^_and the 
average number serviced per unit time S in- 
order to calculate several ufeefUl characteristics 
of the .queueing system you are interested in. 



I 

REVIEW 



Exercises 



1. (a) Verify bur manual calculations for the switchboard problem, pagg 
A 101, usingQUEUE. f / 

(ti) Suppose six outside lines are L??^_5bte on the switchboard. When 
more than six callers are trying to reach^ the school district, they, will 
get a busy signal. Find P(N > 6)_for this problem io see how often 
• callers to the school district get a busy signal. Would yoii be satis- 
fied with this answer? If not, ^rhat actions would you tajce? 

2. Your school district has one man in charge of refinishing arid repairing 
students 9 desks. He claims he is overloaded with work* arid also needs a 
lot more storage space for desks waiting for repair. His r^brds shbwhe 
repairs 135 desks a month, and the average desk rieedst about 1 hour's 

•work: Assume the repairman works 20 days a month, 8 hours a day. 
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Choosing the time units you feel are appropriate to the problem, find, 
• ' usingQUEUE: ^ : * 

(a) the probability that the repairman is idle; ■ • -v."'"' 

(b) the average number of 4esks waiting for repair; 

(c) the average time a desk waits foiT repair; ; ^ 

$ (d) the probability that more than 20 desks are waiting for repairs or 
.are being repaired. 
What criteria could you use in making your find decisions? *. . ; -.jjj 



INFINITE POPULATION, MULTIPLE 
SERVICE FACILITIES PROBLEMS 
AND THEIR COMPUTER SOLUTIONS 

On page 101, we examined the situation in 
which one switchboard operator serviced the 
needs of an entire school tffatrict. If as a result 
of this analysis tke administrator decided that 
it was desirable to add another operator to the * 
k?_ m *£k*l!!??k e^?™ne th^effecte this 
additional operator jyotrid have on ^tdephqne 
call , waiting time, operator idle time, and the 
average number of incoming calls waiting to be 
handled. The problem now involves an infinite 
population and multiple service ' facilities. Two 
conditions (beyond those Required for the single 
service facility case) are required for this type of 
problem: 

. / i. Edch facility must have the same service 
rate. 

2, Only a single waiting line may be formed. 

To .elaborate briefly on the firet condition* 
recall from page 93 that service rdte wa* defined 
as the average number of customers which can 
be served by one facility per unit of time. With 
multiple facilities, we stall consider service rate 
to be therate of one of the facilities. We therer 
fore rjuist assume that ^ail L sejrvjce^acMities work 
S the s^^rierThe second condition [specifies 
that customer* stand in one waitihg line for all 
of the facilitiesV As a facility becomes available, 
the next personam line goes to that facility for 
servicing. In a situation with four service facili- 
ties, for example, we still only have one waiting 
line, not four. - 

We will deal with queueing problems involving 
multiple facilities only on the computer, since 
the formulas become very complex and have no . 



obvious intuitive explanations. 6 Multiple-facility 
problems are quite easy to handle using QUEUE, 
however, sinbe the user needs only fo enter the 
appropriate number of facilities for F along with 



the .other routine d\ 



ita. 



Suppose an admi listrator wanted to see what 



specific effecte the 
would have on the 
Using the 



data frd 



addition of another operator 
district switchboard system, 
m* the original switchboard 
problem, but digging the number of facilities 
to two, w§iMivef 



Sburce field: infinite __■ u , 

Customer^: incoming calls 

Service facilities : two operatbS { F = 2 j 

Arrival rate: A = .83 calls/minute 

Service rate: S = 1 call/mihUte 

The appropriate u£er responses to the date 
requests from QUEUE for this multiple-facility, 
situation would be: • • • 

ENTER SOURCE FIEUD_ * : ' .. 

.0«INFINIZE POPULATION * " • 

M • FINITE POPULATION OF SIZE>M 
-- -I TO QUIT 



NUMBER OF SERVICE FACILITIES 



AVERAGE NUMBER OF ARRIVALS PER UNIT TIME 



P 

S ^AVERAGE NUMBER OF CUSTOMERS SERVED PER UNIT TIME 

Notice that A and S remain the same as in the 
problem involving only one operator; service 
facilities are assumed to operate at the same 
rates and calls to come into the switchboard 
with the same frequency; 

The .computer program will respond with 
values for P(O), E(N), E(W), and E(T), as shown 
in the computer listing in Figure 4-4, which 
combines the results for the one-operator and 

6 Formulas for multiple-facility statistics are included 
at the end of this chapter for your reference. 
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^ . QUEUE * 



0«WFXMltE-J»OPliLATXOll - — ~ 
M - FINlffpOPULATION OF SIZE H 



INTER* SOURCE FIELD 
6* INFINITE 

H --Fimtfe 

-I TO QUIT 

iiL : • 

F - NUMBER OF JERVICE FACILITIES 

ii — — ..: 

A - AVERAGE NUMBER OF ARRIVALS PER UNIT TIME 

■ - l:_ _ v ■, 4 . 

5 - AVERAGE NUMBER OF CUSTOMERS SERVED PER UNIT TIME 

T is£ . ■ ■" * : 

PROBABILITY THAT^THE-FACILITT IS IDUEi R.<Oi_ - » 1 7 _ ? 

EXPECTED NUMBER ELTHER BEING SERVICED OR WAITINGS E*N> ■ 4.88835 
EXPECTED NUMBER WAITING t ECW> - 4-05235 . 
EXPECTED WAITING TIME OF AN ARRIVAL I ECt> - 4*88235 - 

IF TOU WISH THE PROBABILITY THAT N USERS ARE BEING \ 

SERVICED OR WAITING* ENTER THE NUMBER FOR N. IF NOT* * 
ENTER -I 

? -J, r 

IF YOU-WlSH-PCNic i#_TNE^PJD BASICI TY - THAT THE NUMBER OF 

USERS BEING SERVICED OR WAITING EXCEEDS SOME NUMBER Li 
ENTER THE NUMBER FOR L« IF N0T# ENTER -I 

7-J. * 

BNTER SOURCE FIELD 

0- INFINITE POPULATION .__ 

M - FINITE POPULATION OF SIZE N 

-I TO QUIT * . 

? n _ _ 

F~~-' NUMBER OF SERVICE FACILITIES 

T9_ ... _. _' __ « 

A""- AVERAGE NUMBER OF ARRIVALS PER UNIT TIME 
? «j3 

S~ AVERAGE NUMBER OF CUSTOM EUS^SERVED PER UNIT TIME * 
T i>0 

PROBABILITY_THAT_THE_ FACILITY IS IDLES P<0> - -51343 _, 
EXPECTED NUMBER EITHER BEING SERVICED- OR WAITINGS E(N) - U 00269 
EXPECTED NUMBER WAITINGS E*V>--- — 
EXPECTED WAITING TIME OF AN ARRIVALS E<T> - .20806 



IF YOU WISH PCN># THE PROBABILITY THAT N USERS ARE BEING 

SERVICED OR WAITING, ENTER THE NUMBER FOR N. IF NOT# 
ENTER -I 

T-l ' 



IF YOU WISH PCN»L># THE PROBABILITY THAT THE NUMBER OF 

USERS BEING SERVICED OR WAITING EXCEEDS SOME NUMBER L# 
ENTER THE NUMBER FOR L- IF M0T> ENTER -1 " 

ENTER SOURCE FIELD 

O-JNFINITE POPULATION __' 

M ■ FINITE POPULATION OF SIZE M 

-I TO QUIT 

DONE - 

Figure 4-4. "_. i _ - 

Run of QUE.UE— Switchboard Operator Problems, 



two-operator problems. Let lis compare the 
statistics for the one-operator and two-operator 
problems orV page ' 110 , This table com- 
pares the » pertinent statistics between the one- 
and two-Operator systems. It shows the dramatic 
improvements in the average number of calls 
waiting and the average waiting time could be 



anticipated by adding the second operator. 
These improvements are offset, o^ course, by 
the addod salary and overhead expense of the 
second operator and the increase in idje time, 
though "idle tune" , m t jthiB instance refers^ only 
to the^ainount of time not spent in answering 
and transferring incoming calls. Presumably 



11; 



ERIC 



110 



THE COMPUTER IN EDUCATIONAL DECISION MAKING 











*• 

i ' *- ■ » 

■ ■ ■ ' < ■ , '■ 


One f 

Operator > 


« *• Two *; 

Operators ' 


Change . . ■ - 


Time ail -facilities are 4 
1 idle: P(0j 

• Expected numbeV of calls 
v wifiting:/E(W) 

Expected waiting time per 
call: E(T) 


» ■ « . 
17% • 

4.9 


;2* 
2 


+24% . 
-3:9 calls 
-4.7 rrfinutes* 



• some of it could be utilized for other ta3ks/such 
as placing outgoing long distance calls or doing 
clerical tasks like folding memos ^or string 
envelopes. 

An administrator who approached fee sch ool 
board to request the hiring of another switch- 
board operator would have f^ evidence of the 4 
probable' effectiveness of such cm addition if he 
presented the data in the above table. Of course, 
the final decision of whether to hire anothir 
operator will ultimately , depend on the i school 
budget, and there is not much feeAdmiristrator 
can db if the funds for another operator tre just 
not available. *J j . • 

You can probably appreciate the usefulness 
of queueing theory much more. now that yew 
have seen how it allows you to simulate chspigdt 
in the queueing system and pbserve the resulting^ 
effects Quickly and at little cost. Using this 
strategy, you can easily determine how many 
facilities are ideal for a particular situation, 
then make the decision which willr^St in the 
. - best possible operation of the system at the least 

sible cost. L_ _ •__ _■_ 

le number of facilities, however, is not the 
only wart of a queueing problem that could be 
varied. A school administrator could, for ex- 
ample^ predict changes in the arrival rate for in- 
coming calls, based on projected growth figures 
for his district, and then— using queueing theory--"* 
obtain estimates on the future waiting times for 
calls if he continued to use one switchboard 
operator. It might also be realistic to alter the 
service rate foStjgarticular problem and observe 
the results. flj^Mfc words, the number of ser-7 
vice facilities J Kur ival rate, arid the service 
rate, may all m fcn as controllable variables 
in a queueing prW 

Simulation and hypothe- 
that queueing theory is 
most useful.^ In some of the problems we have 
analyzed thus far, it would hav^ been possible 



It is in these 
.sizing system chan; 



to obtain SW fc sta tistics as average waiting times 
for enj^rnra^y dkectjy observing the system 
" ; in operatioirover a long period of time; but this 
v direct observation ^6uH fai^^b^tf-a .fir more 
)\a tin^^onra^^ 

^ad,dffipn, ft is impossible to 'observe" the the o- 
xetical effect adding anotjber facility without 
- a tool like queueing thGory. r 
; ' ': Stil^itSimpori^ttore 

theory necessarily gives orily approximations *to 
real-life situations. TOe further the rejQ-life, 
queueing system deviates from the basic >cbhdi- 
tidm noted on pages 94^96 the x mor^ the,r^ v 
suiting queueing statistics Will vary frdm what; j 
v will actually ocdur. A f- _. ^ 

Let *s consider another* example of a multiple 
service fS&K^^ % 
v population. Suppose th|it,a school has an audiq^ 
tutorial laboratory , which ^ slwdente in several 
glasses tjse.. They come to e Jphojwtoryjrt rra- 
Aom times fcou^out the day J^T^sten ^to 
Audiotapes ^ as part of their classwork. There are* 
ten listening stations,* which have been leased 
on a Sal basis. Ah average" of twelve students 
an houj come to the laboratory, and an average s 
of two students per hour can be sfefcved by each 
listening station. The school is now, at a point 1 
where it wants 'to purchase the listening stations 
instead of leasing thern. The quptibn you h^ve 
been given . to a»swer is, Does the school really 
heed to purchasV^ 

smaller number do Must as well? • _ - 

We have the following data for this problem : 4 



Source field: 
Customers : students , 
Service facilities: ten listening stations (F 1 
Arrival rate: A * 12 students /hour , 
S^nce rate: S ■ 2 students/hour » 



id) 



It is in appr oaching this tyj|e pf problem that 
an administrator can really appreciate queueing 
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theory; .he car* ^i^'^l^ ffiejda|^tq sim^atfe 
proposed changes in the' system and .get results/ 
quickfy;and at a vety small, cost. ' 1 ; , 

After making afo iSitj^l ran of-*tiie program 
QIJEUE with the above date, assume you obtain 
the fqtfawing infortnation, (Refer jthe^qom- 
pjete .cbipputer listing for this probfem in Figure 
4<*5, pages 112-1130 : ■ ° 



111 



.09 



Therefore:- 

';. V' P{10j + P(N > ID) = .04 + 05 

^That 5s, all the listening stations are in use only 
£ percent of the time !^ %. ' L 

This Result plus .Hie previous data may en- 
courage you to simulate the queueing system 
using fewer than ten listening facilities and to 



EfDBABlCl3__iHAT ^THE FACIjftirr IS IptEt & P<01 



EXPECTED NUMBER EITHER BEING SERVICED OR WAITING* E 
EXPECTED, NUMBER Vft^Tr^Gf 5< V) - »15l95 * >■>--- 
EXPECTED jrfAITJNG TIME OF AN ARRIVAL! tt%i 



CN) - 6*15199. 



What d? these data initially indicate to; the 
administrator? V _ 



*'VAVL listening ^stations are aimostnever idle at' 
• * the same time (P(O) = .00243).' * , 

But the average ngmber of listening station! 
^ • in use at anyone time is "only abotit 6^ (E(N) 
■ 6.2; i.f ; 6^^Ldents ^are, waiting or being 
serviced at any one time: A student woitjld 
not be waiting if a listening station v?etg 
available. Therefore, E(N) = 6.2 indicates 
that, on the a^eragi^ about 6 students are 
using the facilities at any given time.) j 

Almqst'no students are ever waiting in line to 
use the audio-tutorial laboratory (E(W) 
= .15195). ■ J . f 

The waiting, time to use a listening station is 
almost nil (E(T) -> .01266). ; ; J* - 



At this point, yoti m^y tiav£ cause to suspefct 
that Having ten listening stations is at luxury. A 
good question ydu may ask here is, "What^.tfe 
probability that, all ten listening Stations are 
busy? To get an estimate of the probability that 
■all stations are bftsy , you will tieed to obtaih two 
quantities: P(l6J and P(N > 10). P(10) will give 
;the probability that, ten students are using the 
iacil^es Sid no students are wafting; P(N 2f '10J 
is the probability, that ten students are using the 
facilities and-theje is someone waiting (i.e. more 
than ten (jufctomers are being* serviced *or are 
waiting). The sum of these two quantities, j;heri, 
will- give the* probability that all te* listening 
stations are Jbusy, with or without any students 
waiting.; . J • „ j 

From^QVIEUE, we find: 

P(10)«,04 . » 

V P(N^ 10)*. 05 i. 



•01265 



otiserye the effect of having^a smaller numtfer 
of facilities on faciKty idle time, student waiting 
time, -and waiting line length. If you tried to 
simulate fee system with fewer than seven facili- 
ties, you would receive the message CON- 
GESTED SYSTEM and the computer program » 
Would stop. The reason for this message is that 
having fewer than _F = 7 facilities violates con- 
ftition 6 on page 00: for any multiple facility - 
.queueing system* it must be the case that A < F 
/\ S. Since A = 12 and S f 2, then F must be 7 or 
mote. 



After your simulations have been completed 
(see Figure 4-5, pages 112-113), you would sum- 
marize your data as follows: 

* • _ ~ 

I No. of Listening stations, f 



1$ 



Probability that all facilities ' t .* 

are idle P(0) . 0 0 0 0 

Average number of facilities *t 

_ v in use at any one time F(N) all 7.1 6.f 6.2 

Expected students waiting 

E(W) , , 3.7 1.1 0.4 0.2 

Expected waiting time (hours) 

E{^ s • . , ' 0.3 0.1 0.0 0.0 

Probability tljat all stations 
in system are in use: J : • 

P(F) + P(N > F) .20 .20 .15 .09 



Based bh the above data, you could now justify 
the decision to purchase eight listening stationSr 
you could then be fairly certain that the stations 
would receive maximum possible use. At the 
same time, the students would not be incon- 
venienced by having only seven listening 
tibris. The expected waiting time for any^tudent 
using eight facilities is only 1 hour, or 6 minutes, 
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RJBf - 

QUEUE 



ENTER SOURCE- FIELD 

O-XNFINITE POPULATION 

M - FINITE POPULATION OF SIEE M 

-1 TO QUIT f , " 

. — — . ; • • . 

F_« NUMBER OF. SERVICE FACILITIES 

A~ AVERAGE NUMBER OF ARRIVALS PER UNIT TIME - 
S-AVERAGE NUMBER OF CUSTOMERS SERVES PER UVft TINE 

?2 



PROBABILITY THAT THE FACILITY IS IDLEl P<0> a .00843 

EXPECTED NUMBER EITHER BEING SERVICED OR WAITING! E<N> - 6.15195 

EXPECTED NUMBER WAITING! E(V) - .15195 

EXPECTED WAITING TIME OF AN ARRIVAL! E(T> ■ .01866 



IF YOU WISH P(N>» THE PROBABILITY THAT N USERS ARE BEING 

SERVICED OR WAITING* ENTER THE NUMBER FOR N« IF NOT* 
ENTER -1 

tjo. 

PC_10 J* > fi04058— 6 
ENTER .ANOTHER N OR -1 TO OUIT 

It YOU VtSH-PCNiL>^ Ti<E-P»BABILXTY NUMBER OF 

USERS BEING SERVICED OR WAITING EXCEEDS SOME NUMBER L» 
ENTER THE NUMBER FOR/L* IF NOT» ENTER} -1 A 

7 10 # 

P<N> 10 > m .04668 

ENTER ANOTHER L OR -It TO QUIT 

ENTER SOURCE FIELD 

O-INFINITE POPULATION 

M -^FINITE POPULATION OF SIZE M 

-1 TO QUIT 
TO_ . _ _. t . 

F - NUMBER OF SERVI CE FACILITIES 

77, • _ - 

A - AVERAGE NUMBER OF ARRIVALS PER UNIT TIME * 

?UB 

S - AVERAGE NUMBER OF CUSTOMERS SERVED PER UNIT TIME 
78 



PBOBABILITY--THAT -THE- FACILITY- IS I DLE!_ P<OJ - *0OJ5tt- 

EXPECTED NUMBER EITHER BEING SERVICED OS WAITING! ECN > -'9. 66896 

EXPECTED NUMBER WAITING! ECW>_- 3*66896 

EXPECTED WAITING TIME OF* AN ARRIVAL! E< T ) - .30698 



IF Y0U_WI5H_P<N» THE PROBABILITY THAT N USERS ARE BEING 

SERVICED OR WAITING* ENTER THE NUMBER FOR N* IF NOT, 
ENTER -1 

?7 

P( ?- 1* i08769-, 

ENTER ANOTHER NOR -I TO OUIT 

7-1 « • 



IF YOU-WSH-J^<N^C>*— THE-PROBABICITY THAT - THE NUMBER OF 

4 USERS BEING SERVICED OR WAITING EXCEEDS SOME NUMBER L» 
. ENTER THE NUMBER FOR L* IF NOT, ENTER -1 

»±.!_' 

P<N> 7 t } m % 10583 

ENTER ANOTHER L OR - I TO QUIT 

7-JL ' * 

ENTER SOURCE FIELD 

D« INFINITE POPULATION - - - - - ^ 
: Mi -FINITE "POPULATION OF SIZE M: 
-I TO OUIT 

iQ. 

F - NUMBER OF SERVICE FACILITIES 

74 . ... -;— 1 - . 

A - AVERAGE NUMBER OF ARRIVALS PER UNIT TIME 

?ia 

S - AVERAGE NUMBER OF CUSTOMERS SERVED PER UNIT TIME 

U _ _ ■ ..; 

Figure 4-6. . continue 

Audio-Tutorial Laboratory Problem. 
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• ■' _ * 1 ^ V 

PROBABILITY THAT THE FACILITY IS IDLEt. P<01 ^V^pORl* 1 
EXPECTED NUMBER f ESTHER -BEI N G SERVICED OR WAITING! ECN) ■ 7*07094 ^ 
EXPECTED NUMBER WAITING I E< W) - 1.07094 s < 

EXPECTED WAITING TIME OF AN ARRIVAL! E(T> • .08905 # f 

• - • ::- -■ - - - ^ T > ■ ' 

IF YOU WISH PCN># THE PRO BABIL I TY 1 THAT N USERS ARE BEING 

SERVICED OR WAITING, ENTER THE NUMBER FOR N. IF NOT* "* ; 
ENTER -I , 

*JflL • - . ' — _ 

pc. a. >» •Q89tt5__. tj*! " • *■ 

ENTER ANOTHER N OR -1 TO OUIT 

•.' . ■ < _ . V; 

IF YOU WISH P(N>L)# THE PROBABILITY THAT THE NUMBER OF ^ 

USERS BEING SERVICED OR WAITING EXCEEDS SOME NUMBER L# 
ENTER THE NUMBER FOR L. IF NOT* ENTER -1 . 

. *JP __' :_ ■_: _._ ..... ' ' ' • ' ' ' : .' 

P(N» 0 > • • 10709 

INTER ANpTHER L OR -I TO QUIT, 

f-jL <• : ' j- . : 

ENTER SOURCE FIELD ■ .* ■ . " / 

O- INFINITE POPULATION I m% -' \ . . ' \ 

M - FINITE POPULATION OF SIZE M ° - . V . 

_._ -I TO QOIT \ 
>0* L .... \ 

F - NUMBER OF SERVICE FACILITIES \ 

>A l'_ " ■ " ■ " J 

A * AVERAGE NUMBER OF ARRIVALS PER UNIT TIME « !* L " .• 

m - — . . ■ >. . \ ■ 

S • AVERAGE NUMBER OF CUSTOMERS SERVED PER UNIT TIME \ 

18 *" i . ~ ; / • \ 

PROBABILITY THAT THE FACILITY IS IDLEt PCO) - • 00835 : __ 

EXPECTED NUMBER EITHER- BEING - SERVICED- OR "WAI TING I ECN) - 6. 39196 
EXPECTED NUMBER- WAITING! E<W) - 09196 _ 
EXPECTED WAITINO TIME OF AN ARRIVAL! ECT) ■ .03866 

IF YdU-WTSH-P<N>* THE PRO BABILITY -THAT N USERS ARE BEING 

SERVICED OR WAITING* 'ENTER THE NUMBER FOR *T. IF NOT* 
ENTER -I " 

rx_ -_ . • , : 

PC 9 >- .06533 £ ' 

ENTER ANOTHER N OR -I TO QUIT , * ^ , * 

v ' s "-; ' - 

* . _._ .... v - 

IF YOU_WISH_PCN»L)#_THE PROBABILITY THAT THE NUMBER OF' 

USERS BEING SERVICED OR WAITING EXCEEDS SOME NUMBER L# - 

ENTER THE NUMBER FOR* L. IF NOT* ENTER -I ■ "'■ « 

IX _ _. ; . . ; : 

PCM* 9_ : VP7B39 A - 

ENTER ANOTHER L OR -I TO QUIT ' : ' 4 

■ ;, ' ' ; . . /- ; .' 

ENTER- SOURCE- FI ELD, . . ' . 

Op INFINITE POPULATION 

M ■ FINITE POPULATION OF SIZE M ■ • 

•I TO QUIT 

DONE i 
Figure 4-5 Continued ✓ s i ' ' . 



and this time could be reduced by instituting 
some such procedure as a sign -up sheet, instead 
of having students come to the laboratory on a 
random basis. 

Other considerations you, as the administra- 
tor, might wanfl^^weigh before making a final 
decision, hotfrevef, are: > : 

i . How frequently do stations need repairs? 
v (Would it be *ise to bi|y eight stations • 
and hive one in reserve?) 



2. Js the arrival rate going to increase signifi- 
cantly in the next few years as a result of 
school population growth? ' . _ * , ; [ , 

3. Will there be a large increase in the nun^ 
ber of students tacHing, courses yb\ph will 
require use of the listening rftatkfns? ? 

It would be entirely possible to answer even 
these questions using queueing theory, if you + 
could obtain the relevant data {rate of break* 4 
downs, increased arrival rates, and so forth). 
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REVIEW 



1 . What assumptions yfeti&&y when working with an ii^mite popula- 
tion, multiple servSieTacility queueing system, which are not required 
' when working with infinite population, sihgle facility systems? (Review 
text page 108.) : . ;• > : ; 

2. To obtain the probability that one facility is idle and the rest are in 
service , in a jproljlem involvinjf five service facilities, which of the fol- 
io i wirift quahtities would you request? 

a. P(5) c. P(l) 

b. P(0) d. P(4) 

3. Which of the following expressions would give you the probability that 
all five facilities in a queueing system (F - 5) are busy, with or without 
customers waiting? * 

a. E(5) c P(5) + P(N> 5) • ' 

b. P(5) _ d. P(N>5) 

4. "Based on the examples worked out in this chapter, as you increase the 
number of service facilities in an infinite population queueing* theory 
problem while holding the arrival aftd service rates constant, what is the 
effect on: , 

a. the expected length of the waiting line* E(W)? 

b. the expected waiting time, E(T)? _ _ ^ 
Thai is, do E(W) and E(T) increase, decrease, or stay the same? ; 

5. Analyze the school psyctotnetrist exercise on pages 97-98 ; the 
V ; computer program QUEUE, and compar e Jfce new information yQU get 

frog* QUEUE with your initial intuitive aib. What new information 
do you have? What criteria might you use^piaking a final decision? 

6. Use QUEUE to answer the following question: . 

A school district has 30 bujldings requiring electrical repaiff work bira 
random basis. On the average, 1. 5 buUdinjp pfcr week require such elec- 
.trical work. How many electricians are needed if each electrician caft 
handle 1.7 buildings per week? . 

7. Use QUEUE to analyze the following problem^ x 

Suppose you have been put in charge of theonenday kindergarten rfcgis- 
tration for your large school djstricfc Based on last year's figure^ aji 
average of 94 mothers airbed per hqurto register their children^ arm it 
took a worker about 12 minutes to complete registration for each child. 
That is, five ^registrations could be processed per hour by any one regis? 
tration worker. _ -j_ ■ _ 

Yoti plan to recruit some teachers as registration workers, and you 
can pay them $20 each for their day 's work. The question is. How many 
teachers should be hired to conduct the registration? There are several 
criteria you might consider in making your decision : 

(a) You don't want the mothers tp have to wait in line too long; 

(b) You don't want to hire more teachers than are absolutely necessary 
fl'A you want to keep costs down). / 

(c) You w*nt to be sure that enough teachers are used so all registra- 
tions can be completed. . 



QUEUEING THEORY 

FINiTE POPULATION, SINGLE 
SERVICE FACILITY PROBLEMS AND 
THEIR COMPUTER SOLUTIONS 

Up to this point we have considered only 
problems* involving potential customers from 
an infinite or very large finite source field or 
population (30 or more). In actual queueing 
proBlems, we frequently have only a small 
number of potential customers. -JSxamplefc of • 
such populations (< ; 30) would be the -fifth 
grade teachers in a single building; the buildings 
in a school district; the teacher aides in a single 

?*99?l J n J^^9^J* e _9 u ^_^? M 1 ??^ ^ e have 
considered so far has assumed that the arrival of 
customers follows a completely random pat- 
tern—that they must arrive independently from 
an infinite source field. With finite populations, 
these assumptions are pot satisfied. 

Different equations must be used to take into 
account the peculiarities of a small sburtrG popu- 
lation. These; are given for your refererice jh the 
"Summary of ^Equations" section oh page 119. # 
, To use . QUEUE for such problems, the .only 
change we heed to make in our procedures .is to 
enter t^e^'fcxact size of the population in re- 
sponse "to the program's request for /'source 
field.!" -for example, if we were analyzing a 
queueing problem where the population was 8 
customers, the correct response would be: $ * ■ 

o BWtil-SOuSC* f ilLO^ ^ - 

0-IWritflTI HWeptATIOM 

M - FINITE POPULATION OF SljEI- N 
-1 TO 001 T 

. ■ -\ i* v • . 

■ - . ib - - ** . > 

* - _ _ . _ ■ - ■ 

IH addition, there, are two differences ih: the in-, 
formation QUEUE will give us:, -U J 

- -n - • - --- * *'J 

. Instead of the quantity E(N). we ^ will be 
\ given P(M), the probability that alt poten- 
tial usejrj in the source are being serviced 
or. ar^' waiting. % __■ * ' 
2 • We will not have the option t>£ obtaining' 
?(N for some L. But , pre can calcu- * 
late probabilities of more than some num- 
ber^of customers (L) being serviced or 
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waiting. For example, suppose we had a 
population of five customers and wanted 
tb know the probability that more than 
three* of them were being serviced or 
waiting. The probability that more than 
three customers are being servfced or 
waiting is the probability that faur cus- 
tomers are being serviced or waiting plus 
P ro ^ a ^^y_ J^ e customers are 
being serviced or waiting, or P(4) + P(5 j. 

Lei's look at an example of a finite popula- 
tion single service facility queueing problem: 

Eight teachers use a portable* 1 science center. Each 
• requires it an average of 18 times per school year of 
180 days. Each time the science center is used, it is 
for an average *>f on£* day. U one science center 
enough to serVe the teachers satisfactorily? 

To calculate the arrival rate for this problem, 
we ktiow eight teachers each need the science 
* center' 18 times in a school year; therefore, the 
science center is used 8 X 18 s 144 times a year. 
The School year is i 80 days; so : 

: A = 144 times/180 days 

■ .8 times (or teachers)/day 

Since the science center can service one teacher! 
a day, 

S « 1 time (of teacher) /day 
The* in formation we have, tjhen, is 

Source field: finite (M ■ B} % ^ - 

4 - Customers: eight teachers ■ : 
Service facUities: o-fte science centerjp - 1) 
Arrival rate: A " .8 teachers/day 
Service rate: 8 " 1 teacher/day * 

. _ The complete computer run-fbr this^roblem 
is shown in Figure 4-6 on page 116. Themost 
important quantity we would want to ^amift^V 
is probably E(T), the expected waiting tirne^ 
which is about six days (E(T) - 5.8). A drcisicpv 
to add another science center would depend on ; 
the judgment of whether a six -day wait is too 
long. ' 
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oet-oueue 

ru* 

queue 



ENTER SOURCE FIELD ^ 
O-MFINITE POPULATION ; , 

h ■ finite population or siz£ w 
■ • I .to QUIT 

— — ----- • : 

r - number or stay ice facilities 

il i — : • 

A « AVERAGE NUMBER OF ARRIVALS PER IN I T TIME 
T.J 

S -AVERAGE NUMBER OF CUSTO ItHS SERVED PER UNIT TINE 

T V. ' " 

PROBABILITY THAT THE FACILITY IS IDLE - P<OJ « .00004 
PROBABILITY OP ALL CUSTOHERS WAITING IB BEING SERVICED . 

:__ pjtm:« .£86si i... ^- 

EXPECTED NUMBER WAITING - JECV) • 5.7501 _ 1 _ 

EXPECTED WAITING TIME OF AN ARRIVAL - ECTJ • 5.7503* 

I F YOU- WI SH-P CM -THE- PRO BASIL! TY THAT N. USERS ARE BERING 

SERVICED OR WAITINGS ENTER THE NUMBER FOR N* IF NOT* 
ENTER"* - 1 ■ 



72 








PC 0 ) » 




.00004 




enter another 


N 


OR -I TO 


QUIT 










p< i y ■ 

ENTER ANOTHER 




•00087 




N 


OR -1 TO 


QUIT 










PC -8 *v> .__ 




.00158 




ENTER ANOTHER 


N 


OR -1 TO 


QUIT 










PC 3 > • 




•00789 




ENTER ANOTHER 


N 


OH -i to 


QUIT 










P_C_4 




*089|A_ 




ENTER ANOTHER 


N 


OR -1 TO 


QUIT 










PC 5 > • 




•09386 




ENTER ANOTHER 


N" 


OR -I TO 


QUIT 


1ft. 








PC 6 > * 




•883 S3 




ENTER ANOTHER 


N 


O R -i to 


QUlt 










ac_j_, _ >n^_ 




*35SI3 




ENTER ANOTHER 


N 


OR' -I TO 


QUIT 


ta- 








pe a > » 




•88651 




INTER ANOTHER 




OR -i to 


QUIT 











V 

V S 



ENTER SOURCE FIELD 

0* INFINITE POPULATION 

M . -FINITE POPULATION OF Slr.E M 
_ i ; -I fo QUIT 

T-i.!. 

DONE 





Sf^ence Cen ter Problem. 



V. 



Notice in the/ second half of the computer run tomer is being serviced and hone are ^raiting. 
in Figure 4-6 that the quantities j?$0), P(l), P^) would then be the probability that one 
P(2), P(3), P(4), P(6), P(6), P(7), and : P(8) have customer is being serviced arid one is waiting; 
all been requested. P(0) is, of course, the proba- P(3), that one is being serviced ^ and two ,are 
bility that rib customers are being serviced or waiting; arid so on. Notice that P(8) is the same- 
waiting or, equivalents, the probability that the as P(M). Both quantities are the probability that 
facility is idle, which was already calculated in all potential customers in the source field arG 

the first half pf the run. P(l) is the probability . being serviced or waiting. , 

that one customer is tying serviced or waiting , There is one major difficulty in dep|ing with 

for service--i.e v the probability that one cus- queueing problems involving finite populations: 

; ' -.; r - .. 



QUEUEING THEORY 

>ve cannot test alternative hypotH^ses about in- 
creasing the number of service facilities. This - 
restrfc&pn results from the. limits of the mathe- 
mat^^th^ory for queueing systems which has 
so f^u^roej^d^veloped". QUEUE will give an, drrort^ 
me&ilge if we attempt ta rerun the science cen- * 
ter problem uijng two service facilities instead 
of one. So; we are. limited to conjecturing about 
the exact impact of increasing the number of 
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service facilities to some number greater than 
biiei It j£ generally true that we can Jet only 
partial /guidance from, the solutions to finite 
population, single service facility problems. Thus 
these equations, though they are applicable in 
a number of situations, are not as useful as the 
equations for an ih finite population with single 
or multiple service facilities. 



' Terminology 



1. P^M): probability that all potential users in the source field are being 
serviced or are waiting. '"' ' * • 



Exercise 



Use QUEUE to analyze the. following problem: _ ^ _ 
' £ school district ;has 25 school buses; 20 are use d on a day-to-day basis, 
5 are spares. The district wants to be fairly cfttairi that no more than 5 
buses will ever be tied up in the* repair s^op, so that bus routes can 
always be coveted. Records sftbw that all 25 buses need repairs on the 
average of one bus everjtglO days. What is the minimum service rate that 
will be required at the repair sliop if the district wants to be 85 percent 
certain that no more than 5 buses are dh the repair shop at one time? 

' r : __ , . " .. ... ' - r-t 

HINT: The probability that no more than .five btlses will be in the repair 
shop is P(0) + P(l) + P(2) + P(3) + P(4) + P(5). (Why?) Hence, we must 
find the least possible S, accurate to one-tenth (one decimal place). 



V i OVERVIEW OF QUEUEING "THEORY 

Queueing theory is a useful decision making tool minals for computer-assisted instruction ahd^the 
for the administrator. There are many waiting administrator must decide how many, terminals 
line situations in education— students seeing a wiU be he^^ tb ^ 

counselor, teachers using a f ilm projector^ buses "...Most queueing theory formulas are hot too 

being Repaired, supply requests being processed, _ _ difficult to so lve, so many queueing problems 
patrons phoning the school office "ami so forth; can be solved by hand: CowpuUu^piugiuiiisr^ 
thus there are many situations that lend them- however, greatly speed their solution and are 

selves to analysis through queueing theory. The ( '/esp^ially ..convenient .when .the administrator : 
technique can be used to analyze an existing wishes to analyze a problem in a number of 
waiting line situation (for example, teachers ways using different parameters. As with the 
mmnlflin thafc thev have to wait too* Ion? to use other ©Derations research techniaues. comouter 
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ADVANTAGES AND LIMITATIONS 
OF QUEUEfMG THEORY 

Queueing theory is a mathematical tool that can 
easily be used by administrators, efficiency ex- 
perts, and other decision makers to analyze 
janriting-line problems inore folly. It can be ap- 
plied to any situation which satisfies certain 
basic conditions assumed in the mathematics 
of the theory. Armed only with the l basic 
parameters of the system, the administrator can 
. calculate several statistics that are useful in cost- 
utilization studies] , 

Queueing theory has several distinct benefits 
for administrators: 



It provides them with a framework for 
studying &e current queueing system, en- 
abling them to isolate problem areas of the 
existing system and discover possible 
solutions. _ 

The statistics provided can function as 
criteS fo^detemining the "best" soluv 
tion to a problem. \ 
The resulting data may suggest possible 
changes in the. system. 
They are able to test several alternative 
modifications to the system quickly and at 
small cost, in order to determine tile most 
economical and/or practical course to 
pursue. 



3. 



4. 



Some of its limitations are: 

1. The problems it can handle must satisfy 
certain conditions, and even then thfe 
results are only approximations to real- 
world situations. 

2, It is a very limited tool whenever small 
P^piii**^™ (1pm than 301 are involved. 



3. The results it gives are [ average figures: 
it is impossible to determine, for example, 
exactly how long a customer will have to 
wait in line. _ l ______ ^ 

4. Queueing theory yields data but does hot 



to describe real-world sjtuatjons^The final limi- 
tation is all too familiar to, anyone in a manage- 
ment portion. One can gather volumes of data 
on a particular problem to help determines the 
best course of action; the final decision, how* 
ever, is made not by mathematics hut by humans, 
who must 'take ultimate responsibility for any 
decisions] 



SUMMARY OF THE MAIN POINTS 
IN QUEUEING THEORY 

Ptorts of s Qusuaina Thtojry Problem 

1. Data to collect about -the problem: 
Service facility: location at which service 

is rendered [(F). ^ ^ ^ 
Customerruier of the sendee facility. 
Source field: population ~ of. potential 

customers: ' 

Finite (less than 30 potential custo- 
mers^ [ByM); 

Infinite (30/or more potential cus- 

_tomers)^^ 
Arrival rate: average number of customers 

arriving at the facility per unit time (A). ' 
Service rate: average number of customers 

serviced by a facility per unit time (S). 

2. Statistics tcr be calculated using QUEUE : 
P(O): probability that the facility is idle 

(no customers being serviced and no 

customers waiting). ■ 
E(W): expected number of customers 
1 waitihg for service. 

E(TJ: expected waiting time f or an arrivid. 
x JE(N): expected number of customers 
_ siting for service or being serviced. 
P(N): probability that N users are being 

_ serviced orwaiting for service. 

> P(N > L): probability, that more than L 
users are being serviced or are waiting. 



Conditions a Qusuelng Theory 
Problem Must Satisfy 



> * i _ _ i 
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h Customers entering the queueiftg system 
do not leave until they qire serviced. 

J. Rate of arrivals must be less than the rate 
of service J A _< S for single facility ^yfc*^ 
terns; A < P • S for multiple facility 
systems). 

. . V . - : .;. :• .. 

m of Queueing Theory Problems 

» : _ ; •• 

h;* Infinite population, single service -facility. 
2. Infinite population, multiple service fa- 
cilities; h 
■i Additional conditions needed: '1. Each 
facility must have the same service^* 
v # rate; 2. Only a single waiting, line may - 
be formed. ?• 
}. Finite population? single service facility. 



MMARY OF EQUATIONS FOR 
EUEING THEORY 

ations for Infinite Population, • 
lie Service Facility 



Equations for Infinite Population, 
Multiple Service Facilities : 



0 



S(S -A) 

, A • 

S- A 

E(W) 
A 

A 

S(S - A) 



Probability; that service 
facility is idfe; 

Expected number of 
customers waiting fof 
service. 



serviced or waiting for 
service. ' • r 



Expect^ waiting time„ 
for an arrival. .. 



P(G) - 



P(O) Probability of N custp- * 



mers being serviced • or ~ 
waiting. 




v Probability that all ser^ 
>~Iz: i vice facilities are idle. 
F 



E(W) « P(0) 



number of 



E(T) 



• ' customers waiting for 
(A/S) service * . " ? 

E(W) > 



A ,' 



• ' (A/S) N 
P(N) =P(0)- i ^T 

if N< F 

• •> 

P(N) =P(0) 

. (A/S) N 



Expected waitings time 
for an arrival,: : * : \- 



Probability th&t N cus- 
tomers are being ser- 
viced or are waiting for ; 
service* • . "/ ; 



pi . p(NrF) 

if N> F 



Equations for FinRe Population, 
Single Service Facility •> 



P(0) =P(M) 



1 IS 



Ml \A 




E(\y) « m - 



(A>S) 



A 



Probability that service 
facility is idje. ( ! 

Expected number of 
customers waiting for 
service. 



- ' - : 1, 

E(T) =-r 



MM 

s .\t. -i 

1+(A/S) 



S L1-P(0) for an arrival. 



1 




v 
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P(N) - P(M) — '■ Probability that N cub- _ ; 

(M -N)! tomers (N <':M) are 

'S\ M " N being serviced or are * , ■ 

s waiting for service. .. . 




FINAL REVIEW 



iiioiioiriff ^ 



ExarciMs . 1. Identify those of the following situations that are applicable to queueirigj- 

theorjJfFFdr situations that could be analyzed by queueing theo^ f id0ii^ 
* tify ttifc source Held (finite or infinite), the customers, the semee^ili-| 

ties, t&rical arrival and service rates, and what significance the quantities 
; E(T) and E(W) would have (i>e. what would E(T), ^ 

• arrival* represent in a particular problem?). NOTE : This exercise is mei 

- hot only to test • your , ability to recpgitoe a problem ,mp^ 

queueing theory, hut also to give you more 'ideas 
\ ' queu^g thpdiy in educ 

• v . - (fi£* Giving vacillations to eiemento 

4 . (b) Sdhbpl cafeteria lines. 

- . . (c) Schediiling^maintehaiice crews. . 

. • (d) Ticket sales at football garjnes. : 

(e) Students waiting to ^see a counselor. 
\ ^, (f). Creating a mi^r schedHp of cl^S for a lafge high sch< 

« (g) Setting up hearings oii the school bond issue. % * i 

(h) Teachers using a projection room to preview.films. \ 

(i) ChUdren waiting for school buses in^*^ V '•- ^ > 
. (j) Deciding whether to hire another secret^ forjhe school district 

\ admSistratibn; _j : "": 'Z " ■ ''. V 

(k) Scheduling print-shop orders. *■■■_■ ^ • - ■'. 

2. Select one of the above situations with which ybu are famitiar,~ obtain 
« * . realistic data on arrival and service- rates; and uisa Qt)?UE to compute 

expected waiting tii^e a^ 
* suits 6t your initial , queueing analysis, does therevappear to be a waiting* 

■ft. , J* lihe ptoblem? K 

involves changing va^bl^^chwige-them ai>d rerun tjie program to db* 
v tain revised queueing fi^«. Continue yo 

: r * o you have reached an effective decision concerning the solution.* f; 
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CHAPTER PREVIEW This chapter introduces the technique of simulation as a management iool 

tot decision making. Simulatidjfi'is.a.pro 

the user to try but a variety of solutions, on a model of the real-world situa- 
ti£n, where using the real-world situation itsetf would be impractical. It is 
primarily useful in the frequently encoimtered situations where experiment- 
'« ing with the ired^ 

- Throughout the chapter, practical examples jUustrate the application 
Simulation techniques and the use of computer prqgwmcis 4 in typical simula- 
tions; At key points, exercises, mostiy based on sample computer programs,^ 
encourage the user to apply the techniques described. t . '•'"'•>' 

CHAPTER AIMS Successful completion of this chapter with its exercises Should provide the 

reader with a basic understanding of simulation techniques and a good feel 
t for thel use of cbfiputers in simulations. As a result, thfe user should be able 
to readily identify problem situations for which emulation offers an effec- 
tive approach and be able to use computer simulation programs, where 
appropriate and available, to aid in solutions. 



INTRODUCTION TO SIMULATION - - 

• g^; • - • • - • * H • '.- ,- ' -=^- ■ •: , ■ ■■ . 

COMPONENTS OF A SIMULATION ^ • SuppSie you were a s^cA : sap^tenO^ 

" ; - * : about to approach the school board with a pr<x * 

Simulation is the science of representing reality posal to outlaw candy and coke machines in 
-by artificial means. The word simulate is de- favor of vending machines 1 that dispensed * 
fined, "to .give the appearance or effect of," so health^ fuud. Your prohlemja to find the beat 
that a technique for simulation can be described way to presefit tlie argument to the board. One - 
as a method for ravine the aonearance or sfffet ttiiricr vam m^oW* nc^ ; e « Mi^ni^.* 
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would project how they would react to thg^ 
presentation, in' this way, you could find a 
strategy you feel would work best. By role- 
playing, you are conducting a simulation. > J 

Other everyday uses of y simulation axe com- 
mon. When you try out your ideas on someone 
else, you are in effect using the other person to 
simulate some part of the real world for you. 
A community advisory committee which pro- 
vides the community reaction to alternative 
. courses ot action that the school district is con- : 
sidering is another example' of af imulation. The . . 
committee is used "to give the appearance or 
r effect of" the reaction of the entire community . 
. Situations like the above are alike in one re- 
spect: The participants areinte^st^injeal 
situations which are impossible or impractical 
to examine directly. The real situation is called 
the object system.' The object ; ^stem of a simu- - 
lation may be as limited as a single human being 
or as extensive as the United Sta^S TOonomy. 
In the first example above, it was the school 

board. ■ • s : 

In a simulation, w^do not work directly wittx 
the object system. Instead, we use a model of the w 
object system— a representation of the real situ- 
ation. The model in the example of ^approaching 
the school board ^gardbg hedthy food in 
vending machines was -your representation of 
' hotf the board would jreict to your various argu- 
ments. This model wouljl take into account the 
-perso^ialities # and attitudes of each of the board 
members. -s.".- 

Using a model of the object system allows us 
to investigate what will probably happen in the^ 
ieal situation under various conditions, called 7 
the input to the model. In the school board ; ; 
problem, the inputs were your different argu- 
ments for Wealthy food in vendmg machines*. - 
The model 61 ffie school b6t&'lwow<&&ou ito 
predict^the board's reaction ^ KBih m^gient. 
. The hypothetical reactions of tJie schrof ^qard < - 
• r are the output of the simulation. Thus, a model 
; ■"' in a .simulation can Jbe feou^A pf as a set of . 
rules for d^W^rmining' fio^ ;l^uts are related to 
o utput s? 



be used to make inferences about the actual be- 
havior 4 * of the object system, without the cost, 
inconvenience, or danger that might be entailed 
if tile actual object systen^ were used. _ 

In many simulations, several different -inputs 
are tried, to provide the user with a set of alter- 
native outputs, ^is to^and-arrdt method 
locates jthe output which is most desirable to the 
USer. • ' ' . ; ;•• ' ' 

1 Thus we can think' of simulation as a circular 
process involving ipux. stages : - v . 



3. 
4. 



Form a question? about the behavior of 
the object system ; ^ V * v 

Express the question in the form of an 
input to the model; 

Receive an output from toe model; r 
If the outpuj is accefteble, piake in- 
ferences from' it about the object system. 
If hot,, go back and try other input. 

: Ahothter ^educational applicatior^ of simulation 
is the ^^^asketfVt^hni^ue used by educational 
administrators. The obj&t is to train educational 
' administrators ifi making decisions by*, having 
th£m j>rocess solutions to actuals school prob- 
lems. Each trainee has an in-basket^oW 
presented to him by placing written /communica- 
tions in his "in-basket." The trainee must -then 
act on the problem, decidegn ac 
prep&re a written statement of the solution, and 
place it in his out-basket. The statement is re- 
viewed by the leaders of the tarainirig session 
and Appropriate Vfeedback is 1 prepared and re- 
turned to the trainee through the in : basket. In 
this case, tte model is the representation of a 
school district by tfiuriing leaders. Inputs are the 
administrative trainee's responses to the various 
Questions jjb^ - througK th6 in-baskeir.- On the 
basfe.of . these responses, ijitput or feedback, is 
provided to the trainee by leaders of thetnuning 
session. The trainee is supposed to. make infer- 
ences about the actual operation $f a school 
district from the.feedfc^ack he receives. 1 .; 

$s a filial example of simulation, cqfc 
mfaf « ^iffo^nf Virui nf ;model— one Used for 



* It' should now be eyidenV thai the pi^ary 
numose of .a simulation is to dterive information 



prediction rather .than training. Of primary im- 
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m ' 



Inputs 




MODEL 



Output* 



A Generalized Simulation. One example that clearty demottstmtes 
simulation as a process is the typical high. school driver education 
class^ Jjjere, simulation is used as a training device. The student sits 
MJfoni \ 6f a mqckup of the driver's compartment of a typical 
automobile. A highway scene is projected in front of the student 
The stu<teny&i& 

in. the highway scene. The model jrfffie car and highway conditions 

of the student driver. The output is the feedback to the student by 
the machine which tells htm what is happening to the car. From 
the feedback, the student infers whatSoould happen if he were 
driving a real car. Driving is a situation where it would be danger- 
ous for the sfydent/to^ deal initially with the real object system; 
the simulation allows him to learn safely rtiany of the principles 
of driving by dealing with only r Ampdel of the real situation. fHe 
components of the driver training simulation are illustrated in 
Figure 5-2. \ : ; > 



.v: 



* portance to educators is the need to > predict 
future school enrollments. In order 'to make 
such predictions, a number of population 
growth models have been designed. As input 
they take such information as the expected rate 

7 of /TCbntomiQ growth^ the birth rate, the mor- 
tality rate, the distribution of sexes, arid the age 
distribution within the present population. The . 
model is a set of rules (mathematical equations) 
relating each ^f these variables to the growth in . 
population for a given geographic area. By using 
a model of population^rowth and these input 

C factors, it is possible to output predictions about 
pppulation changes within the given geographic 
area. Educators may then make inferences about 
future? needs in education. ■ ■■ . 



It is important to re 
• simulation whose pxi 



Sember, especially with: 
lary purpose is predic- 



tion, that output comts only from the model; 
inferences made about; the object system are 
valid bSly to the degree that the model ac- 
curately reflects the real situation; ; * 

The simulation; examples given above illtts? 
trate the four components of a simulation: 

■1; We, were' interested in the behavior of the. 
- -object $ystem y or teal situation. 

2. The real situation was examined indirectly ; 
by uping a model ^ 

3. Questions were asked about the object 
system by using Them 'as inputs to the 

■' mcftiel, ' : * ' 3. r^r. _ ;5 

4. Inferences were ; made about the object 
— - system by Examining jflfe outp u ts of the 



1 



model. 
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'• • ' - . ... OBJECT SYSTEM. - .' N 

: x . 0riving aft-5ato®bile ( 

on a highway. 




Question About Object System 

What Is the correct reaction when 
the car begins tq skid? 



. Inference 



Light* pumping of brakes Is a ** 
successful reaction to a skid . 



INPUT • 

Student applies 
brake hard . 



INPUT 

Student, uses ; 
light, constant 
brake 



r — • • 

INPUT 

Student/ uses, 
light* pumping .■ 
brake action 




MODEL •' 

Mechanical 
Representation 
of Car 




OUTPUT 
Car slides 
off highway • 



^OUTPUT .- _ 
Car begins, to 

* respond, then 
slides off 



OOIPlSv 
Car sti 
safely 



Figure 5-2. 

Diagram of a Driver Training Simulation. 



terminology 



REVIEW 



1. SIMULATION: the exercise or manipiilation of a model of the real- 
• world. • • ' : ... '■ \ .\.'. ' 

2. ^OBJECT SYSTEM: the real situation a model represents. : _ __r 

3. MODEL: a representation of a real situation involving ruje8 for deter^ 



4. INPUT: conditions applied to a m6del. : < / , •. • 

5. OtJTPUT: hypothetical reactions of a model to input. * 



qLASSESr AND TYPES OF SIMULATION 
J al and Ma n-machine 



Hons are of » this class: Administrative trainees ),, 
: pip^ijle input 1fc a model o£ ji 
$ . proposing solutioiis to 4^ 



The examples cited above represent two classes v them in tneir in-Daskets; leaders of the Simula- 
6f simulations: man-model and man-machine; tion tdke the solutions and/acting as a model of 
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* is represented by the driver education example; 
The model is operated _by a machine or com- 
puter, but a hpSan interacts with the? model by 
directly providing input and is a vit^l part of the 
simulation process. 

The use of computers in simulation has be- 
come increasingly important for a number of 
reasons: 

• ;! 1. They can do calculations at great speeds, 

solving problems in seconds which would 
• take men years to solve by hand. 
" ■ ■ 2. They can process masses of data quickly 
and can, Retrieve great Volumes of informa- 
tion in seconds. , 
3. They can solve complex logical problems, 
acting as an extension of man's own 
reasoning capacity. The problems, of** 
" ' i course, must first be translated into in- 
V , - structions the computed can follow.) 

: Summations . using the. computed thus allow its 
to run literally -thousands of inputs through a 
model j^f an object system-)in raatiyely shcfrt' 
{periods of time, enabling^us to ask^^ - 
a great jidmber of questions about the 
system. 



Deterministic and Stochastic Simulations 

In addition to the division into two S^asses, 
simulations may also be classified accordihg to 
two % t^e&^ete stochastic {ato- 

kas-tik), or probabalistic. These are based on the 
processes used in the model to represent the. 
object system. In deterministic simulations, each 
' input and its corresponding output is related by 
the same set of rules or calculations, so that the ' 
same input will always yield the same results, re- 
gardless of how many times(it is run through the 
model. The driver. eduction simulation is an 
example of this type. We know exactly how an 
automobile (the v object system) will react to ■■ 
movements of the steering wheel and^oontrol 
pedals and 4 the model is designed to react 4^e 
tone. way.^ThW, it is detennin^^^ 
puts 6f the modfel will be whe n the student in 
the simulation moves the steering wheel or steps 
on the accelerator or brake. Wheh-the .relation- ' 




model will be. Stochastic means random; and • 
stochastic simulations are simulations in which * 
some random element has been incorporated 
into the model. This means that running the 
same input through the 'model, a number of 
times will hot necessarily yifeld the same output 
every time; For an example, consider the popu- 
lation growth simulation. In this model, popula- 
tion growth is affected by a number of variables, 
but within certain limits it is random: though 
population is growing* and is affected/ by the 
birth rate and, the mortality rate, it is also af- 
fected bjf a number of other factors. We could 
build a model which .assumes that Jhe e^fecte 
of all other factors besides birth and [ mdrtdity 
rates are essentially random, llierefqre^a ^tsn- 
dorp variable, could be used to represent these 
factors and it would b^iricoiporated into jiie . 
cdod^on/pf_ every O^tpu?. The random vari- 
able "tiifferentiates the stochastic simulation 
from the deterministic simulatiorv 

' ffi many cases/ the designer £f _a model has a ' 
choice between making it a man-model or man- v 
machine and between making it deterministic 
or stochastic. 'The decision is influenced v l5y the 

attire of the object system and the J degree of •• 
accuracy the model must reflect fdrjthe object * ' 
system. To illustrate this, let's consider the 
following examples. 

suppose you are trying to xiecide whether 
oi not to increase the number of buses in your 
: district and, if so, by how many buses. One of 5 

the factors in your <J^ision i*Pk the cost, to • .;. 
^operate each bus for one day: You Want to 
ihclude the increased number of drivers needed, 
the initial outlay for buying the additional. 
' buses, the reduced cost of gasoline a local dealer 
will gjw lixe school 

tity, an<T the porable m^^e m j^^n^dnten-- 
ance crew. You could set, tip a man-model and Ja 
ask faetor^m qf tbgs ^wn^Sance cfeW to - 

/ estimate the cbst per bus per day for various ; « 
numbers of extra busetf' (you provide input). " 

: Defending i^ ^Oi^, foreman's expfertencei hia v 
> output* might be accurate enough for you to / 
jnake your decision: it is poa^^hhm^i^ 

x )you need a more accurate cost ^figLire..' In that 

t^&a&± ybxi would probably . have jsbmfeone c6nf 
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(district and each of the four factors Hsted .abbv^v 
and then, using these relationships, compftitethe 
output of cort per bus p^r day. The model could 
also bfe stbchastic if; for instance, the mainte- 
nance variable had some random 4 allowance for 
mechanical failures rather than a standard esti- 
mate per ' bus. The decision on which ^p^ b£ 
model ycfu would choose for your simulation 
would depend on how closely you want the out- 
puts to approximate the object system, f 
K : Some situations (object systems) naturally 
fend themsielyes 4o one type pr class of simula- 
tion over the bther possibilities^A simulation for 
training school administrators naturally ' tends 
toward a man-model (like thein-basket method 
mentioned earlier) because tMere fcre f; so. many 
human factors involved in each decision. On |he 



# : . •• ..... , t _* /,, >; \ '.. 

'detferministbr. inodelsr^Oth^tB, such a* : ' 
Ejecting the need^ f6r substitute teachers, u$ 
almost completely random and ^ demand a stb- 
Chastic modQl. _• '*}'•• ,■ ... . tv:.V . ■£ . i V 

The difference inherent in object systems 
m^ans that ^though ,tth ere are fou* diffex^nt 1 
. tombMkttote <jf type fnd ch(ss,4t is not ^lway* 
ci^struct foii* different rhod^k f or 
ttie isamef §]6jedt sysfak. Jxi tko$t ptamr jthe 
cjiaracteristics^t, tfee object system f a^itfr^. 
that somp ^ mose cqmbinatajpiVs tie ^imiriated 
at the start o| th^simulatibn process. Thus^ ih£ 
designer of>the£jnodel dually has only one or 
two zeal choices, j&id they are governed 
what the output of the model is [to b$ used fo?^ 



Simulation of a^ object systfegi ^ jief^d for 
a number of pmpfes®; We^to use it'to explain 
other hand, simulations for such sit^^ of^fi object system, tc^teaSK 

scheduling classes, determining ^ cost > paraiit,'/ ; about the object system, ,~an*f to predict , future 
and population projections-"-^!^ - ^ bcjJtas^ijSr^ cf jthe obj^pt system. In this course we 

quantifiable—tend to jeatf\ fbr mra-macliine jEfoffllze pnifiarily^ interred i£ predicting future 
models. Some cut-aiid-dried situations like <Je- . beh^ior,* because we are using simulation as an 
ciding on yrhere to cut a budget suggest using /*^aia"ford^ " »>• 



REVIEW 



Terminology 



^Exercises ■ 



1. 

2. 
3. 
4. 

1. 
2. 
3. 



MAN-MODEL: class ■Pf^^vU^m^^ : v^hKji huftian^ are ^directly ij^ 
volVBd in both th6 inpiitf;to arid model, t. ?*■ ^'V 

MAN-MACHINE: class pi; sljnulaSions in :^icfi^ 

a machine or computer', while humans ^pr6yide|nput.i ; j 1 _ 

DETERMINISTIC I^TiON : $yp§ 9f sinaul^^on ^'^i^cfc th£ fel*r 
tionship between in^u^ ^d puj^tits is cp^le^^d^l^^in^i. > : : ; 
STOCHASTIC SmutATlQNr; type; rtf s^ul^ri ^ Wbi?h a^d6m 
variable is incorporate into tfte calc^altion of every output,- > 



What are the four stages 'in th^ Wulation jprbcess? (Review text page 

124-12&.) L r ' : V* •• 

State three reasons for computers' increasing importance in simulations. 
(Review page 127.) . .' , . . ^ 

A school will have six aides assigned to it^jr the next school year, each 
of whonTfe qualified for each' of the! six positions available, Because of 
varying seniority, one aide ihalces $4/houtr, two^iake $3.70/hour, and 
the other three make $3.25/hoUr. Two of the^positions are fuBrtime 
(eight hours per day) and ttie othes/our, jsure tiiree-fourtN tune. (six hours 
'per day). The principal must include the aide^'jsalaries inhis or her.esti- 
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assignments. He or she decides to assign each akle a number from 1 to 6' 
said rolls a die. The first two aides whose numbers are rolled are assigned 
to the full-time positions. Is this simulation based on a man-model or a 
man-machine model? Is it stochastic or deterministic? (Review text pages 
126-128.) ■ • ;• * :\\- ' . ■ ■ : r.^- ' \: : J- ■ y': 



USING A SIMULATION 



ROUTING SCHOOL^USES 
USING ASIMOLATIOM 



' > .. . 



Let's npw consider an exan&ple of Aerating a 
simulation, A fatter; often Faced by educational 
administrators is hbW to axrtage b)us schedtdes. 
Ttye problem^ is- usually to d^tftine the best 
. route for a bu$ ta- foUow'inJte pickups and de- 
liveries sq that all -children Jure picked up and 
cdSts of transp9rtatdonare m^ixnal> Normally an, 
administrator will sit doy^ ^with a large map of 
the sbhool district and /aie^t: i& plan bus 
routes by hand; Th6 m'am ^ will be that 
|dl children shbuld be*picked; up, ?ind such mat- 
t^ ^ the 
outset. But consider the prdblem inore jclosely. 
Out of the hundreds of possible routes each bus 
can follow, the administrator will most proba- 
bly rpick aut only one or two. Also, be or jdie can 
.plan <*vly one routeat a Lt™??/^ 8 ^ 1 *? a computer, 
however, he or she might be kble to tryhundreds 
of dif ferent routes to see which is thefbest. 

Components of the Bus Routing Simulation 
The first step th^ admin istr a tor must take is to 
state' the problem, in thS - case, the problem 
statement is: What is the best way to schedule 
bus pickups to minimize costs and maximize 
utility of toe Buses? " 

To solve the problem, we can design a simu- 
lation. In order to do so, we-mjist first decide 
what the input variables wi4 be" and what out- . 
put variables We want from ; he model; then we 
must determine toe rules for relating th^iriijuti?. 
to the outputs. .. *. \ t-.-y :>V' 

\ Let's first consider toei inputs to thrsiin^la- ; 
tion model. In deciding what variables X&ffibif'. 



This information makes up the conspainis: that'' 
is, the information about bus stop locations arid * 
numbers of children to be picked up at each 
stop are constant from ofte simulation run to the 
nef t» Other available input variables -are the 
number of buses used, their capacities, the cost 
per milc| of running the buses, and their average 
. speed. Since^the administrator hte. some control 
oyer these inputs, they are called controllable^ 
variables. - . •> : 

jfow consider toe outputs the administrator 
waists from toe simulation— what various solu- 
tions can be found to toe bud routing problem. 
Obviously, One wants to know the" bus routep, 
i.e. the path each Jgis will f oUq^md toe estops > 
it will, make. One grobably ^6 wimts to taoW 
how long i£.wp ,t^ its 
route. FinaUy, ^ 

Thus, the actual bus rout^toe ^j^of toe routes, 
and cortimakeup the output for toesimulatiori. 
;,v In this example, we ^^^assupe,that. tbe ad- 
ministrator ' hits a deterministic* model of bu§ 
routing which will relate the inputs to the de- 
sired outputs. To be used most efficiently, this 
model is best represented by a computer pro- 
gram which routes buses by taking the input 
information and generating toe required output 
information. Such a program exists and is called; 
BUSRTE. The actual model used in the pro- ; 
grams-^-a collection of matoemfftical equations 

* and techniqiies :2 will not concern ur here, .It is 
sufficient to know that. BUSRTE - Will take the 

■ input information ^and give, as output, toe bus 
routes and the time and cost of each. 

Preparing Input Data for BUSRTE . 

!' The input information must first be put into a . 
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> -VRflure 5.3. __■ <•■ ■ 1 

5 ! School District Map, Digitized For Use with BUSRTE. 



This S done by laying a grid over the map' fas . * The^DAT. 
shawi). in Figure . &r3. Each column, and row of : Consecutively 

the jgrid should be numbered as illustrated. To . of a correct £ 

digitize a bus stop, We identify the square it is . . 

in. For instance, bus stop number 18 in the ". : . \- ■* 

upper right-Jiand corner lies in the square which ■ gach stateme 

is in^rbye 25 and column 27; thus its digitized bus stop /so ' 

coordinates are 25, 27. A similar process must ments as ther 

be carried but with each bus stop until we have After the i 

^ 'im& gNen in Figure 5-4. The next step is been provide 

tor" ^^rt the information for the number of ; 8ai y : 
chiU^p" at each stop. We may know that six 

chfldrCTt must be picked up at stop numbfer 15; staten 

we would record this information by placing a 6 - This stateme 

beside this coordinates for stop 15, as shown- in necessary in! 

the fourth column of Figure 5-4. This process, execution ma 

too, is carried out for each stop on the map.. f Now, leW 

4 BUSRTE must have this information pro- our bus Touti 
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iATA statements must Jjfe ^umbered 
vely, starting with 9000. Ah example 
ct DATA statement f or BUSHT E is;!, - 

9009DATA 10, 9, 31, 3. / . / 

emetft contains the information for one 
so there will be as many DATA state- 
there are bus stops. ^ 'j ^ 
he information for the last bus stop has 
ddied, a final DATA statement is neces- 

atement'number DATA 0,0,0,0. 

ement tells the program that, all the .< 
information is now presenf -and that 
i may begin. s - ■ : 

lefft look at ill the ^ata involv^, m 
outing erafhple. Take the first bus st6p 
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Figure B-4. s . ' : , ;• # ' 

Bus stop coordinates find students at each stop. 



The second stop, with coordinates 6. arid 8 and 
ten children, has the following DATA state- 
ment: .. " ■ *■ r ; . 
. ; ." r " e 90pi 13 ATA 2,6,8,10 ; • ^ ■ 

^The secynd DATA statement has statement 
number 9001, betiaufte T) ATA . statements, are 
numbered- consecutively. Notice tHat commas ' 
and no spaces are placed between eaclt data item* 
just as the DATA statement form shown on, 
page 00 requires. 



-9017 DATA 18,^6,27,5 



4* 



y ":• 902Q ©STAil^^iid 

90^ ^ATA 22,21,3,8 
• 9022 ijATA 23,18,9,7 
" 9(1?$ DATA 0,0,0,0 



BUSRTE 'allows us tj^^nter compete sets hi 
such da^ for h new Wis routing problem. 1^6 

- our us0 4ax v SSisr^S|i hq^sver, BUSIt^E also 
allows ihfe option ^of umng the sample data 
(shown above) without having to enter eacl* 

: «et of data. We will first look at BUgRTE using 
the sample data above, which are already stored t# 
in the program. , % •' v% •.:V^ •' ' " 

To run BUSRTE, you must first get access to 
the program tiy typing* ' ^ \ 

•' - - .h •'- *> '■' " • . ■ •; vV^v! ; \- 

orr-Bosirnc , •■' ; 

on the ' teletypewriter- 2 TroJ^r tell the program ; 
to begin execution by typing: ^ 



bus stop map shown in 



Is given below. 



] 



9000 DATA 1,5,4,5 
- 900 VD ATA 2,6,8,10 
' 9002 DATA 3,7,8,2 
9003 DATA 4,9,5,4 
• 9004 DATA 5,9,12,4 b 

9005 DATA 6,12,11,9 

9006 DATA 7,12,13,10 

9007 DATA 8,13,18,3 

9008 DATA 9,6,31,8 

£009 DATA 10,9,31,3 *: 
" 9010-DATA 11,10,28,6 
-floi.i- data •;.'>': 



o 
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After BUSRTE begins to run, it will print • 
and it will thin print put the question 

m you VISK Tt* ENJER YOUR Ottt bus stop data 

OR USE THE DATA rRO M THE EX AMPL ET L._ 
• " INTER OVN DATA »0# USE EXAMPLE DATA -I 

: t * ' 

The BtJSftTE program already ^contains the 
complete set of bus stop data fipm Figure 5-4. 
Let's assume that you wish to run the program 
using that information. In .this case,> then,' you 
type* in "i" directly -after the questiori mark as 
is Shown below: 3 ; . v 

' Tl 

You wil) then be asked another question: 

HAVE YOU ENTERED OTHER DATA SINCE YOU CALLED THIS PRO GRANT* 
YES wit NO IP'IN DOUBT* ANSWER YES ' 

* . .* : - 

If you had" already run the program (in the same 
sitting) and provided your j>wh DATA state- 
ments, you would type "l." Theprogram would 
then tell you to call the progfSm and run it 
*~ again. The entire donversati6n with the com- 
puter thus far would look tike thid: 



.oeY-buirte * 

RUN 

BUSRTE * 

DO YOP WISH TO ENTER Y0DR_OW4 BUS STOP DATA 

OR USE IKE DATA FRO M _ THE EXAMPLE? ' 

ENTER* OW DATA *0# USE EXAMPLE DATA • I v 

fl - -- - - - - ' 1 

HA~UE YOU ENTERED OTHER DATA SINtE YOU CALLED THIS PRO SRAMT ♦ 

YES «l# NO »8» IP IN DOUBT** .ANSWER YES ml?' " 

*± _ _ _ . - ■ ^ 
CALL AND RUN BUSRT| AOAIN / , * . ,^ . - 

. _ . »•>••■.. ' **• 

DONE t . ' " .; » v 

i_ j j^, 

Assume that you have not entered any new data 
in this Bitting and typff "2" after the question 
? a ^^"_^?_J?? EO ¥™? n wffl jiow continue by re- 
questing from you the coordinates for the loca- 
tion of the school: 4 

/ ■ •' 

• . 1 Underlining If uaad In the following jwamplaa to 
IndlcaU rBfponMf .fby the user aa distinct from com* 
putar giniriUd taxt. No such underlining appears In 

actual um. _^y_ 'l_ _A ■_■ 

._ 4 When running BUSRTtf, you mast make aura that 
- the location of your school Is /lot also ajtj*i«top: thi 
computer will not accept coordinate/ for 'trie school 
; which ire the 'tame as the coordinates for one of the 
bua atopa. ' 



ENTER THE SCHOOL COORDINATES* . SEPARATED BY A COMMA* 
THE VERTICAL COORDINATE SHOULD BE FIRST ' ' . 

Since the 'school on our 'map has a vertical 
coordinate of 15 (row 15) and a horizontal c<^; v 
ordinate of 17: (column 17), ypu would respond 
"15,17" after^ the question mark, as is shoWn 
below; ■ •'' * . • : > 

y is* i t "m~ 



Next, the program will request the capacity of 
the different types; of buses y6u hfive available. 
Let us assume for the sake &t this pxample that 
you have' two types / of * buses ivaiiable-^48- 

; passenger b\ise§ and 36-passengermises— and you 
wish to route the 48-passenger louses first. That 
is, you want the coiriputer to find rputes for all 
of the 48-passenger buses before ft£ routes jtny 

v of the 36-passenger buses* Examine the print- 
. put below to see. how tiifc co^put|t ^^uests 

;.. tills information aboii^ 

ii? you would respond for $is p^icbto 'example : 

YOU WILL _BE ABLE TO ENTER THE CAPACITY OF 'EiWM VEHICLE ' 
TYPE. WHEN ENT*EBINO# -REMEMBER- THAT- THE COHPUTRR HILL 
RUN ROUTES -IN THE ORDER ENTERED.' ENTER - ONE AT A _ TINE* 
WHEN A: QUESTION .MARK APPEARS* UP, TO. S ENTRIES* ENTER 
0_I_r NO MORE ARE DESIRED. i ■ 

CAPACITY 1 . 'rl'' & 

cSpACJtY B , ' - a . r ' 

CAPACITY 3 -■" % '-'.jV 

Note that you enter ^O'V to/teg the computeoL^ 
that it has all the bus/capacitfes it needs. Nottp^* 
. also that you are lirriited to five bi^s capacities, :> 5 
; and that by reordering tiit types of buses ^u<y,) 
J^rjter; y^ c^ the bus« ate 

touted. Un . our ^jfociple* since we designated 
"4cy v ai W and "Se"^ thi 

second capacity, ^ th^4&-passenger buses will^" 
be routed before ahy of the 36-passenger buses * 
f are. routed. If we^hM' entered "38" first $idf 
"48" second i f^^lfttt capacities, the.<86? 
pBisehMjr' bu4es wrft^d be routed flfst, followed 
by the 48^Mser^>n%A. ! ; y 

^ The coti^pv^p'ildU next ask you for; the num. 
b^r- tot bus«^9< #och capacity tjhat yo^ Have^ 
. ^ediled^S^pppi^ jFor the rake of the example' 
that' you l^ve ttfb y 48-passenger buies and four 
,. Sd^^ipnge^^tmrnf* Tbe pr^ttoyt below shovirs 
how-^th^ compv^i^requ^ais the number, of 
' ^usef jpiiid hoW y^'' vyoi44^ respond irl xhis 
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ENTER THE NUMBER OF 40 
ENTER. THE NUMBER OF 36 

» A. 
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PASSENGER BUSES 
PASSENGER BUSES 
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speed ^<>|^e buses. This information is needed 
to calculate the Jime taken to complete tee bus. 
routes. Let's suppose that the average speed of 
your buses is '5 miles, per hour, taking into ac- 
count the time necessary to make all the stops , 
and load the students at gach stop. The com-^ 
puter 's question and the ' response ydu would J; 
make are shdwn below: - : 

ENTER THE AVERAGE RATE OF TRAVEL 4 '} IN MPH 

- — '-■ • : ■. i-. ;M, 

The computet next needs information about the 

grid you are using with your map. It must Irans- 

late the distance between stops on the grid into 

distance infinites. The computer will ask: « 

. . : : : >: • \ 

ENTER THE NUMBER OF GRID LINES PER MILE* 

FOR EX AM PL If IF A QUARTER-MIL E GRID IS USED* ENTER 4 

In our example, the distance between grid4ihes- 
is one block, or 1/12 mile* so we would enter 



"12" in response, since there are twelve grid 
lines per mile. _ ^ 1 

The final data the computer Will request 
is, the cost per mile to operate the buses, ghis 
may be simply Hie cost of gasoline, or it may 
include the bus driver's salary, the cost of main- 
tenance, administrative costs, and insurance. 
Let's use the figure of $2.25 par mile in our 
example and assume that ail transportation 
cqsbr-gasdlihe, maintenance, drivers' salaries, 
administration, and insurance— are included. The 
computer's query and yout response would 
appear like this: \** ' ' 

ENTER COST PER MILE TO OPERATE BUSES 

- ?a.£5 ■ r- ■«■■■ 

The computer how has all the information it 
heeds to operate the simulation model and , 
produce the required outputs* Figure 5-5 gives 
{Ire-entire list of inputs exactly as th^ computer 
asks-for them. ' ; - 

Interpreting the Output of the • 
BUS ATE Program 

We now consider the , output of this computer 
simulation. The complete computer .output for 



OET-BUSRTE 

RDM 

BUSRTE • 

DO YOU WISH TO ENTER YOUR-OWj [BUS 'STOI* DATA 
OR USE- THE- DATA FROM- THE-EXAMPLE?-- - 
INTER OWN DATA -0* USE EXAMPLE DATA -1 

*JL . • . ' . ; _ .' v - ■- 

HAVE YOU ENTERED OTHER DATA SINCE YOU CALLED THIS PROGRAM? 
YES -I* NO -B, IP IN DOUBT* ANSWER YES 

^ .'. 

ENTER THE SCHOOL COORDINATES* SEPARATED. BY A COMMA. 
THE VERTICAL COORDINATE SHOULD BE FIRST ■* 

715* 17 - , . . ' " iiT- — r- ' ' 

YOU^WILL BE i«i?-TO^ENfEJf THE-C«PACIT?^0P_IACH VEHICLE 
TYPE. WHEN ENJEHIM0* ' REMEMBER THAT THE COMPUTER VILL 
RUN ROUTES IN THE ORDER ENTERED* ENTER ONE AT A TIME 
WHEN A QUESTION MARK APPEARS* UP TO 5 ENTRIES* ENTER 
0 IP NO MORE ARE DESIRED. 
CAPACITY I 
7 48 _ 

c ap~ac i ty a 

7 3ft v 
CAPACITY 3 « 

to, ■■«■ ■ 

ENTER THE NUMBER OP AS PASSENGER BUSES 

T B_ " 

ENTER THE NUMBER 0P 36 PASSENGER ■ BUSES 

74 ^ ^ 

E*TTER THE. AVERAGE RATE Of .'TRAVEL IN MPH 

7_s__ _ .._ 

ENTER THE NUMBER OP GRID LINES PER MILE* 

FOR EXAMPLE* IP A QUARTER-MILE ORID IS USED* ENTER 4 

?XJL - 1 . - * 

ENTER COST PER MILE TO OPERATIC BUSES 

Figure 5-5. 

Sample Input to BUSATE Program. 
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bur example is given in Figure 5-6. Left's take' 
the results for one route from Figure 5-6 and 
cover in detail the output one gets from the* 
computer. The example we will use is Route 1: 

■ r • • : ■ ' . ' : - - 



ROUTE I 

stop 

6 

83 
80 

ai • 
aa 

* 4 

S 



STUDENTS MINUTES .. 

9 6*7 : 

7 13 _ ' 
6 81*6 

10 aa. 6 

8 84 

4 36i8 f 

_.. 49.6 

THE COST BASED Off * 8,85 PERHILE IS 1.9.31 

BUS CAPACITY 48 TOTAL STUDENTS 44 



This output completely describes the route 
ran by the first bus. It details where the bus will 
stop, in what order the stops will be made, how 
many children will be picked up at each stop, 
and how much time will have elapsed from the 
beginning of the route, This bus stops first at 
stop number 6, where it picks up nine children, 
having arrived at the ptbp 6.7 minutes after 
leaving the school. The next stop on the route is 
number 23, where the bus picks up 7 more chil- 
dren. It arrives at stop number 23 thirteen min- 
utes after beaming its route, or 6.3 minutes 
after leaving first stop. The b^j^ proceed 
ugjil it is filled to (capacity or near capacity, 
then it will head tor toe school. The last figure 
under "minutes" ghresthe time it arrives back at 
toe school; for^jjftis route, that is 49.6 minutes 
after toe bus began toe route. The cost^f this 
particular bus rdute is $9.31. and toe totiinum- 
ber of children picked up. is 44. : i 

At the end of the printout in Figure 5-6, 
some summary information about all bus routes 
is giveg. This information includes: . v 
**» 

1. The stops which are riot Reached by any 
buses. Icy r this example, no stops were 
missed. ' y . / 

2. The total cost for all routes, m this ex- 
ample, ihe cost for all routes was $31.52. 
This c&it will vary depending on the 
location of tfie bus stops, the riumber of 
students to be bused, and toe Capacities 
of toe buses. 

3. The topi time for all routes. For this 
problem, toe total time was 168.1 min- 
utes. This figure also will vary with the 
location of bus stops, the number of stu- 
dents to be bused, the capacities of the 
buses, and the speed of the buses. 

4. The total number of children picked up 



ROUTE 1 








STOP 


STUDENTS 


MINUTES 




6 


-:. .9. 


6. 7 




83 


7 ■ 


' : 13 - 




80 


6_ 


81.6 . 




81 


: 10 


88*6 




~aa 


8 


a* 




. 4 


. 4 ' 


36. 8- 




._S_ ' — 




49.6 .- — ■ •- 





THE COST BASED Of 
BUS CAPACITY 48 



$ a. 85 PER MILE IS s 

TOTAL STUDENTS 44 



9.31 



ROUTE a 

STOP . STUDENTS 

t4 a 

II 6 
9*8 
10 3 

ia li 

13 15 

_s^ :_ a - ... ; 

THE COST BASED OM 1 8.83 r 
BUS CAPACITY 48 



MINUTES 

8- 

13*1 ■ '. 

IS.I- 

, at. iv . ' . v 

84*7 
88*9 

3T«9 _■ . , "i 
: _ PER MILE IS I t* 11. 
TOTAL "STUDENTS 43 



ROUTE . 3 
•STOP 


STUDENTS 


MINUTES 


•7 


10 


5 


3 


8 


18-1 


i 


3 


16-3 


8 


10 


80*7 


3 


4 


83.7 


6 


3 


38*9 


S. 




35* 1 



THE: COST BASED ON 1 8.83 PER MILE IS % 6V38 

BUS CAPACITY 36 TOTAL STUDENTS 34 



ROUTE 4 

STOP STUDENTS 

19 a 

15 3_ 
17 10 

16 13 
S . 

THE COST BASED ON 1 8.83 



MINUTES \ 

■ 18 

, : !«• 3 ■ 

i 16*3 
.19-3 
89.8 

PER MILE IS 1 3*59 



BUS CAPACITY 36 TOTAL STUDENTS 38 



ROUTE 3— 

STOP STUDENTS MINUTES 
13 6 T.aR 
3 _ 13«6 

THE COST BASED ON % 8«85_ PER MILE IS S 8*93 

BUS CAPACITY 36 TOTAL STUDENTS 6 

STOPS WHERE STUDENTS WERE NOT PICKED" UP 

STOP. STUDENTS 

NONE' 

THE TOTAL COST FOR ALL ROUTES IS ft 31*38 
THE TOTAL TIME FOR ALL ROUTES IS 168.1 MINUTES 
161 STUDENTS PICKED UP 0 NOT PICKED UP 

WANT TO RUN AGAIN WITH SAME BUS STOP LOCATION DATA? 

yes>i»no«0 
done . 

Bguri B-6. . * 

Output from BUSRTE. 



and riot picked up. In this example, l6l 
children were picked up arid 0 were not 
picked up. 




Notice also at the bottom of Figite B-6 that 
when the/ Computer has finished with the prob- 
lem you are given an option to use the same bus- 
stop-location data again. If you do not wish to 



COMPUTER SIMULATION 

run the program again using- this data, type "0" ' 
as indicated aiid the program will. end. 

H Several assumptions made by this computer 
. program should be emphasized : 

1: All buses begin qnd end their routes at the 
.V school. . . ^ , 

2. Distances usgi by the program are as the 
crow flies; that^B, the distance between 
any two bus. stops is assumed to be a 

- straight line. - . " 

3. The cost of each route is calculated solely 
V on the total number of miles in the bus 

route and the cost per ifrile of .operating 
tee buses. ._ * ■ 

4. The time for each route is calculated on 
. the bases of the total number of miles in 

the route and the (estimated speed of the 

bus. ' : ' 

The BUSRTE simulation is a deterministic, 
man-machine" simulation that lakes as. input the . 
map of ttie f school bus stops, tjie number 6t 
children, at each stop, the number and capacity 
of buses available, their speed, the*cost per mile, 
and the scale of the grftHnap. It produces as 
• .9?*P?^ ^^es; of routes which minimize 
the distances tirweied by each bus and are spe- 
cified by a list :6f stops, tiie total time to run 
each bus route, and th^totat cost for^ each bus 
route. 'BUSRTE allows us to experiment with 
bUs routes tot a district by varying the capacity 
arid number of 'school bused available. 
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Running BUSRTE Using Your 

Own BUs Stop Data ^ 

As we noted above, BUSRTE allows the user the 
option of entering any new set of bus routing 
data in Order to simulate other bus routing situ- 
ations, provided you have 24 bus stops or fewer 
and can assign- coordinates to each bus stop, 
location. _\ : _• * 

If you wish tojise ^StJteRTE^ 
tion, you must first organize the newclata the 
way the data in the example were organized. 
Collect the information in a chart similar to Fig-, 
ure 5-4. With your complete set of datifih hand, 
you are ready to run BUSRTE. , Below is an 
example of how your initial interaction with the 
program will look. :™#~ 

You should then enter your-own DATA state- 
ments, using the prescribed format, and type 
RUN again. When the program begins to fun 
again, it will print out thp same first question 
as it always does: 

BUSRTE 

DO fOO WISH -TO- BITER YOUR IW-BOS STOP DATA 

OB USE THE DAfA PROM THE EXAMPLE? 

INTER OW DATA «0# USE EXAMPLE DATA t . 

7 . * ' 

You will answer this question by typing 0. The 
computer will respond with a second question: 

ARE YOUR DATA STATEMENTS ALREADY ENTERED? 

YES «t# NO -2 

? 

Now you answer by typing 1, since you have 



GET-BUSRTE 
RUN 

BUSRTE * . 

DO YOU WISH TO ENTER YOUR OWN BUS STOP DATA 
OR USE THE DATA FROM THE EXAMPLE? 
ENTER OWN DATA «0# USE EXAMPLE DATA »| 

%0_ _ _ ' 

ABE YOUR DATA- STATEMENTS ALREADY > ENTERED?* 

YES -I* NO -a 

?2_ 

FOR EACH BUS STOP* TYPE ONE LINE WITH 
THE-TOLLOWINd- FORMAT I 

STATEMENT # DATA STOP #*VERT CO0H»H0RI? COOR, # STUDENTS AT STOP 

STATEMENT NUMBERS START WITH 9000 AND ARE 
NUMBERED CONSECUTIVELY 

► EXAMPLE! 9007 DATA 8*14*10*28 

AFTER ALL YOUR DATA IS ENTERED* ENTER A 
LAST DATA STATEMENT I ?0?? DATA Q*0»0»0 

84 BOS STOPS ARE ALLOWED ^ 

NOW TYPE YOUR DATA STATEMENTS AND RLfJ THE PRO ORAM AGAIN 
DONE 
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already entered your new «DATA^' statements. 
The program then proceeds by asking for the 
coordinates of the school, bus (^parities, and 
the r^st of the information necessatroo gener- 
ate the bii| routes. A sample of this cfcnversation 
appears below: 

BET-8U3RTE ■ -. . . ' _ 

mjw * 

BUSRTE 

SO tOU WISH TO -ENTER TOUR .0 IN BUS. STOP DATA- 
OR USE THE DATA FROM THE EXAMPLE? 



INTER OVN DATA »0#" USE EXAMPLE FATA -1 

■ t-0- --, j'i J."..!.:. "■ 

ARE TOUR DATA STATEMENTS AtREADY- ENTERED? 

YES -U NO -9 

_ i_ Y ■ L.^- -. J 

ENTER THE -SCHOOL COO RDlNBTESi SEPARATED BV A COMMA* * 
•TjHE VERTICAL COORDINATE Stf)ULD BE FIRST ; , 

The output produced by running BUSRTE 
with your own. data Will be in the Mine format 
as that shown in Figure £M5. Tl^actad cqst 
projections, of course, will vary depending oit 
the data you provide. 



Terminology 



RE 

1. 

*2. 



VIEW 

CONTROLLABLE VARIABLES: variables in an object system which 
the administrator or investigator may change or Manipulate in order to, 
affect the outcome of the simulation. ' ' ■ ; v Xv^i 

CONSTRAINTS : relationships among the controUaWe variables whic^ 
limit their possible values and which the administrator or investigator is 
not at liberty to alter wrthbut changing the substa^e of the problem, y. 



Exercises 



1. 



v 



In the example from the text, we determined that it would cost $31.52; 
and take a total of 168.1 minutes to bus all students in the district Uf 
school each day^using tWb 48-passenger buses and four 36-passenger 
buses. Now, assume you have only, four 48-passenger buses and .run the 
simulation again, using the same bus stop location data. Compare the 
cost and time figures for the new routes to the ones obtained in the 
example. Continue to assume that there are 1> grid lines to the mile, 
that buses travel 5 miles per hour, and that the cost of busing per mile is 
$2.25. . • , ' k 

Now, assume you hay^ only five 36-passenger buses. Use BUSRTE to 
again determine total cost and time figures for bus routes. Then, decide 
which of the three situations seems most effiWent in terms of time and 
cost: the situation of having four 48-passenger, buses; five 36-passenger 
buses; or,two 48-passenger buses and four 36-passenger buses. What other 
considerations would influence your final decision on the number and 
type of buses you should purchase? 



AN EXPERIMENT USING THE SCHOOt 
BUS ROUTING SIMULATION 

Suppose that a fire completely destroyed the 
school in the preceding example. ^The district 
has the option of rebuilding the school on the 
same grounds (15, 17) or building a new school 
on one of two other locations. Sinbe the cost of 
rebuilding is essentially the same at any location, 
one of the criteria for site , location designated 
by the school board is that the cost of busing 



the students should be no higher than it was for 
the old school and the amount of time the 
children must ride the bus should be as low as 

possible. r_l" _ « * 

We can use BUSRTE to provide relevant in- 
formation for deciding where the new school 
should be built. All that is necessary is to run 
BUSRTE changing the location of the schopl 
each time while keeping all the other variables 
constant. \_ 

The alternate locations for the school building 
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axe _WY en 1?? ffie coordinates 10 and 13,16. 
Suppose we ran BUSRTE using these coordi- ' 
nates, assuming two 48-passenger buses and four 
36-passengps buses, are to be used which have an 
average speed of 5 mph and a cost per mile of 
$2 25,. and assuming that the map grid lines are 
spaced 12 to a mile; These runs are shown in 
Figures 5-7 and 5-8. 
,J V The following table summarizes the results of 
. the first jpin and the two we just made. 

. _ Time of Timo of . * Average 

School Tots) Shortest Longest Total ^ Time Per 
Location Cost Route . . Route Time Route* 

15,17 $31.52 15.6 49.6 168.1 33.6 
d7,10 $30.56 11.7 52.2 163.0* 32.6 
13,16 $32.52 19.8 46.3 173.4 34.7 

^Calculated by fiand-rdivicje the total time by num- 
ber of routes. ■ /■ *' 



_A§ can be seen from the table above, all 
of the proposed locations will cost about the 
same and will involve about the saitie busing 
=time to get the students to the school. The 17,, 
" 10 location costs slightly less than the _ others 
and takes 5-10 minutes less time. From the 
point of view of one txi N p^th^differenc^_do not 
appear very significant; When the savings are 
realized twice a. day '(once coming to school and 
once going home) for every school day of the 
1 year (approximately 180 days), they add up to 
$345.60 and 30.6 hours saved on a yearly basis 
over the second best location (where the school 
is how). It would be tip to the board to decide 
whether these savings are important enough \;%o 
be consideredj4n the final location of the school. 

The problem above is an example of a situar * 
tion where a simulation can provide information 
about a number of alternative courses of action 
when the physical limitations of the situation 
make it impossible to manipulate the object 
system itself. Clearly, the school district cduid 
not rebuild the school in each of the proposed 
locations just to discover how egch of them wiH 
affect the busing situation. A sirpulation is the 
only practical way to obtain this type of in- 
9 formation, and the choice of using hand calcula- 
tions or a computer program will usually de- 
pend on, the complexity of the model and data 
involved. 
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Another Use for the BUSRTE Simu latiqn 

In some instances, simulations not only provide 
sought information /but may point up other \ . 
questions about the object system ^yhich had 
not been_ raised previously . For example, in the 
preceding bus-routing problem, it is possible that 
while the board tries to decide on a new school 
lqcation_usiiig tfi^.BUSRTE jinforaaation, some 
of the members may realize for the first time 
. that their students, are, on the average, riding 
" school buses well over 'half an hour each way. a 
They » might consider this unacceptable and 
ksk the school district to ; study, the problem ' • 
and propose soliions that would reduce the 
average one-way trip time to a certain number 
of minutes. . v ._ J. : ' : 

LbVs look for a moment at an example of this 
sort. Assume that as a result/of the previous ex- 
periment, the school board/ finally decided to ^ 
build the new school at location 17,10. Assume 
a further decision that, while* cost of busing 
should remain at a minimum, the new bus 
routes should be designed so that no student 
will have to ride more than 35 minutes one way. 
This means that the. bus routes to and from the 1 ' 1 
new school location will hive to involve less ^one- 
way time for some students than those of the 
onginS ^chpqtdid^; it also means that P^chraing : 
additional buses should not be considered unless * ^ 
it is clear that the present six buses (four 36- ; 
passenger buses and two : 48-passenger buses) 
cannot be routed in a manner which fits the one- 
way time constraint. 

To solve 'this problem posed by bur hypo- 
thetical school board,: we can use the BUSRTE 
printout fpr school location __17>1Q shown in 
Figure 5-7 as : a starting lAt^t- Notice that' 
Route Violates the new o^Pway time con- 
stant, since the first two students are picked „ 
up (Stop* 14) 13.2 minutes after, the bus started 
out but are not dropped bffat the school until 
52.2^ minutes after the bus started out— -a ride of 
39 minutes.' For all the other routes, one-way 
trips take less than 35 minutes. Notice also that 
Route 1 picks up the most students (45) of all ; 
the routes. 1 "* " 

In order to bring the routing into line with 
the new constraint^ we seem to need only to 
reduce the time of Route 1 without lengthening 
any other route too much. The most obvious 
way to accomplish ihis end may be (continuing 
to use the BUSRTE simulation) to limit 'the 
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GET-BUSRTE . 

row ■ ■ • 

BUSRTE • •■•^'■;-y. ■ ■ >■ ■ - ? k ; 

do vouVviSR-td ifetEii your-ow bus stop data; >■/ .;;«; 

OR USE THE DATA . rROM THE EXAMPLE! 
ENTER OtN DATA «0* USE EXAMPLE DATA » 1 

U:-: v_ :-\-£r\ ... _■ ;.'.x.'.'.-: ■ 

HAVE YOU ENTERED OTHER DATA SINCE YOU CALLED THIS PRO CRAM? 
YES • !* NO «8* IF IN DOUBT* ANSWER YES 

INTER THE SCHOOL COORDINATES* SEPARATED BY A COMMA* 

THE. VERTICAL COORDINATE SHOULD BE FIRST 

?I7* 10 ■ '/'■■'-' " ' ' 

YOU WILL BE ABLE-T^-WTER^Ipt-CAPACrT^ EACH-VEHICLE . 

TYPEr WHIN INTERINO* REME5WER THAT THE COMPUTER WILL' . 

RUN ROUTES IN THE ORDER ENTERED* ENTER ONE AT A TIME 

WHEN A QUESTION MARK 'APPEARS* * UP TO 5 ENTRIES* ENTER ' 

0 IF_NO MORE ARE DESIRED*. • 

CAPACITY I ■ t - 

*«ft- - • ■" . •• - 

' CAPACITY 8* i 
T36 ' ' •'. ■ 

CAPACITY 3 

rTO - -'- -- ■■ • . - - . ; . . 

UTTER THE-#UMBER ar 45 PASSENGER BUSES 

U---5-— ------ -- ■-- v - " 

WTER"tHE NUMBER OF. 36 PASSENGER BUSES 

intct'Itto in mph ' 

. : ' • •"• ■' ■ ■ • 

INTER THE NUMBER OF GRID LINES PER MILE* 

FOR EXAMPLE* IF A QUARTER*MILE GRID IS USED* ENTER 4 

T IB ■ - " . I . 

ENTER COST PER MILE TO OPERATE BUSES 

t8*8S ' . . ' / 1 



ROUTE 1 


STUDENTS 






STOP 




MINUTES 


14 






13*8 


II 






80*8 


9 






85*8 


, 10 - 






88*8 


18 


ii 




31.8 


13 


IS 




36* I 


;is 




8.83 


58*8 


THE COST 


BASED ON * 


. PER 


BUS CAPACITY 40 TOTAL 


STUDENTS 45 
/ 


ROUTE 8 








STOP 


STUDENTS 




MINUTES 


IV 


6 




13*3 


19 


8 




17*0 


10 


5 




80 


IT 


10 




. 88* 3 


16 


15 




85*3 


0 


3 




35.9 


S 






44*9 


THE COST 


BASED ON I- 


8*85 


PER ! 


BUS CAPACITY 40 TOTAL ! 


STUDENTS 41 


ROUTE 3 








STOP 


STUDENTS 




MINUTES 


6 


9 




5. 


4 


* 4 ' 






1 


5 




15*9 


8 


10 




AO. 1 


3 


a. 




81* 1 


5 - 


4 




85.5 . 


S 






33#0 



5 9*79 



S 8*41 



THE COST BASED ON 5 8*85 _ PER 

BUS CAPACITY 36 TOTAL STUDENTS 34 



ROUTS 4 






STOP 


STUDENTS 


MINUTES 


83 


7 


1.4 


80 


6 


10 


81 


10 




88 


0 


18*4 


S 




; 8b* 5 



THE COST BASED ON » 8.85 PER MILE IS * 3*84 

BUS CAPACITY 36 TOTAL STUDENTS 31 

PlflUfi.lr?. . _.: :_. . _'_ ' : 

BUSRTE Run Using School Location of 17 % 1 0. 
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UTE 5 "; • _;_*„•__.. - 

STOP STUDENTS MINUTES' 

7\ - • 10 5.8 - 

. s \ - v u.t ... 

THE COST BASED ON S 8.25. _PER MILE IS.* 8. 19 v; ... 

BUS CAPACITY 36 TOTAL STUDENTS 10 > 

STOPS WHERE STUDENTS VERS NOT PICKED UP , 
STOP \ '' STUDENTS i 

Ijjj NOtftvA . . y 

THE TOTAL COST. FOR ALL ROUTES IS 1 30.56 ■ 
THE TOTAL TIME FOR ALL ROUTES IS 163 MINUTES 
161 STUDENTS PICKED UP 0 NOT PICKED UP . v; . 

' .\/. - • / ' " . > • ' 

WANT TO RUN AGAIN WITH SAME BUS STOP LOCATION DAT.AT • 
YES-1*N0«0 ' . • . m V- . . 

^ U <•. ■ . ■ . , : ••: -y m;\ 

' Figure 5-7 Continued ;.. / ; i-, 

. OET- BUSRTE \ . - ■ * • : 

■ RUN r \ > , . -5/ • . 
BUSRTE \ ■ '■■ • 

DO YOU WISH* TO* ENTER YOUR OWN BUS STOP DATA 
OR USE THE DATA FROM THE EXAMPLE? 

ENTER OWN DATA \ "0* 05E EXAMPLE DATA VI ^ 

n /. ^ . • "\ • i __ _ _ _ ; 

rfRVE YOU ENTERED OTHER DATA SINCE YOU CALLED THIS PROGRAM? 
YES -1. NO -8* IF IN DOUBT # ANSWER YES 

**- — — -'--\- r- ■ :. " ■ ' " : 

ENTER THE SCHOOL COORDINATES* SEPARATED BY A COMMA. 
T HE VER TICAL COORDINATE SHOULD BE FIRST 

713*16 ' \ " " ' ' • 

YOU WILL BE ABLE TO ENTER. THE CAPACITY OF EACH VEHICLE 
TYPE* WHEN ENTERING, REMEMBER THAT THE COMPUTER WILL ■ 
RUN ROUTES IN THE ORDER ENTERED* ENTER ONE AT A TIME • 
WHEN A QUESTION MARK APPEARS* UP TO 5 ENTRIES. ENTER 
0 IF NO MORE ARE DESIRED. ' _* 

■'. capacity i : \ : 

' tAB -- V .- : ■', 

CAPACITY 2 . \ ■ ' 

?3fi. ■ \ . , V ■ 

CAPACITY 3 

*SL ■ , '- :_\ , 

ENTER THE NUMBER 'OF 45 PASSENGER BUSES- 

?B " • ••. • ,.. : ... 

ENTER THE- NUMBER OF 36 \ PASSENGER BUSES 

74 . • ' \ ' . ' ' ' 1 ■ ' 

EOTER THE AVERAGE RATE OF TRAVEL IN MPH 

75 A . 

ENTER THE NUMBER OF GRID- LINES PER MILE* 

FOR EXAMPLE* IF A QUARTER-MILE GRID IS USED* ENTER A 

us. ._ _; . 

ENTER COST PER MILE TO OPERATE BUSES 
78.95 ;\ . \ ' 

ROUTE I 

STOP STUDENTS MINUTES 

6 9 S.I % 

83 V ? . ,11. A . 

■ ,80- - 6 BO 
81 { 10 8] : 

,88 ] 8 aa.4 

. - 4 • 4 34* 6 ; N ' '■ 

_s_; !•-«_- _ 46.3 . 'rJ -V-., 

THE COST BASED ON t 8.85 \ PER MILE IS S 0. 68 
, BjlS CAPACITY 48 TOTAL STUDENTS 44 '»•<• • -J ' •„ 

ROUTE 8 V * '\-L- 

STOP STUDENTS MINUTES \ 

14 8 7.3 

II 6 44.4 

9 8 1^.4 

10 3 82. 4 . 
18 f 11 ; 86 

13 15 30. fi 

S 40.4 



Figure 5-8. ..^ ..... . . 

BUSRTE Run Using School Location of 13,16. Continued 
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1HC COST' BASED OH * 8-85 _ PEB NILE IS » 7. 5? 
SUS CAPACITY 48 TOTAL STUDENTS 45 . 

ROUTE 0 ■ , — --- , '.---"-1^ r '* 



STOP <; 


STUDENTS 


MINUTES 


19 


8 ' 


; !*»8 . ( 


IB 


5 


16.4 


17 


10 


IS. 7 


16 


15 


81.7 






33i9. . ^ 


THE COST 


BASED OM I 8*85 


PER. MILE 


BUS CAPACITY 36 TOTAL 


STUDENTS 38 


ROUTE 4 






STOP 


STUDENTS 


MINUTES 


7 


10 * - ■;■ 


3.8 


3 


■2 


10* 8 



•1 5 .» 

8 10 

5 m 4 • • 

5 : 3 

s 

THE COST BASED ON S 8.85 



S-7 > 
• 8 
•,8 



33.1 



BUS -CAPACITY 36 TOTAL STUDENTS 34 



PEB MILE IS I 6.19 



ROUTE 5 

STOP v STUDENTS 
15 ft 

s _ _ _ _ 19.8 : 

The cost based on » 2.25 per mile is 1.3.71 

bus capacity 36 total students 6 



minutes^ 



STOPS WHERE STUDENTS WERE -NOT PICKED UP 
STOP STUDENTS 

none ; : - 7 ; 

THE TOTAL COST FOR ALL ROUTES IS S 38*58 
THE TOTAL TIME FORx ALL ROUTES IS 173.4 MINUTES 
161 STUDENTS PICKED UP 0 NOT PICKED OP 

VANT TO RUN AGAIN WITH SAME BUS STOP LOCATION DATA7 

YES-l#NO-0 

70 



DONE 

Figure 5-8 Continued 



number of students that can be picked up by the 
first bus, decreasing the time taken for Route 1. 
BUSRTE, we must recognize, is programmed to 
generate the most mile-economical routes pos- 
sible; Jfa before, we _can reasonably assume that 
if a given [ bus picks dp fewer students, it will 
make fewer stops and travel fewer miles, thereby 
taking less time to complete a one-way trip. 

Using BUSRTE, how can we reduce the num- 
ber of students the first bus will pick up, since 
there is no special option provided do this? 5 . 
We know that BUSRTE is programmed to first 
fill all buses of the capacity first specified in a 
run, then fill all those of jfche capacity' specified 
secfend, and so forth. In our original run in Fig- 
ure, 5-7, we specified first the. ^-passenger . 
capacity and second the 36-passepgfer capacity; 

' " : - /_■ _ . _f 
5 This is one of the built-in limitations of BUSRTE. 
All programs have such limitations which must be recog- 
nized and worked around in order to make maximum 
practical uie of the simulations. 



this resulted in a 48-paspenger bus being used for 
the problematic Rotiteat, i^iich in turn resulted} 
in six stops being -.-made; . picking up 45 students 
and [ requiring;" 39 minutes to deliver the first 
students tb the scfafool. As long as we continue 
to specify first a capacity of 48-pass^ngers, 
BpRSTE will continue to create this excessively 
long route -for the first bus. To reduce the 
' capacity of the bus used for Route 1, there- 
fore, we need to reduce the first capacity we 
specify. We can db this simply by entering 
out 36-passenger-capacity buses first and biir 
48-passenger-capacity pheS 1 signet. 6 ^ * ' 
Figure 5-9 shows the computer run for this 
experiment. We can see from the printout that 
when we specify the 36-passenger capacity first, 



6 Notice that ff 36-passenger buses still turn out tif\ 
be too large a capacity for the first bus' routed, we can 
trick one program into reducing Route^l further by 
specifying first an even lower capacity bus, even though 
we may plan to keep and use a 36*passenger bus for the 
route. 



: • COMPUTER SIMULATION 

only 28 studen^ ! are . pick- up on Route 1, and 
the_ first 6 students ; ptete^d uj> v ]( Stop 11) have to 
ride for only -31 & mirid^efe . ^The one-way trip 
„ time for student* on Route 1' is now well within 
the 35-minute maximum Allowed by the board. 
A look at the rest of the BUSRTE run confirms 
that this reduction in pick-ups and time for 
Route i does not add excessive time to any 
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other of the routes; all students are ^picked "up 
and all routes are now within the board's pew 
time constraint. \ 

Fronx this example, you can see that a simula- 
tion like BUSRTE can be helpftil both in pointing 
out problematical features involved in existing 
object systems and in experimenting with solu- 
tions for them. . 



GET-BQSRTE 

RUN, • 

auS»PTE 



0. 



DO YOU WISH TO ENTER YOUR OWV BUS STOP DATA 
OR USE THE DATA FROM THE EXAMPLE? 
ENTER OWN DATA -O* USE EXAMPLE DATA m\\ 

T-i - _■ _ . i ;> ' •_ • ' 

SAVE YOU ENTERED OTHER DATA SINCE YOU CALLED THIS PROGRAM? 
YES • I* NO »8# IF IN DOUBT* ANSWER YES . 

t a_ - ?' - . 

INTER.. THE: SCHOOL-COORDINATES* SEPARATED BY A. COMMA* 
THE VERTICAL COORDINATE SHOULD BE FIRST . 
7 17* 10 ■.>•' . - - ,■ ' : 

YOU V ILL BE ABLE TO ENTER THE CAPACITY' OF EACH VEHICLE . : 
TYPE*.. SHEN ENTERING* REMEMBER THAT THE COMPUTER' WILL ' ' 
RUN ROUTES IN THE ORDER ENTERED* I ENTER ONE AT Ah TIME / 
VHEty A QUESTION MARK APPEARS* UP TO 5 ENTRIES? ENTER 
■Q IF NO MORE ARE DESflRED*# ■■: *t.. .»>'■.-■'*, 

CAPACITY I . ! • .. " . v , 

7 36 • : ■ ' '•• ■ IN - 

CAPACITY 8 . " 

748 -.' • . '• :. .? ■ 

CAPACITY 3 , ■ .: ' 

ro_ • • •'• ' - : '•: " • •• 

ENTER THE NUMBER OF 36 .PASSENGER BUSES . v 

74_ _. _! -;i j ; 

ENTER THE NUMBER OF 48 PASSENGER BUSES 

7jl - - - v ••• ' k - — ' 

ENTER THE AVERAGE RATE OF TRAVEL IN MPH 

75 • . 

ENTER THE NUMBER OF GRID LINES PER MILE. 

FOR EXAMPLE* IF A QUARTER-MILE GRID IS USED* ENTER 4 

718 



ENTER CO-ST PER MILE TO OPERATE BUSES 
7 8*85 ; 

H - 1 

, ROUTE I 1 . - v / 

STOP STUDENTS * MINUTE5 

11 6 19*3 v 

9 8 84* 3 

10 3 87* 3 - o 
18 I 1 ' 30.9 

_5_.__i_ . _ 50* 6 

THE COST BASED ON 1, 8.85 PER MILE IS ! 9i 

BUS CAPACITY 36 TOTAL' STUDENTS 88 

ROUTE 8* 
STOP 
19 
18 

17 - 
16 

S 

THE COST BASED ON S 8*85 
BUS CAPACITY 36 



# 



STUDENTS 
8 
5 
10 
15 



48 



1 • 



MINUTES 
16*6 
18.8 . 
81 

84 _ 
40* 3 

L PER MILE IS » 7*56 



TOTAL STUDfN^S 38 



ROUTE 3 

STOP STUDENTS 

15 ' 6_ 

I?, r „ 15 

14 ; , ■■ 8 
8 3 - ' 

7 10 

s _ ' v 

THE COST BASED ON S ,J>*.85 
BUS CAPACITY 36 



MINUT15S/ 

13* 3 ' j- ■ - 
19* 8 

88*8 * 

87*6 

38*7 

38*5 

PER MILE 13 H 7.88 



TOTAL STUDENTS 36 

Figure 5^. * 

BUSRfJB for Location 1 7 JO with 36 Passengers. Continued 
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----- •: ; ' • -v • \ • "' • ■ ' ; ? • •". ' . ' : , 

ROUTE 4 - I'-iA'*- 

STOP ' STUDENTS MINUTES 

"■ « v " 4 ■• 9.4 : «>--v ■ . ' .. i. - 

l ■ is; 8 •* v* : - - 

a. to : ■ ?'-■■■• ••' * •■..!.;■ 

3 ■ 8 L9*l :"■ 

5 4V. . 83.8' 

6 9. SA»dU'- • V 

S — ' 3Iif^-- , _ _ .' : . ■ % % .:. • 

THE COST BASED OW % 8*85 'PER MILE I<S 1JS.89 * 

BUS CAPACITY 36 TOTAL STUDENTS 34 * 

ROUTE 5 ■ • - '. ■ '- * 

STOP STUDENTS MINUTES 

80 6 10 : . * * * 

81 V 10 . II ' 

88 \ a % - . ia«4 • - ■ ; Vv ; 

83 7 .■ 19.1 ^ 

-S_. i- -J- - i": r y; :ao.3--i J.- . • 

THE COST BASED ON S ^*B5* ^ PER MILE IS % 3* 65 ^ : . >r :*- J;-., yf.'-*^ H^.V .; 

BUS CAPACITY 48 TOTAL SftiDENTS 31 ' ■ ? ,1*. - '; « f < " '■* f ; /" 

STOPS WHERE- STUDENTS WERE NOT PICKED UP v S 5 

STOP STUDENTS \ . 7 Stf'j 'Y ' *' ', ' 

none ■ . , - " '"' ' V Wl-.'' 7 ' 

THE TOTAL COST FOR ALL ROUTES IS t 34 " "■■ ■ 

THE TOTALTtNE FOR ALL ROUTES IS 161*3 — MINUTES 
161 STUDENTS PICKED UP 0 NOT PICKED UP . ) 

VANT TO RUN AGAIN VlTH SANE BUS STOP LOCATION DATA? 

YES«l#NO«0 . " . . t 

DONE ■'■ ' . 

Figure. 5-9 Continued 

■ .•^•^.>.V- ^ >: ' ' 

" ' ( ■ W^V^ ■= * . 

REVIEW ' ; 

i. Figure 6-10 on page 143 providesV map of a large rural school district in < 
a Midwestern state. The district plans to construct a new vocational- 
technical center and three pQtential sites have J^een selected, indicated 
by letters A, B, and C on the map. Part of the criteria for the final selec- 
tion of a site is that the cost Qf fausiiig students to the voc -tech center 
must be as low as possible. Tirejn^ location of bus'pipk- 

x x i*ps within the djstrict^OTd^^ who* will 

i be at each bus stop. For example, bus stop 1 ib dermairtown, where one 
student will be picked up; stop 2 is Pauline, where there will be ten 
, students^ aad so on. Figure 6-11,. on page 144, lists the bus stops, their 
vertical and horizontal coordinates, and the number ;df students at each 



Yo^r jbb is to determine the total costs and times for busing all the 
students to each of the three potential vocrtech center sites. Assume (for 
all. tiptoe sites) .that (1) you have a fleet of light mipi^uses, which cany 
2D parfsehgers each;-X2) each bus troveli at aWut 404riiles per hour along 1 
Its route; (3) the cdSt of busing will be about 25 ceritsper milejand (4) 
the grid being used has one grid line per rqile. r \ 

(a) Which location for the center would require the smallest busirjg cost 
arid time required for bqsing? ~_ _^ ^ * J;^ 

(b) In your own opinion, no# liea^y should these considerations be 
weighed when the final decision is being m'adl for the location of 
th)e ypc-tech; center? ^; , 
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2. Assume that after jeviewing the bus routing information for school lofca- 
" { tion 17,1Q provided by BUSRTE, Figure 6-0, the school board decided 
that it is both /possible" and desirable to r^uce thie one-way trip maxi- 
mum to 25 minutes.. Assume that mininium cost continues to be im-. 

• portSnt ta the.;board, so that the purchase of any new buses can be 
considered brAy if there is ne^ way to route the present six buses to meet 
the new 'one-w^y time criterion of 26 minutes. Using BUSRTE, plan the 
best strategy possible to solve this problem. " - 



MAKING ENROLLMENT 
PROJECTIONS USING ' < . 
A SIMULATION 

» ■ - ". -_ -■ .' - - * «r ' . 

One iinportant problem the educational x*d- 
. ministrator faces is planing for the future. Tfrey 
are faced with, questions like, how manyHchool 
building will be needed in the next ten years? 
How must the teiching staff change to meet 
the changing needs of the community? And how 
much is the enrollment going tp change in the 



next ten year?;? AB these qu^ions'i^te to til? 
\ population; changes within the school district, 
v In order to answer them|the administiato^ must 
be able to predict changes in population More 1 
precisely, they jmustbfejrtjle to predict changes 
' * iri school enrollment fori all gradA in their 
school districts, j"; ' S « 

Until recently, such predictions wejre done by ■ v 
intuition or long and laborious Hand calculav 
* tions. But with 1 the advent of computers, new 
• methods 




Figure 5-10. + . » 

Road Map for Exert lie /, page 142. 



ERLC 



.;""v*;ji,i' 



144 



THE COMPUTER IN EDUCATIONAL DECISION MAKING- 



But Stop 


fertiiar 
Coordinate 


Horizontal 
Coordinate 


Number of 

Students 


1 Gentantoun 


* ; 4" 


7 


i 


2 Pauline ^ 






■ > 10, . 


3 ; ;$ranV111e 


16 




. 5 . 


V takton 


8/ 


r 4 


" 6 


5 Archer 


21 


10 


' A "... 


,6 Sanborn 


• " 28 > 


. • is . , , 


8 


r . nv 1 v TOT 


7 A 






8 'Prlaghar 




20 


4 


} Gazi ' 


II 




:. '3 '. 


10 C*1u*et 


•a. ' 


is i 


■ 4 1 


U Hay City 


33 




? 


iz Hartley 


Z6 


* 30 


10 


13 Cverly 


23 


36 


7 


H Royal 


18 


30 


15 


J5 # GreenvlUe 


:V5'.,'. 


' 33 


" : - •7 J - i 


16 v |1nn Grove 


6 * 


'28 




12*1 Webb 


11 




. 6 


18 Cornell 


4 


38 * * 


5 


Location of Site A 


8 






Location of Site B 


?3 


IS 




Location of Site C 


12 


28 





Figure 5-11. . " 

Bus Stop Da to /or Exercife. 



process. In the following page* We will discuss: 
rfn effective computer simulation for predicting 
schodl enrollment changes. 



ANOTHER COMPUTER 
SIMULATION— ENROLL 

The next simulation program we will be dis- 
cussing is called ENROLL, 7 a deterministic, 

• man-machine simulation. The model used iii 
. ENROLL to predict school enrollments is based 

• on year-to-year percent changes. Data fmcqpast 
yejars arevysed to predict future entollnwits. 
Essentially, the enrollment in on$ gradp for one 

. year is compared to the enrollment in the next 
higher grade for the next year. As the author of 
'* the simulation states, 4 The underlying assump- 
tion of the * . • method of projecting enrollments 
i* that historical trends in school district enroll- 

*i * y . 

7 BNROJX Is a revised version of tCNRfRO by Robert 
n D. NeUon. : . . 



ments will continue and will be indicative of 
future enrollment trands/* v 

To illustrate how the .model for enrollment 
projection works, consider the following enroll- 
ment data: . : ^|r" .v 10 

' - i^-7B _\ 1976-77 1977+78 (ProMct{o«sJ 



Grade 3 
Grade 4 



780 



762 
754 



(The dashes indicate that we are, ndt interested in 
those particular figures at the moment.) ■ * 

During 1975-76 there were 780 students in. 
th/e third grade. In '1976-77 tfc&e were 762 
students in the third grade and : t54 students in 
the fourth grade. The question^we would like to 
answer ii^How many puf^^^^ probably be 
in the fourth grade in^^77-^^;^ _V ^ 

JEo &id the answer, we need t6 calculate >the 
percent" change in enrollment from grade 3 to 
gtade 4. Prom 1975-76 to 1976 r 77, there^was 
a change of 754 - 78O " -26 students. Since 
there were 780 students to begin with, this is 
& : net change of -26/730 - -.033 -3.3%. In 
other words, there was a change of -3.3% in 
Enrollment between the thini and fourth graded. 
' Now we can use thi^ji^eQt change to pre- 
dict what will happen in 1977-78.. Assuming 
present trends continue, we can expect that 
there; will also b$ a . change of -3*3% between 
grades 3 and 4 froitf 1976-77 to 1977-78. Since 
-there were 762 third grader* in 1976-77, - in 
1977-78 there will b^ a change of 762 X (-*;3%) 
^y^Zj^i^^^j^i^: students, if _|5 students 
are "lost" between grade 3 and grade %■ this , 
means that 762 - 25 - 737 students will be 
projected for grade 4 during 1977-78. ^ 

g^araine Figure Brlpj which summ&izes 
the calculations performed above. Remember 
When you look at percent changes between 
grades that a negative percent change indicates 
decreasing enrollment, and a positive percent 
change indicates increasing enrollment; Re- 
member, also that the projected , enrollment 
based on the pbove method itf an educated guess, 
based on current trends within a school system. , 
Percent changes ifrill differ from grade to grade 
within a school system and will also differ 
among school districts. " v : .: - * 

* ' ^RoberC D, Nelson, J' ■BNRPRO-A Kindergarten.- • 
Grade 12 Enrollment Projection Program,*' p. 1. ' • 
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1975-76 1975-77 . 1977-78 (projections) . . 

Grade 3 780^^, 762^ ^£ - 
Grade 4 --^vV "^-k?54 "^-^ 



.737 



• ;i ' . - Students _ 

' . _ In grade 4 

Percent change from grade 3 to. grade 4 '■ 4n 1976 " 77. 



Students _ 

In grade 3 « . 

1n 1975-76, 



Students In -grade 3 In 
- 1975-76 



» Projected enrollment 
for 1977-78 



• 754-780 W- ^ 

780- 

• ~ 26 

' ' 7M . 

- -,033 ' ' ' 

- r3:3% ■ 

-Students In grade 3 
1n 1976-77 7 .♦. 

- 76Z x 76Z5 
■ 762 ♦ (-25T 

• 737 



Projected change 
1n enrollment 



, Surhmqry of Calculations. 
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Exercise 



REVIEW 



* 1. Suppose you had the data given below from the 'school years 1974-75 
and 1975-76, L - ' * - i 

(at) .What is the pferqent chiemge from fifUitp sixth gfrade? 
■ (b) What is the prdject$d sixth grade enrollment fbf 5 1976-77? - 



1974-75 



W7S- 76 * 



fS76-77? x 



' Gra^ie 5 
Grade 6 



200 



220 
160 



How EfifROLL Works v * . 

• ( The ENROLL-c6mpi|teir simulation makes. pro*; 
Ejections baled on five y fears' population and 

T enrollment data. It uses these data, to calculate . 
an average percent change in enrollment for ea«h • 
grade, and uses this average percent change as^a^ 
basis for making projections. Instead of counting 
each yfear^ 'percerit .change equally ^hen'palciu- 
lating the average change; ENROLL uses ;a 
weighted average. ' V 

Let's . consider an example using weighted . 

• averages, Suppose you are a teacher making out 
qunrterly report . card grades. You huve only , , 
three* grades for your students this quarter; 



1!..W *C_.__-_^ 



based on one major test and two quizzes. Sup- 
pose your grades for one student are as follows: 



Major test. 



90 
85 



*Quiz i ^ 

;...■.>• Quiz 2 . '75 . ';' 

.--■»• ,■ . - ■ > •■. • ■ i" < 

In calculating the students qu'curterly.^pwle, 
yog feel you should count the major t^st more 
heavily than the quizzes.^ you decide io u»e a ' 
weighted averagie. Specifically, rypi^ ^JdiB^^af : 
the major test; should count twice as much a$ 
either of the* quizzes; You would then assig^, 
weights io this grades as follows : ; fc * 
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Score Weight 



Major test 
-Quiz 1, 
Quia 2 — ^ 



90 V 
85 



2 
1 



0 to 4 and cUUdren in Jcindergarten to grade - v 
'4 8 figures f ofc each school year. For this ex- ^ 
ample, suppose that we have six yean' data as 
giVeh >iri Figure 5-14. These data must be en- 



tered into the computer by DATA statements 
which have the Allowing fo?m: » > 

statement • • - > ' v 

number- DATA age 0, age 1, ; 'age 2, §ge 3, 

".'.-.] []' - v age 4 ' 

statement* s 

number + 1 DATA kind., gr ade 1, grade 2, 
grade 3, grade 4, grade 5, 
- grade 6 

statement . * 
number + 2 DATA grade 7, grade 8, grade 9, 
grade 10, grade 11, grade 12 



i. ■ ■ *t 



Now, you would just 



1U 



each score by 



its weight, take the sum of these , products and 



divide by four to obtain th 
average. You divide jay foul 
weights is. four (2 + 1 + 1 A 


e student's quarterly 
Isince the sum of the 

4). . . V . " 




■ Scorf 






Wiighttd Scon 


._ " 

Major test 

Quiz I 
Quiz 2 


90 
&5 
75 


X " Ji 
x i 

X 1 




- - 180 

85 . 

- 75 
340 


* 




ited average - 


340 

' K 


-85 

;f : — 



The weighted average givesi more emphasis "to 
some scores than to others., m the tease of the 
student above, his "good scbrd'on the maj&r test 
helped ^o cancel but the effect of his medicare* 
scores on the quizzes. With aU thr^e scores being 
of ecjual importance, his qukrarly?&verage would \ 
have, been : 



90 + 85 + 75 2*50 



83.3 



4*. 



In calculating a weighted average for percent 
changes,] ENROLL has a set of standard weights 
which give more emphasis to trends in enroij- 
fnent porn recent years than trmdsf^m eartU&s* 
yeara^ figure 5-13 gives l enSgment figures A 
for grades 1 and J2 for the ye^S 1972-73 to 
1976-771 Four percent changes have been calcu- 
lated, and ENROLL uses them Ito project the 
"enrollment in grade 2 /for i§77==t8. Examine the 
data and follow the calculations to see how this 
. is done. The weights 1, 3, SSdW used in Fig- 
ure 5-13 are the standard-heights of the pro- 
gram "arid will be used automatiqally in making 
.projections unless you specify otherwise. 1 ' * 1 ' *■ 

Using ENROLL r.i -\[ &"V : 
Now let's work through an example to see how 
ENROLL worksX v • - 

= The first 'information the program needs is at 
least five years' (and "at most 20 years') popula- 
tion and enrollment figures for children of ages. 



'The information included in the three DATA 
statements above correspond to one column 
(qne school year) of the table.in Figureu5-13. In 
the firsts the date for one school for ages 0 to 4 
are entered ;^^he next, for kindergarten to 
jjrade 6; fuid*^|pBtti. ; • ' : 

Because of the Way ENROLL is organized 
internally, DATA statement numbers must 
begin at 6000 and be numbered consecutively. 
This means you* first DATA statement for each 
school year wffl be divfflteie .by3. , 

Thus, otir first set of DATA statements for 
.the school year 1971-72 should look like this: 



6000 
6001 

6002- 



686,725,771,7X4,816 
DATA 819,595>650,604,698,6tf7, 

'"'};').} 576 ^ 
DATA 555,569,589,602,540,470 



All of the appropriate DATA statements gener- 
ated from. Figure 5- f 3 age .already entered in 
ENROLL. 'Whenever yoi^pish to Use ENROLL 
with your own data, you will need to prepare 
it in this format arid enter? it af^ropriately ipfiv^, 
thfe program at the point the progrsp* instructs 
you to do so. We demonstrate 
For the present, we will not need to prepare the 
complete set of data from our sample shown in 
Figure 5-14, because the data have already been 
correctly organized and entered in ENROLL for 
use in sample runs. . . . r :. : ■ , \ ' 

;At this point, then, we ^ re^y to n^^- 
ROLL. We begin, as with the other programs, 
by typing GET-ENROLL and ftfien by typing 
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IZzlX 73-74 ,< 74*75 71-76 V 76-77 : 77-78 



Grade i 
Gride 2 



.... 59 ^-/,/^;< Jo , S7 ^^f^"4^. . 



* weighted average 
of .chan get 



Standard" 
Weights 



-Weighted Percent 
Change 

-.0118.' 

-.0860 : ; .. 

: ~^0159 . 



Years 

72- 73 to 73-74 

73- 74 to!74-75 

74- 75 to 75-76 
7(5-76 to 76-77 



Weighted average 
percent change 
for projection's V 



Projected enrol l rqinp . 
foe grade 2 1h 1977-38* 



x 

■x 

X 

x.- 



Percent Change . 
-i:i8X or -.0118 
-4 30X or - 0430 
-0.53* lor -T0053 
-7^5(5X or -.0756 



-.4161 
1+2+3+4 

-.4161 

~rnr : 

-.04161 
-4.16X 



Students -In, grade 1 
In 1976-77 

564 + (~;0&$* 564) 

564 + (-2^$ip 

§40 32 ^ 

540 students 



1 



-.416.1',.;. 




■/■: 



' Pro j ec teeV change 
1n enrollment 



Flp^re5-13. : _. . ^ 

Calculations for Percen t Changes in Enrollment 



* p 




71-72 


72-73 


73-74 


74-75 


75-76 


76-77 




Age 0 


686 


649 


608 


586 


562 . 


566 




Sis:-* 1 :::. 


725 


. 688 


658 K 


641 




r ' 621 




Age 2 


J7X 


^ 751 


708 


683 


658 


\ 638 


t , ., 


Age 3 


774 


750 . 


736 . 


695 


702. 


682 




Age 4 


816 


795 . 


73? 


731 


.704 


:■>. 6W • 




, Kind, 


. 819 


. 7 68 


.763 


MA 


i 719 ! 


J699 ; 




' GR'I 


595 : 


605 


572 




W 564 


544 




GR 2 


650 




579 


569 


550 


530 




GR 3 V 


604 


t> ' 6 06 


|71 ; * 


590 


552 . 


532' 




GR 4 


598 


f 589 


615 . 


574 


585 


565 




GR 5 


. 607 


-585 


584 


609 


578 


.558 




GR 6 '.. . 


576 


590 


582 


,595 


592 


572 ■ 


\ . 


„ , GR 7. 


555 


582 


618 


607 


" 603 ■' 


f 587 




. GR 8 


569 


550 . 


576 v 


597 


613 


577 




GR 9 


589 


602 


588 


.642 


647 


627 




GR 10 


602 


585 


632 


688 


647 


627 




GR 11 


fto 


611 


: 571 


599 


590. 


570 ' 




GR 12 


: 470 


519 


581 


554 


583 * 


563 


* Figure 5-14. * ' 




Sample Population and Enrollment Data for ENROLL. 



9 M*ke »ur» 

computer; 



will respond with \ la.. 
In Uie samples below, user 
underlined (although they will 

use the correct command for your 



pot appear that way when you ar? actually 
running the program). . A ... ■ 

The first question: ; ; ; *■ • 

CD YOU WISH TO ENTER YOUR OVV EttlWLLWFfT DATA ^ . 
OR USE THE DATA.* FROM THE EXAMPLE? -. t i 
INTER Ottt DATA>>6# USE EXAMPLE DATA •* I ' 

•ti . : ' ' .; ■: '.: ' 



C ft : 
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Assuming for the mome nt fe at we jvish to use 
ENROLL with the dat^from figure 5-14, the 
corewt response! Jfi as shown. g 

ENROLL then asks: . : • 



wish to use other weights. For now* let us as- 
sume that we Want the standard weights, as ' 
described on pages 145-146. The computer's 
question and our response, therefore, would 



HAVE YOU EN TIRED OTHER DATA SINCE YOU CALLED THIS PROGRAM? 
YES -W MO •«# IF IN DOUBT # ANSWER YES 

?• - * " • • • _, . 

f ,t- • . v \ r . 

In bur present example, the answer is "2." Here 
- is a sample of the entire conversation thus far: 

OET-EHROtt . 

run 

■ wroll 

DO YOU VI SH TO ENTER YOUR OVf ENROLLMENT DATA ... • 
OR USE THE OAT A fj»N THE EXAHPtET^ -■<.:■ 
INTER OWN DATA -0# USE EXAMPLE DATA -I 

?I • - ■—. -. .. * . 

rfAVE YOU INTER ED OTHER DATA SINCE YOU CALLED THIS PROGRAM? 
YES m\s NO- *&» - IF IN DOUBT* ANSWER YES 

?8 *. . . " ■ 



T Now, ENROLL will print but the 

FIRST' '-YEAR' OF , DATA (E.G./ t| . T$ M-**?,' ; WpI IWJ 1 

T&fejr^^se Should be typed ixi nght after the 
question mark. In our example," the first year is 
1971-72, so the correct response is 1971, - as 
shown below: ■ ' - j 

FIRST YEAR &F DATA < E.G.* IF 1965-66* TYPE I965> ? 1971 

Notice that you enter only t^he first year of 
the school year. The Computer will expect this 
1 response to Swiy: questions frtjbut identifying 
school' years. The program will thejj ask the last 
I ~ y ear bf data arid, in bur example, the answer is 
1976* since our last year is 1976-77: 



looK like triejfQilowingL 



LAST YEAR OF DATA * ? 'I976 

The nact i^date you mustgwe is the first year for 
which you wish erarbltoent projections to be 
calculated. As we noted before, the first year 
ior projections Sust b<e based, on five years' 
datd. In our example, this could be either 1976 
or 1977, since we entered data -for 1971 through 
1976 (six years' data). Assuming We chose 
1976, pur computer interaction on this questibn 
looks like this: : . >V ' 



FIRST YEAR FOR PROJECTIONS 



7 197* 



The computer will next ask you if you wish 
standard weights used wheri%e average percent 
change is calculate*} for each grade, or if you 



if you Wish to use standard weights c l# 8* 3*4> to . • 

CALCULATE AVERAGE PERCENT CHANGE* TYPE 1 ' " 
TO ENTtR OTHER WEIGHTS* TYPE ft 

?rf _ ■ •,>:■ • ' * . 

UJTEfl FOUR -WEIGHTS* SEPARATED BY COMMAS* EARLIEST YEARS I 
,71«8#0»0 r •■ 



We will give an example later of a situation 
where you would hot use standard weights. 

Finally, the computer will list three different 
opticas for reports it can make, and an option 
for ending the run at this point; it will then ask 
which option the user wishes. Assuming we first 
want the Enrollment Projections Report, we 
would type in "1." 

REPORT TO BE PRINTED . i 

ENROLLMENT PROJECT IONS- 1 
CO MP AR I SON r 2 - , 

YEAR TO YEAR X CHANGE- 3 # 
- END-4 

■ >i •■ ' ' . * - ; - ':. 



Figure 5-15 is the entire computer run as it 
would appear on ^. teletypewriter paper, 
through the .point whefe you choose the ; report 
to be printed. Figure 5-16, the Enrollment Pro- 
tjectiohs report, is printed directly after you type 
1- in -response to the report option. Because of 
the size of the Enrollment Projections Report, it 
is printed in two parts, one below the iq>thej^pn 
{be' teletypewriter. We have put the two parts 
side By side on page 149 so that the report is 
easier tg read. yPY ' • _•_ . * 

the ErFoilmerrt Profa 
what fef omation^is ^ven in the_ Enrollment 
Projections Report inj Figure 5-16. 'Hie left: 
hand portion, entitled PAST CENSUS .AND 
ENROLLMENT DATA, repeats the date thkgt ' 
was usecjt as i ngut : jto the simulation. In this 
cdse, data are Jjfltt^ the' school 
to 1975-76^ ^^■|nd pbrtibh, FUTURE EN- 
ROLLMENT rawECTlONS, jives the enroll; 
ment pri^cR^^ i97$# 
77 to 1980-81 (r&$m %kt ybii specified 1976 
as the first year for projections). Noetic? that no? 
projections, are made for census data, (ages 0 to 
4). Thus in the column entitled M "l 976 t&l9?I 9 " 
jlie simulation predicts that there ot^^ ; 
kindergarten students in 1976-77, f 554 firsts 
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GIT- ENROLL 

RUN.. 
DfROLL 



DO TOU BISH? Ta_mTJW tOUa_Qtfl ^WROtUMEMT DATA 
QR USE 



INTER OWN AATA.-O* U5I EXAMPLE DATA ml 

?4- / 

tffiVE YOU fe*TEREDO*HEH DATA SINCE YOU I 
YES *I* NO »«8# IP IN DOUBT* ANSWER YES 

i± A 

FIRST YEAR OF DATA (E*0*# 
LAST YEAR OF DATA ? 1975 
FIRST YEAR FOR PROJECTIONS 



ID THIS PROGRAM? 
IF! 965^ 66#* TYPE 1 965 > „ ij^tl - 



7 1976 



IF YOU VI SH TO USE STANDARD. WEIGHTS •<l#fl#3*4) TO 
CALCULATE AVERAGE PERCENT CHANGE* TYPE 1 
TO ENTER OTHER* WEIGHTS* TYPE 2 ; 

REPORT TO BE PRINTED 

ENROLLMENT PROJECTIONS-! 
COMPARISON- 8 
YEAR TO, YEAR % CHANGE- 3. 
END- 4 



Figure 5-15. 

Input and Responses for ENROLLS. 



PAST CENSUS AND ENROLLMENT DATA 



AGE OR 
GRADE 



* 1971 

* TO 

* 1978 



1978 
1973 



1973 

TO 
1974 



1974 

;TO 
1975 



1975 
1976 



AGE 0 
AGE I 
AGE 8 
AG E 3 
AGE A 

0 -14. 
KIND 
6R 1 
GR 8 
GR 3 

1 - 3 
GR A 
GR 5 
OR 6 
4 - 6 
K t 6 
GR X 
GR 9 
GR_1? 



n ' 



« 686 

• 785 

* 771 
4 * 774 

ai6 t 

♦3778 
»,* 819 

• ^595 
i 650' 

• 604 

♦ 1B49 

♦ 598 

* 607 

* I7«I 

>£,4449_ 

* 569 .1 
■ J, « 

« 58? 



649 
688 
751 
750 

•,/ 795. .. 
3633 
768 
605 

^ 588 
' 606 "> 

__ _1 1799 
589 
585 

____§?0_; 
1764 
4331 
588 

J. 

550 ~ 
608 



608 
658 
708^ 
736 
739 
344? 
763 *. 
578* 
. 579 
571 
1788 
615 
584 ' 
588 
I78T 
4866 
618 
576 
588 




607 
597 
648 



4l40v ■'.•?*»,- _ s 

603 \ < " y^i-. 



6f3 
647 



Figure 5-1 6-J _ 1 _. _ _ 

Enrollmen t Projections Report from ENROLL. 
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7 

OR 

OR II 0 MO 

j« -4*— '-Jt-Ma 



611 



571 



599 

^584^ 



59 0 ; 



- * • 



io « i a_ 
t - is* 

k - ir : 



* 161R 

* 3395 

* 7776 



J7I5 
3449 
7780 



J784 * 

;^566 j_ 
7838 



1741 
3387 
-7636 ^" 



1880 



■, 3683 . • 
7883 ; ♦ 



FUTURE ENROLLMENT PROJECTIONS 



1977 1978 

• to TO 

1978 1979 



1979 ; 1980 . * 
TO TO * 

1980 * 98, ^ b * 




Figure 5-16 Continued 



graders, 540 second graders, 539 third graders, 
and so on. Similar pre&ctions arfe given for the 
school years thtoug^ l98P-.81. Also included at 
several points are mimmaries of different grades 
and age levels:' ages zero to ^our are summarized 
by the fee labeled 



10-12, 7-12, and kinder- 
girt^ V ! - 0: 
: This, then, is tfie' Enrollment Pnqections^lt^- , 
port, vlt giv^ in futtfre 
yetoj based upop paH txfends. ; y : 'rU%'>z. 
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REVIEW r 



U For practice in reading the Enrollment Pmj^ anSw^r: toe^^^.^;,;'^ 

f oUow tag questions, referring to Figure 5rl6. ^ Ll: • ;ii; ^;>: ; '^v. V^; ; ';;^ 

^g) What is. the p ^ ect efl ^w^ , o 

(b) What is the fetal proj&^ 

for 1979-80? _ . -j^V ____ • 

(cj Whitt is tiie 

the next five years? : " > ; . - < _^ 

(d)k How does the enrollment in kindergarten iiili?71--72 compare to >;.; | ^ 
the projected erabllment in kinderg^ 1980-81? * * : -\£' : v'A 



The Comparison Report * 

immediately aft^r the Eiufcflment Projections 
Report has been printed, the computer will ask 

REPORT TO BS PRINTED 

ENROLLMENT PROJECTIONS^ 1 
. COMPARISON -8 

YEAR TO YEAR % CHANGE- 3 
IWDtA, 



you to choose another reports Let's how select . 
number 2, the Comparison Report, ^is tin be 



t« 

YEAR TO COMPARE PROJECTIONS VI W ENROLLMENT 11*16 

ACTUAL VS PROJECTED ENROLLMENTS FOR 1976 
BASED ON DATA PROM 1971 THROUGH 1975 





ACTUAL 


■'■ PROJECTED 


ACTUAL * 


X ERROR 






ENROLL 


v ENROLL 


PROJECTED 


CA-P3/A 
















'kind ~ r 


4.6«V 


683, 


16 


8* 89 


• >'•• 












a 


OR 1 


• 544 


554 


' -10 


•I #84 * 




6R «• 


4 530 • 


540 


-10 


-1.89 i. 




• 8R_ 3 


538 


539 


-7 


-1.38 


.? 














1 - 3 


4" 1606 


x 1633 


-87 






OR 4 


4.565 


551 


14 * 


8.48 




OR 5 


4 558 


.588 


-84 


-4.3 




OR* 6 


4 578L 




0 


b 
















. ; 4 - a 


4 1695; 


■ 1705 


-10 


-,59 
















K— 6 


• 4000 


408i_ 


_ -81 


















OR 7 


* 5*7 


609 


-aa 


-Si 75 




OR 8 


* 577 


597 


-80 


-3.47 




OR 9_ 


4 687; 


666, 


-3f_ 


-6»aa 
















7-9 


4 1791 


1878 


-81 ■ 


-4*58 _;: 
















10 


* 687 


• -655-v;. 


rr"--a^^"""" 


-4.47 




OR 11 


* 570 


635 


-6.5 ■ 


-TT.4 




OR IB 


•4:'563. .. ;. 


V 570 . 


-7 _'_ t 1 


















IQ_ -_!§_. 


*_|T60__ 


I .VJ I860 


-100 


-5«;68 > 
















* 7 - »i 


* 3551 


.3738 


- -181 \ . i( 


v -5. ! • 
















/ r .K -\t8.,' 




* } 7753 


-aoa 


"-ilia*" ■ . 
















Figures- 
Compart 


sor^Repoi 
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.. of enrollment data, as in our example; if you Save 
.more than five, the years after the first five can 
be overlapped with projected enrollment years, 
and the actual and projected enrollments can be 
compared. The purpqse of this comparison is to 
determine the accuracy of ' our prediction?,/ 
Figure 5-17^ f cir diir 
data, for p>76. Notice that you must tell the 
computer tor which year you wish to compart 
actual wit 1 predicted figures. In bur example, 
if J* ^ IP^y year for which we have actual 
and projected data. , - ■ < ^ ; ? ; 

The Comparison Report is made up of five 
columns: the row labels, the actual enrollment, 
the projected enrollment, tbe actual minus the' 
projected enrollment,: andL the percent irror in 
the ^prediction. The ACTUAL ENROLLment 
column, which shows the observed enrollment 
for each grade in the cQmparison t year, contains 
the same data entered, in DATA statements for 
1976 at the beginning of the simulation. Th§ - 
PROJECTED ENROLLment column contains 



the simulation's estimates of the enrollment of 
each grade level in the comparison year; notice 
that it is the same as the column fbr^Tj^^^i )■, 
the Enrollment Projections Report (Figure SrlB ^ 
f^e^oluij&i^ 
contains the difference between the actual en- 
rollment and the projected enrollment for each 
grade. Finally, the column headed "% ERRORS 
contains the percentage of error in the projec- 
tion for each grade and indicates the accuracy of . 
the simulation's projections; From the lost col- 
umn in Figure 5-17 it is evident, that most of : 
tire projections- jgejjff Jby not more than 5 per- 
cent, which is quite good for prediction pur- 
poses. The proj^tioii; f^ 
off by more tiian 16 percent; this sizable margin 
suggests that some important external factor 
has .interrupted the normal pattern of /enroll- 
ment change. Thus, the Comparison Report 
can be used to investigate and evaluate the 
accuracy of the simulation's predictions. 



Exercise 



review ' ■ ' .• ■ .. \ '■':0:Q:., : ,\ . ^m^:'' 

1. For practice in reading the Comparison Report^ answer the following 
- questu^^ 

(a) Which projection for 1976 was exactly right? (0% ^ror) •• : 

(b) How does the projection for total district enrollment K-12) com- 
pare to the actual enrollment? '-Vj^. > ■. 

(c) For grade' 7, how far off; was the projection from the actual en- 
rollment? - . '•' : '''■?;: i'.v? ■■■ .. v.' .' ■. ' ,-.v ..' 



The Year-to-Year Percent Change Report 

The third report which can be requested is the 
Y^-to-Yea^Percent Change Reports This is 



obtained 



g "3" after the REPORT TO 



BE PRINTED computer inquiry. Shown in its 



entirety in Figure 5-18, it is a detailed picture 
of the enrollment and population changes that 
have taken place over the five yean of input 
data plus one . projected year. Let's look at the 
portion for grades 1 and 2: 



PAST CENSUS AND ENROLLMENT DATA PLUS YR TO YR t CHANGES 
CALL DECIMAL FIGURES ARfiLpERCEMTS > 



* ■ 

* 1971 

* TO 

* 1978 



1972 

TO 
1973 



1973^ 

TC) 
1974 



1974 
TO 
1975 



* PROJECTIONS 

1975 * 1976 
TO > TO 

1976 ♦ 1977 



S72 




S79 



595 



564 



4V02" 
-.53 



-5*24 
-7. 56 



569 



550 



157 



S54 



* 

* vl. 77 , 

* -4. 16 
* 

* 540 
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■ ••• \ . . .." \' I * 

REPORT lif BB PRINTED 

ENROLLMENT? PROJECTIONS-l 
CQMPARISON-8 • 
YEAH TO YEAR X CHANOJt-3 
END'4 ■ .■ ■• . : . ■■ 



153 



PAST CENSUS AND ENROLLMENT DATA PLUS YR TO YR < CHANGES 
CALL DECIMAL FIGURES ARE PERCENT'S) • *\ 



* 197! 

* tQ 

* 1978 



AO*. 686 



1978 
1973 
. 649 



1973 
TO 
1974 

608 



1974 1975 

TO 4 TO - 

1975 • . 1976 



586 



568 



-5«39 
.89 



-6. 38 
1.39 



-3.68 
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t The first line for gfaide 1, showing numbers of 
students, ifives ttjie iehroUment for each- of the 
years of input data 'plus the projected enroll- 
ment for i97B^77.«.TTOe^n«t two lines are per- 
centage indices of change from year to year and 
grade to grade. The top number in the second 
line is the percent change in enrollment from 
ye&r to year. For example, the figurir?i68 means 
that from school year 1971-72 to 1972-73 the 
♦first-grade enrollment increased by 1.68%, from 
595 students to 605, while between 1972-73 
and 1973-74 it decreased S.^^ (-5.46), from 
605' to 572. The second line of percentages 
describes the change from year to yejar of a 
single group of students. For example, there 
were 595 students in first grade in 1971-72 (line 
no. 1 ); the following year, 1972-73, the*^were 
588 students enrolled in second grade (Hate no. 
2). Jrepresents 'a JdecreaBe in ^ one class of 
1.18% (second line of percentages), or -1.18, 
between grade^l and 2. 

The YeSf -to-Year Percent Change Report, 
then, allows us to follow both: the changes in 
enrollment in a given grade from year to year 
and the changes in a given classiSf students as 

ie. y . 



to grade 2 is| the weighted average percent 
change, as discussed on pages 145-146. The fig- . 
ure -4.16% is the weighted average of the num- 
bers -1.18% -4.3%, — ;53% and -7.56%. The 
projected percent change within grade 1, ^1177%, 
is riot a weighted average— that is* in the table 
oil page 00, -1.77^is:nptjhe weighted average 
of the figures 1.68%, -5.46%,' 4.02% and -5.21%. 
The projected percent change within grade 1 was 
calculated after the enrollment pro^tion for . 
grade 1 was made^Tfte figure -1^77% is simply 
the percent chang^pom 564 students in grade 1 
in 1975-76 to 554fprojected students in grade 1 ' 
in 1976-77. > J : " y . : _ v'-o: . : 

When you'decide to end th^toiriation^ypu 
stop ENROLL simply by entering "4£Vas the" 
choice of report to be printed. The program will 
then end, and DONE (or some equivalent word) 
will be typed but: .'. 

REPORT TO BE PRINTED 

SWWtLHENT PROJECTIONS- 1 
COMPARISON -8 V 
YEAR TO YEAR X CHANGE- 3 . 
.. . END*4 • 

i-vfr ' ' • • ' ' 

• •-'••••;'hD0NB/.->-..-: 



The projected percent change from grade 1 



REVIEW: 



Exercise 



1. For practice iii redding the :Y,ear-to-Year Percent Change' Report, use the •: : 
report showii in Figure 5--18 and answer the following questions: ^ 
(a) By what percentage did enrollment in kindergarten ■ decrease from v 
1971-72 to 1972-73? :? :.':. v,\:'vv. 
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(b) What^s the projected* p^cent change in kindergarteii enrollment 
* : froiri 1975-76 to 1976-77? : : ; ^ . ; : _ /_l J _ j 

(c) How does enrollment in gm^ 8 in 1973-74 compare enrollment 
in grade 9 the following year? What percent change was there? 

iple above, except re 



~2r _ Run~ 



guest 1977 as, the first year for projections. Produce the Enrollment* 
Projections Report and the Year-tq-Year Percent (%anges ; Report (you 
will not be able to produce the Comparison Report, since you will have 
no comparison year). * V 



p[iit*t\t\V Your Own Data ^. *'V 
If you wish to enter your own data rather than 
using that in Figure 5 r 14V you respond "0" 
when the computer A^J^fe' which type of data 
should be used; The c^ptiter will theh ask if 
the data are already entered^lf they are, respond 
ki i" (yes)v and the program will progress by 
■ asking fbr the first year of data just as it did 
* when data from the example were used. If not, 
respond "SV (no), and the computer will give in- 
^mictions for entering data. A sample follows: 



GET -ENROLL. 
RUN 

ENROLL v 



■"tit 



j jftVyg u WISH tO ENTER YlUR OWN EM&LLMEMT DATA : ' > 
L^plTIJSfE THC A ;bATA >FROM THE*. EXAMR-EtV . ' ; ' 



DATA 




USE EXAMPLE : DATA * I 



ALREADY ENTERED? 



BETWEEN 5 AND 80 YEARS .OF DATAi ...... 

tJI RES 3 DATA< STATEMENTS '"."fo " ; - ':• 

iNfl format i \ '- m , i ■;; J.- '. 

TA AGE' Qp AGE U AGE fi* AGE 3* AGE 4 
TA ■ KIND# . GR I# GR 2# GR 3# OR 4, CR 5# QR 6 
AGR 7# GR 8# GR 9» GR 10» GR 1I*GR 12 

ARE ^UMBERED OONSECOtf VELY# STARTING AT 6DDD 

EXAMPLE -OT THE FIRST YEAR'S DATA STATEMENTS* :* 

709^65 1# 749 » A83 ; ; s - 

585*644 ■■' - "\- "■; 

STAT EM EN T S AN D RXN THE PRO GRAM AGA IN 



\ Varying thcWeights% ; 

^ENROLL offers thfc t}apr the chbice of usiri^he 
" standard .weights ^1,2,3,4) or Mentoring .other 
weights of his^own choosing: If you type ins"^ ; 
instead of "1" in answer to the computer's 
^question, we will be asked to enter f our num- 
s, as indicated: * . 



IF YOU VI SH TO USE STANDARD WEIGHTS <,**S* ! 3»-4> TO . ' 
CALCULATE i AVERAGE- PERCENT CHANGE* TYPE l; 
TO ENTER OTHER WEIGHTS* TYPE 2 ; ' 
' 72 , *' 
ENTER FOUR WEIGHTS* SEPARATED. BY COMMAS* EARLIEST YEARS 




Recall tfcat the^ta^a^ give 1 

more emphasis: to recent than \o easier enroU- , ^ 
ment data. Suppose we warit^to consider all 
years of data equally important in our pjrojec- ./.-^ :'. 
jectioris: We Would then use the wei^lits l,ljl,l * 
and would enter them as shown t .-' 

IF YOU WISH TO ^ElSf ANDARD WEIGHTS CI* 2. 3#4> TO . •' 

CALCULATE^ AVERAGE PERCENT, CHANGE* TYPE 1 ' 

TO ENTER^THER$pEIGHTS* TYPE U * . , . 

ENTER fOURSNUG^S* SEPARATEDVBY COMMAS* EARLIEST YEARS flBST; 

t i* 1*1*1 , : , .--v '.' 



Suppose we wished/ to igno>re some of our 
data. Specifically, surp^pse that the most recent 
school year showed atypical trends that we' wish 
to leave out of cohsider^piS^m^^ projec- 
tions. H all other years are equally ^impoii»ht, 
we would enter i,i;i,0: i / 



IF YOU WISH TO OSE 
CALCULATE AVERAGE 
TO ENTER. OTHER WEIGHTS 

Tfi^ . 

ENTER FOUR WEIGHTS* 
?! * I * 1*D 



TANDARD WEI GHTS tl, 2* 3* 4 > TO 
PERCENT CHANGE* k TYPE 1 
- = ^-* TYPE 2 . 



SEPARATED BY COMMAS* EARLIEST .YEARS 



Figure 5-19j shows how ^ dtfferetft wei^itis 
affect the calculation of percent: changes. \Th 
data used is foe stale data for Grades.,!. and 2 
in th 4 e Ye^-to'Y^ PljP^nt Change Report 
(Figure 5-18) on pagl^s 159-154. Notice th|p Vi 
ation in proje<Jtions ; rar Grade 2 for 1977-78 
using the different weightin^systems. ; ^ a 

Using the fNROtLi6|friu(ation 
as a Problem Solving Tool 

You now know how the ENROLL enrolled 
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Or#ee 1 



i.EWlOLtH£in'' , »TA 



— ;: rfi^i; i: i: -^-""- v ~ Projection! 

71-72 '»* 7?- 73 - 73^74 74^75 r» 75.75 75-77 



i 



Nt«n1ng of -. 



' Xilctflitlofl of Avenge Percent 
"Ctwnot froa Credo I to 6r«dt 2 



Projected *r*tfe^.: 
^nroU— nt for 75*77 > 



■9' 



1.2,3,4 <staiKUrd) Pitt f ro»' recenijreir* art ; U«,0llfl) ♦ Zt-_.0430r* 3(?.Q053) ♦ 4 (-.0755) '■ -4. 161 \ v 540 .!■ 
iMportonj; th*n earlier years . ~ ■ ■ . i ♦ ■i 4 j ♦ 4 . . - . - " . '-.■yjj'-s ' 



1.1.1.1 
1.1.1.0 

0.0.0,1 
1.1.2,2 



■ QUO) 



♦043 0 1 +^(-. 0 053) ♦ 0(-. 0756* ■ -2* 



D«ta fro* lit ytirs equally*' H-.0118) ♦ iU.Q430XVi(-.'M53) ♦ i(-.b756) ~ -3.39* 
Important . . • : • M, Ut V* \ 

NojtMt cent yet r Ignored;. - 
rt«a In tng year* of tquil 
Importance 

AM ytin txctpt the roit 

»*?« n t_isnpred_' . 

OitMjrom the two «oit 
k recent ■ ye«r* twice « 
> Jfcpcfctint as the two 
■Hfirlleit year* . 



df>.diUyVbt>.Q43oj |Vot-.oM3) > H-,0755) • -7.56k 

K-.Olie) ♦ 1(«,0430| ♦ |(^.0053^/* ir <tf-.0756) v-3. 61V" - \ 



545 

553 ..• 



Figure 5-19. _ 

jE/Tecte of C/sm* DifferenW&ights in ENROLL. 



projections siixndation op^tea^In this section, 
you will learn about some of the problems this 
simulation can help you solve. \ 

Prediction simulation is particularly useful 
in determining the future ne^dS of school dis- 
tricts. It can help you predict 4 the future, heeds 
for ^achere^ cjassrooms , supplies , taxes, and the 
distric^^udget^lfeet us L c onsif4er;tiie probhftn bf 
detetfi^J^ 

: We n^ed tp know Sow many teachers Svfll be 
required' each year for the nex|tfive years; To 
begirt with, we can consult „ the Enrollmeht 
projections Report (Figure t>-16, pages i49 T i50), 
shq^Ttog, the enrollment projections for the next 
five "year 8 * From thei^; it is possible to project 
staff requirements by dividiftg jthe protected en- 
rollment for each grade by the average clais size. 
, i ..The table below illustrates . the calculations 
involved, assuming an average kindergarten.class 
2e»of 25 students, dividing each , year's pro- 
ted emollment by this figure, and rounding'to 
next highest number. (The projected enroll- 
gurei below are taken from the-vEnroll-* 
t iProjeAlon Report;) If* 6ur predi^tipjis -'/ 
courate, there will be a slow decline in > 




the number qf kindergarten teacher^ needed 
oyer the next five" yeara. We should '^member, 
however* that- these figiifes ojiy^ approactv 
mate;- they are estimates /rafiefj; «pci*wte 
counts. We ejtti Jet some idea of how^ : 
may be in ewor. by .consulting tt^ 
Report (Figure 5-17, page 151), The actual 
kindergarten enrollment for 1976-77 T was 699 
(and the projected enrollment was 683, sb that 
the projection was in error by 2,29 percent, or 
16 students. An error of this size would »maka 
the error in the t^her estimate off by at most* 
one teacheiHprobably am acceptable margin ^ 
<;OTbr for such p^^ictions. ^ • _'<-\"'^\_. : :-j/--> : -Y 
Here is an^th'et example of the value of BN- v 
ROLL as alproblem-isplving; sim^dtioh . Suppose 



for the last five years (1972-73 to 1976-77) 
shown in Figure 5-20. Suppose that (during the 
last two years a la^e Ford plant in ypUr district 
jWas phased -Put and most of the, workers* fami- 
lies were relocated ih another state, 
matic decreases in enrf Ument" shown in ri| 
5-20 for tiie last two years are therefore arti-; 
ficial in the sfinse • of being rnfliiencedt. largely ; 









Kindergarten 

. — ' ^_ — i» 








76*77 


77-78 


78-79 


79^80 


80-81 % . 


. *: ^ aroHrnent . ' 
;:; V V Needed^: 


B83 


* : 6iB3 \V 
28 


• ■% ■ • ■ • • 

638 

26 : 


618 
25 
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_ v _ ._ ijphnt closure pmbtem, 

frdm<|m ^ by 
the if^idard birth ^^i^sitory of ^he 
district, jgbw that the plant id dosed, assume 
you can expect enrollment changes to more or 
Iras resume in trie pattern established * before 
the plant dosed, i^e u?e J3NROLL to .make 
the^neWed jfr^^ coming years 

(be^nmg m 4^ the wejghts 

to allow- for- the abided influence of the plant 

IJsing^^ following 
D ATA j statements will be entered at the appro- 
priat^^aef'into ENROLL; < 



weights of 1,2,0,0; or we could count- the last 
two yean minimally and specify 4,3,2,1 or 
For this example, let's choose 1,2,0,0. 
■ We are how ready to ruiu ENROLL u&ing the s 
new data and weights. Figure 5-21 . shows the 
input, to' the program and Figure 5-22 shows the 



.6660 P*TA 6?1» 59a, 780,490* 551 f 

M>Q1 .DATA 5 8 8 * 6 1 5 * <S 79 » 58 0 > 64 3 > 58 3 # 7 0 5 v 

6002 DATA 675*633*648* 595* 63fi# 671 

6003 DATA 654*576*699*476.530 : ___ 
600$ DATA 565*6I0*66i* 569*679* 576*688 
'6605 DATA 661*620*633.582*620*666 

6006 DATA 639*561*685*451*515 

6007 DATA 544* 603* 651* 560* 670* 560* 668 



6009 DATS 551*507*625*^11*489 



6008 DATA: 645* 603* 628**70* 604* 64 9 

6009 DATA 551*50 7*625*^11*489 

6010 DATA 502*562*613*517*620*514*620 

60 1 1 DATA 600* 568* 58 1 * 53 1 * 566* 604 

6012 DATA 502*463* 580* 36 7*4 20 

6013 DATA 465*52^2*573*475*575*479*535 

6014 DATA 562* 521* 544*489* 520* 571 ■ 



• NoW it is necessary to decide what the new 
weights' will be; Clearly, the change in the la&t ; 
two yeajs should be weighted less heavily than 
the change in the first three. Several plausible 
alternatives are open to us. We could choose to 
ignore the last two years completely and specify 



These examples are only a few of the many 
possible Uses of the simulation ENROLL* : , 

To summarize, ENROLL is an enrollment 
projection, program which requires as input 
census, and enrollment data for at least five 
previous years. The output is enrollment projec- 
tions, based on percent changes between grades. 

The prediction method used in ENR<JLL 9 as- 
sUmes that past trends in enrollment in a district 
will continue r in iSie future. Changes can be made 
; in the" simulation to make this assumption less 
ngid-~for example, the weights can be varied to 
allow for unusual circiunstances. As the author 
pf the original Vereiqn cautions, ftbwever^ 
school districts experiencing marked changes in 
their* communities need to perform a much 
deeper analysis of enrollment trends. Areas with 
a 



of various types of duelling units, for example,* 
could utilize a dwelling-yield t3rpie of enroll- 
ment v projection 5 study; School districts with 
neighborhoods experiencing abrupt changes 
in social and/or economic characteristics should 
study changes in birth rates and family size. 
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□XT-ENROLL 

mm 

emboli. 



bo wuNiiiH to enter ^ wyR^iii^itturMWT tww: 

OR US E T Ht DATA FROM THK BflmH ' ■ ' .^ wr * * 



WTW PW DATA »0* USE EXAMPLE DATA ■! , . - 

TO. . : ;. .. • .' :' - " '• :: - .: . 'V 

IS YOUR DATA ALREADY XTWID? 

yes 'Ho ■_ _L • 

i5lj host wSS beseem i_Sp_So_Yili» or. wta* . 

EACH YEAR RE Out RES' 3^ DATA STATEMENTS 
kJ^i THE FOLLOWIMO FORMATt V * 

:. .. I.I. Ll_.._ — 1 __• -,I_ _ .L__._. * 

STATEMENT # DATA AGE "O* j.AGE I* AflE 8*_ AGE 3*_AG!T4_ 
STATEMENT t DATA KINO* OR 1* W ?• OR 3* *0R .4* ; GR 5* OR 6 
STATEMENT # DATA /OR 7* OR 8* > 08 |9* GR 10* OR IW OR 18 

DATA STATEMENTS ARE NUMBEREO OONSECUTiyEtYi : STARTINOl AT 6000 

HERE IS AN EXAMPLE OF THE FIRST YEAR'S OATA STATEMENTS* 

6000 OATA 667*384*591*600 ..'.•.« 

6001 OATA 599*484* 683* 705* 631* 749*683 

6008 DATA. 740*569* 608* 738*585* 644 : ' 



NOW ENTER 
DONE > 



* Sooo' 

6001 
6008 
6003 
6004 
6005 
6006 
600* 
6008. 
6009 
6010 
6011 
6018 
6013 
6014 



DATA 
OATA 
DATA 
DATA 
DATA 
DATA 
OATA 
OATA 
DATA 
DATA 
DATA 
OATA 
OATA 
OATA 
DATA 



VbfuS OiW DATA STATEMENTS AN 0 RUN THE" PROGRAM^ AGAIN ' 

6^r*S«B>Vr80^4>0*6Sl * •> 

S8«;6lSi679r)5i80i693#S83#706 I' • 
675*633* 646*59.5»6$8*671 ; ' 
634*576^699*476*530 

565*610*661*569*679*576*688 : . . . ■. 

66 1*680* 633* 588* 680*666. . 

639*561*685*451*515 

544* 603* 65 1*^60* 670* 560* 668 

645*603*688*570*604*649 . 

551*507*685*411*4109 ' • 

308* 568*61 3*51 7* 6*0* 314*6*0, 

600*568*581*531*566*664 * > 

508*4 63* 580* 367* 480 . ' ~ . 

46^58^73*475* 375*479**65 

368*581*544*489*580*571 - ^ 



RON. 
ENROLL 



DO YOU WISH TO ENTER YOUR 0 W ENROLLMENT* OATA 
OR USE THE OATA Frt3M THE EXAMPLE? ' • •' V, 

enter own oata «6* use example data vl_ 

to ■ " • ------ -■ " - — ' ■; ; ""■ , „ . ... : ■ ;. 

is your. data already entered? ;. 

YBS «.l* NO -8 , - V" '---•j&V .■ 

7i * • r-'. •■ . • . * ': •.•■■•« ■»/%.' 

FIRST yEAR dF OATA <E.G** IF 1965-66*. TYPE. I965> 7 1978: 

LAST YEAR OF DATA, 7 1976 " : ^ 

*IRST YEAR FOR PROJECTIONS 7 1§77 K '• . 

I F YOU WISH TO USE STANDARD WEIGHTS < 1*8* 3 #4) TO, 
CALCULATE AVERAGE PERCENT CHANGE* TYPE 1 
TO ENTER OTHER WE TGHTS* TYPE 8 

lltER* FOUR : WEIGHTS* ^EPAJRATijo BY COMMAS* EARL I EST YEARS" FIRST 
71*8*0*0 " *' •' . . 




REPORT TO BE PRINTED 

ENROLLMENT PROJECTIONS*! 

comparison-2 : _ 

YEARf TO YEAR X CHANGE- 3 
• • ' END* 4 ' ' ; ' » . 

. . -.■ ; 



JT'..V V -- 




i 
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V f PAST CJENSUS-ANP' LMEN DATA. r 



AGE QB * 1918 ; 1973 1974 

to:. \;.to;- ..- vV to - : 

• iBWE: .•■;/:*;. 1973. VV> £974 . • 1975. 

;^S^O^:y 67?^.- ; ' : ! - : '^5i ' 639 



'.TO . ..;: j :,:.'T0-^ '■: 
4976 1977 



SSI 



302 



~~«GE 1 . * 398 5— 
A6E\X : .;••' .> - 7^0 :-r 5 '; 
MX 3 • 490 



0- 4 *i^Q30 
KWt) . 1 ' * 588. 

. * 615"' 



OR 1 

' 68 g.;'- V 679 
OR'. .3 ^'•580 
I_--_3 *i 1874 _ 
OR ,» • 693, 

*G* 6., * 703 

,.. ,*>■■#.■'■■:*. : * i9Si 

•' . K^ri6:_.^'!i l *^4443f^'J- . 

' . OR ^7 L' * >75 . 

.... w .. ...^ ._ i4- i 



... GR 8 
. 7 - 9 



*633 
..* 64.i 



i. 



• 1956 ' 
GR 10 * 393 , 

GR 11 * 638 ~~ 
GR 12 • 674 

A0_r_l#^*_1898_ 
7 - 12 * 3854; 

K_ ^1* *1 ; ||?7_' " ._ 



V. 576. • 

; -*99 
- V 476 
■: 530 . 
. ; \. : 8935 :: : 
• 365 

661 
56? 
^ 18401 

: * 7 ! 
576 

1943 
4348 
661 

v 680 ; 

- \ • 

, 633 
1914 

* 588 . 

~~ .*> *" ■ 

^ 680 ; 

, ' 666 - 

* J '868 
•;. 3788 

^8130 ; 

future 



561 


507 


ft«S 


683 ..." . 


■ 45^1^ 


41 1 


515 


'"'V' '^99 / 


885J f , 


85$3;, 


• "•' 544. " 


. i, 50fe 


*" 603 


.568 


651 


. 613 


560 


517 



1814 

S60 
-668 



7T*=' r 880 
514 
680 



♦ to:-- 

• 1978 



AGE -OR 
GRADE • 
AG E 0 
AGE 1 

' age a . > : 

. \AGE 3 • 

^?^4_ *__ 

■ GR If'* * 491 



1978 
TO 
1979 



643 

603/ 
*28 
18761 

570 : 

• .1883 

3699 

~" 7?|§: 

ENROLLMENT 

1979 
TO ^ 
j 1980 



463 

380 -.- 

480 * 
8338^ 
^465'*; ,' 
588 A 

■573-'' 

475 % * 

^15?pJi T 

' 479 

^§85: j:-; 

• 1639 
..3674^' 

• 36i ,> 




•'; r 1749 v 
531 
566 

2 _!_" '^*604"_ __ 
-170^ . 
. _ 3450 
_____7398 
PROJECTIONS 

; r 1980 

• . ' TO _' '_: 
1981:^ 



. 580 ''■:*-.> 
57i' V :,V' : -; v if^h' 

i^8o ; 

3807 *, 
6881^ I* 



' to , jr 



,407^ 
454 
•585 



^fl7 
"430. 
. -485 



* 440 !• 
; V459 



.366^ __ T * 
:4i6 * 



70 
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GR 3 y 








AMI 




387 
















\ ' _ 




1538 


1 {450 


1 J9o 


Tina 


1273 


















358 


. 367 • 


*5* 


580 


48o: " 7 


GR 5/ 


• 




'' 461 

J.. ,-. - ; 


468 - 


457 - 


489 


GR jS . 






-554 


•537 


.545 


333 - -■ * 




















1 591 


1588 ; . 


. ilea 
* 53o _ 


^^522 


1MMO ' 
















K - 6 


. ♦ 


3553 


3439 


33313 


.-. 3284 ' 7U« 


3081 - 














--------- 


GR 7. 




548 :" 


523 


519 


503 

■;. . ' ■«-" ■', 


510 

: • ■ 


gr a 




513; 


. -' 501 
» 


478 r 


474 


459 ' 


GR 9 


♦ 


325 


,5 17 


505 : 


— . ^ 
488 \ 


;478j L_ 
















7_r. 9 








1502^ 


^1^59 


1447 
















GR 10 






472 


465 


454 


43? 


OR It 


* 


508 


508 


490 




47 1 


0R__12 i 


♦ 


545 


532 


532 * 


m 


-* 

S06 
















10 -18 


'V 


1548 


1518 


J407 


1451 - . 


14 10 














'/ 7'.*_12__ 




r 3i2*$ 




. 89 89 


^89^,0 


8857 
















k - is 


1 


Sis) 


6492 


6322- 




5938 

















. Figure 5-22 Continued 

Caution Is ' tiie * word when acceptiry* ehroll- 
i^nt^im^ti "godd" enrollnrat pro- 

jectMi depends bn the input data^id on 
whether the projection method truly fits a par- 



ticuiar school district. A method thafrseems Jto 
give good projections for a few years could be- 
come inappropriate as conditions in the district- 
change. 10 




REVIEW 

1. 



Rerun the plant closure problem (Produce an Enrollment Projection B^e- 
portf using weights of 4,3,2;i and 3,4,1,1. How do ^:r^l^;ciiffer 
from each other? \ Which db you thbk is the "best" set dfVei^ts? What , 
is the rationale for your: choice? (Note: It is not necessary tp^enter the 
new PA? A statements every time you want to rerun ENROLL with . 
different weights; After they have been entered once, just respond •'l*- 
(yes) when the program asks if the DATA statements are already enter^di; v 
Do notJfttype GET-ENROLL between runs or the Data Statements will 
belostj(F .-j \, :. V : y;j. 

Ghoose/^^combination *of weights that you feel is "^est'Vand rerun.the 
giant closure problem /Ar# your results as good jfi yqu expected them 



to be? 



PROBABILISTIC SIMULATION 



VThe c two jfreyibus examples pf computer sifiiu-: 
4a$5ns Resented o in this chapter were both 
v ^^pSS^cl > that is, the Input ||pmpleteiy 



/.determines, what the, output will be. For exam- 
pie, no matter how. many times BUSRTE is run 
usyig the samfe da^ exactly the same bus fbutes 

i 10 Rotfcrt S D, ;iieli6ri t "ENkPRO-A. Kindq^rtcrf- 
Grade 1 ^ TSitrftllment Projection Prop|ufl,V p>5. i \ v 
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. tfill be produced as output/ Wfieri constructing 
bus routes the model* tkkes* nothing into con- 
sideration other than the bus stop data, the loca- 
tion of the schopl^the average speed of the 
buses, the cost per^Hiile, anjkthe number and 
capacity of the buses (all of jroich are supplied 
by the user of the program arid^erve as input). 

A great many facets of the real world, how- 
ever, are not deterministic. Very seldom .can We 
state with complete certainty that input A will 
always guarantee output B. The number of days 
per year that it rains and the amount of time it 
takes to get from home to jterk ip thefcnorning 
are two examples of w situations that vary from 
year to year or from day to dsy A Normally, we 
cope with this kind of variance' by establishing 
average figures always of estimating certain be- 
haviors: meteorologists establish an average 
- yearly rainfall for a given geographical area; and 
each of us develops his or her own average esti- 
mate of how Icf^^Sakfes Jo get to work. For 
Iriany purpos6i,f toW averages and estimates are 
v sufficient. But ; W^Siotjld pot forget that these 
and many similar situations are basically stochas- 
tic or -probabilistic in nature, and that knowing . 
the average rainfall will not guarantee, for ex- 
ample, whether or not it will rain on a given dftyfe* 
Education^! administration has its share olr 
probabilistic; or stochastic, situations, including 
several we have ajr^ady discussed— queueing situ- 
; ations, enrollmehtf projections^ bus routing prob- 
lems. While deterministic models can often be 
used i ^ or ease of mbdel-cohstructioh and com- 
putation, when simulating these situations; 
* others will requir^mqdels if we are to have 
realistic anji practical ? results, yfet's lOjpfcat 
*n example of a probabilistic situation arid an 
accompanying computer simulation ba$ed$i>n a 
stochastic maclel. .. 

Suppose yoy are studying the availability^of 
substitute teacher? for a certain school. Ybu<* 
know that the school has 100 teachers and that .-. 
they are absent an average of 5 percent bf^he 
tirhft. »You also knoWJthat there a|e ib substi- 
tute^ pnd each is available to work an average of 
70 percent of the t^pe. The question you wish r 
^?;td ahswer is, how much of the time wiirfewer 
$\.h. substitutes be av^ ' 
.V- On first examination, it would seem that v 
•there will always be enough substitutes to coyer 
;/;'for the absent^ teachers. Since the teachers 4*6 
absent an average of 5 percent of the timg> we 
i i^paa figure that an average of 5 tfeacheS' (6 per* 



cent of 100) will be absent on tuiy one day; 
Since the sUjbstitutes are Available an average of 
70 percent of the time, you can figurfe that an 
average of 7 substitutes (70 percent of 10) will 
be available ori any- brie day/ Therefore, each 
day will have two more substitutes available 
than are ^ needed an^* so there will never be a 
problem of tb^ew substitutes. ' 

The fallacy hi this Conclusion is that "it as- 
sume% th^situation is (|eterministic. The avenge 
teachet absentee rate bejflg 5 percent does riot 
guarantee that five teachers or fewer will be 
absent every day. It 4s possible that 10 teachers 
will be -absent on one day. Similarly, the substi- 
tute availability rate of 70 percent does hot 
^guarantee that at least 7 substitutes" are available 
every day. The question remains: what are the 
; chance? of having a day with less than enough ; 
substitutes? / ^ :v 

..• „ •;••■>.*'■."■ ' i : \ 

The Computer Simulation SU6ST ' 
. SUBST is an exampte qfcy araputer simulation 
*of the stochastic situation pOTed above; 'It takes 
as input the number of teachers, the teacher/ 
absentee rate, the>number of .substitutes, iher" 
substitute .availability rate, ,and : the nuf^b^of 
days^ttfbe simulated. It then simulates^^ay by'* 
generating a iaiidbm nt^ber between 'QT and 99 
for each -'teacher arid^each substitute; ^Since in . " 
this example the teacher absence^ate is 5 per- 
cent, eadflt random teachfer nuniber under 5 
represents an absent tether, vllfh^ computer 
then counts how n^ny w6ql^rs are absent. 
Since in this ekamplef tK^ : pfistitute availability " 
rate. is 70 percent, eachtf^dom substitute num- 
ber under 70 represent^ substitute available to 
teach on the ^ 

then counts up the ivailabTle substitutes. And So 
: on: each day. is simulated in the Dame manner, 
and the program' keeps track of the outcome for 
each day and^sums itoip in the form of the table 
showftiri Figure 5-23. 

* The fi^ column lists the different values foi^ 
the di|fi»|ifee betwpen the number of substi- 
tutes needed *and the number available. If more 
fire available than are needed (in which case 
fttijffi is.no need to wony); the number in the * 
first" column is negative. If not enough are avail- 
able, this number is positiye. Consequently, the 
, rows with positive numbers* in the first column 
will be of particular interest tb r fhe administrator. 

The second cplumn lists how many days ' 
each situation* happens. For example* > in the 
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THE COMPUTER IN EDMCATlbNAL DECISION MAKING 



. 0 SUBSTS NEEDED 
LESS 

0 SUBSTS AVAILABLE . 



# DAYS ^ 



X DAYS; 




i 

• ; : ' • \? ••• • • 

-8 

-3 . - 

; I* 

■■is . Figure 5-2& tf 

Sample Output of SUBST. 



i 
i 
i 

i 

4 

n 

'4 ; 
5 

». • i 
I 



. . 3. 3 - 
3.3 * 
3i 3 jr. 
3.3 • ■• 
r 13.3' 

' 13.3 

, .. i^6* 

3.3 
3.3 



CUMULATIVE- 
; # f DAYS v 

~ 8 



88 
89 

30 



CUMULATIVE. 

f DAYS. * 



40 

■Sr- 63.? . • * 
. 96.6 J ^ 

•Js aoo i . 



^ , ^ ^dfjhere is one day.iiftthe 
Jeifefive mbr^ubstitutes are n6fded 
amiable; there are four days wherr*the 
available! ae^actly matches the .number 
and v there Ire five days when there are 
, ext^^ubstit^teB available. The third col-, 

^^umn ^Jt^s -wfefe f)(^^ril2Se "the secbnd-cbluknn 
, ^^rtiu»bj^re..are of the t^tal number of days sfaiu- 

The fatirth and "fifth ccrtu]t^ liiti 6jlipttulative 
totals in number of days ai&p^ente&es days 
respectively;^?he fourth $piuW In Figure 5-23 
shpws* (for the row Ji^ecT "4" that there is a 
^cumulative total of two days when there will be 
four or five tba few substitutes, and the fifth 
column shdws that this represents 6.6 perceht 
of the tiays simulated. The bottom entry in -the 
fourth . column wiU "always? be the number of 
day^.siniulated (30; in Figure 5-23), and the 
-bdtt^tff entry in the fifth column will always be 
100 percent. ' • __ 

Running SUBST! In order to use>SUPST, 
•you must issue the appropriate commands to 
/get access to and run the program. Once running* 
SUBST will request the several inputs .needed 
frdm you. The first two questions, anti the re- 
sponse appropriate for our ex^^e, are^ t ■ 

MAN* TEACHERS? <MUST BE LESS* THAN 500 > 

' fido * i > ■■ • 

■ 4 ' wWff *S THE TEACHER ABSENTEE RATE lf> ? 



how many suBStitirrES? . - icwusT Bt less than soo >>/ 

«HSt IS THE. AVAILABILITY RATE FOR SUBSTITUTES ? 

HffV* MANY DAYS ARE TO BE SIMULATED? twUST BE LESS THAW 190> 
1180 » 4 . -i •. ' 

Be sure your response to the fourth question. - 
(substitute availability rate) is also a percentage. ; 
At this point,, all the necessary information has . 
be^n supplied to ihe program. • . . '. 

If the iiumber of teachers and/or the num- ■ 
ber of days specified is very ; large, you will 
receive a message indicating that it may take 
•some time (over five minutes) to run the su?i^. . 
lation. 11 If you do not wtot to wait this long, 
you have the option of providing different input 
using a smaller rUfeaber of teachers or days, s^i 
that the simulation will proceed at a faster rate. 
There is an example of fee pver-five*ninute8 * 
message' wd the option of ^n^jpng different ^ 



WILL PROBABLY TAKE. MORE THAN 5, MlMUTES 

o Willing to wait. or vould you rather 

INPUT?' IWILLINO TO WAIT* U NEW INPUT* 2} 



THE RESULTS OF YOUR 1 
TO BE PR0CESSE6. AR 
USE SMALLER NUMBERS 

7 ± . - ^ 



Note thai the ^^fet^> ^^f^^ 11 ^ 1 qQ^tion ^ 
must be a percent^^f^e ^bSentee rate fn our 
Sample was 5 percent, so th^onrect resppnse 
is "5." THe program will continue with three 
more, questions:, , 



* SUBST will now proceed with the simi^lation, 
informing you of its progriws as it goes. The 
final output wp be a table similar to the one in 
FiguBe '5-23:' Figure 5^24 is ia sample of an 
entire run of SUBST. 

M Thjf -type of simulation require* a very large nurnbit 
of calculations-over 60,000 to simulate 100 teach! 
for one year. Even though computers are very fast, 
still takes some time to perform such large numbers of 
calculations. . » N 

• • ■•■ •■' • " 'ff 
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COMPUTER SIMULATION 



GET-jSUBST 

Rl>N ' 
SUBST 



L 



W V MANY TEACHERS? 




^vaiuabiuity of substitute teachers ■ ' \ 

cmust be Less than m>o> 



<*UST BF CESS 



? too 

what is the teacher ABSENTEH RATE <X> ? 

. f ■ < ■ ■ ' ■ -. 2 

HOW MANY SUBSTITUTES? CMUST BE LESS THAN 200k* 

• T.iO .-.._'„.._"__'. i : L ■ 

WHAT -IS TMF. AVAILABILITY RATE JR1R S'fBSTrti»tFS <* > 

T TO : _ '' _ 

NOW MANY . DAYS ARE TO BF SIMULATED? 

7 ISO • . ■; 

THEJ?ESDLT5 OF YOUR tMPUt WILL PROBABLY TAW MO R. 
TQ ^SJPB P CESS ED . AHE YOU WILLING TO WAIT OR WOlff 
WppLLSR NUMBERS FOft INPUT? .CWILLING TO WAIT' 

PLt^SE WAIT, SIMULATION I S ON THE 10TH DAY ' 
STILL CALCULATING* SIMULATION IS ON THE' fib.TH DAY " 
PLEASE BE PATIENT* SIMULATION— 15 NOW ON THE -!M)TH DAY 

SjfJ«-AJION_ FOR ALL PAYS COMPLETE, CALCULATION OF TABLE VALUES t IN DElt WAY- 
DONE WITH CALCULATING CUMULATIVE DAYS " ^uta.imu^jflx . 
DONC^TM vCALCqLATING I DAYS - > ^ v 
DONE Wlf H^C^CUL At I>IG CUMULATIVE % DAYS * : 
. # SUBSTS NEEDED ■ . ^ 

UBSS ^ -l^Rr'- CUMULATIVE'" / C^W^r^VE^?? 



# SUBSTS AVAILABLE 



1 

" 0 

-I 

-8 

-3 

-« 
. -5 
,-.-6'- ' 

: 8 7 



* DAYS 



I 

2 

2 

3 

6 

15 

IS 

23 

84 

25 

28 

16 

fl 

9 

2 ' 



_■ t ' X DAYS: ■ 

■■ * 

■ .5* 

1.1- J 

3.3 
7-3 
8*3- ' 
12.7 

1 13.3 
13.8 
15.5 
8i 8 

^ 6S 1 . 
' 5.' 
4.1 



V D>AX5 





DO, YOU WANT TO RUN THE SIMULATION' AGAIN? CYES»t* N0«2) 

done ; 



Figure 5-24. ' . xrt3r' 

Sample Run of SUBST for 180 Bays. 



J. 



5: ^ 
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,1# 



ERLC 



REVIEW 
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i. Answer the folloVing: questions about Figure 5^24." 
i* ^(a> How many days were simulated? - . *ftf*< 
' (b) How many d^ys needed four m6re subirtitates than were available? ' ' 

, (c) For what percentage of days wGr.e two extra substitutes available? 
* (d) What was th^ total number Of days for which fewer substitutes were 
available than were needed? t ' 
(e) What percentage o£ total days simulated is this rigure? 



188 



164 



tHii COMPUTER IN EDUCATIOWAt DECISION MAKING V. ■ 

2; Rj^ SUBST two tames using the sam^input as in Figure 5-24; 
-(a) How db thii^ other? 
(b) mich of tKethreeisfe^ 



A SUBST Example __ 

Suppose you are in charge of finding substitutes 
for y bur high school, ancl the district superin- 
tendent wants you to provide assurance Chat 
there will '"be a shortage of substitutes no more 
than three times during the year. Assuming there 
are 85 teachers in your school with an absentee > 
rate of 7 percent, and substitutes in your area 
ire available 65 percent of the time, what isthe 
• smallest' reasonable - number of substitutes you 
must Have on call? (tfe* ^^^^fc?^?!*^ 

year.) 7 • •'■ ..-v- ' •„ • * 

V TB^: is essentially a trial-and-error problem. ; 
Ou^^ateg^will be to make educated guesses 
on th£ number of substitutes, test fete hypothe- 

■ , ' GET* SUB ST 

•:■ .» ; run . 

v SUB ST .-• 

" * AVAILABILITY. OF SUBSTITUTE TEACHERS 

HOW MANY TEACHERS? . <MUST BE £ ESS THAN 
■ • . WHAT IS THE TEACHER ABSENTEE RATE <»> 

H5V MANY SUBSTITUTES? CMUST BE LESS THAN 200) 
V WHAT IS THE AVAILABILITY RATE FOR SUBSTITUTES <X> 



sis by °rmimng SUBST, and modify our guess 
according to the output. In light of the previous 
example, a logical starting place would be to run 
SUBST using 10 substittites. This wffi Sf^tts 
reference point. Figiire 5-?5 is a run of SUBST 
using this input. 1 
> in this try,-; there were 56 days when there 
iyere few # er; ; substitutes available than were 
fiepded. This is Xery far: from the gogl of three 
+d*ys - so we rau&t run ^e, program again using 
a Jprger : number :^^(^ibstitutes. Figure 5-26 
shows a s^ond l^ttlti^^Ov: : ^ \ ^ 
i^w^^ile te>in; Figure #-26 that^We iise 20 
" sub^fiiil^^ 
ber of Sp^^ 




?65 ' ^f£* 

H0W*-MANY DAYS ARE* TO BE SIM 
7180 ' _ _ : L * ; 
THF~RESULTS OF YOUR INPUT fil.L' 
TO. BE PROCESSED- ARE YOU Wl£ 
j£g cmai i rt) MflMBERS FOR INPUT 



(MUST BE LESS THAN 190> 

PROBABLY TAKE MORE THAN ^MINUTES 
•MG TO WAIT OR. WOULD YOU RATHER 
«3SlS";5BDl"a I FOR INPOT?«LLl N G tO WAIT- IV NEW INPUT-*) 



*3 



PLEASE VaJ/T, S I M UL A T 1 0?I_Ii.^JIHM£W , . , - i — 

^tti i CABBULATING* SIMULATION IS ON THT^SYfTfcAY • ~. 

liillS^^^ E ^s----- — WD « * ; 

DONE WITH CALCULATING CUMULATIVE DAYS 

DOM E WITH CALCULATING * DAYS 

S^f: S:1S ™ r.ii ATTMrt CUMOLATIVE X ' DAYS 



# SUBSTS NEEDED 






LESS 






#„SUBSTS AVAILABLE 


... ? DAYS 












2 






1 






3 




4 


- 5 




3 


i0 




8 


16 




t , '\ 


19 




" 0 


22 




• 1 ' 


*: 38 




i . -e 


43- 




1 -3 


2# ■ 




\ -* 


*5 
8 




-7 


4 




8 




*. : ** .;• 


1 










Figure 6-25. : _ - 







X DAYS 



1.1 

• 5 
1.6 
S. 7 
5. 5 * 
8.8_ 
10.5 
18*8 
21*1 
6* 6 
18.8 
8.3 
4. 4 
8.9 
1.1 

• 5 



CUMULATIVE 
# DAYS 



8 
3 

6 . 
1 1 
•81' 
37 
56 
78 
U6 
188 
150 
165 
173 
177 
179 
180 



CUMULATIVE 
X DAYS 



i. l 

I. 6 
3.3 
6. 1 

II. 6 
80.5 

3i. i*' 

%4.4 
71. 1 
83.3. 
91.6 
96. 1 
98.3 
99.4 
100 



Sample Run of SUBST Using 10 Substitutes. 
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Her 



w ■■■ 



CMUST BE LESS THAN 200) 



K5 Y00 ««MT TO RON THE SI MUL AT 1 ON ARAIN? CYES«I* N0*2> 

?J_ . . : '' 

HDW HMfY TEACHERS? CMUST BE tESS THAN 500) 

?05 - - 

WAT IS THE TEACHER ABSENTEE RATE CX> ? . 

?_!_ „i_ 

HDW MANY SUBSTITUTEST 

WAT 15 THE AVAILABILITY RATE FOR SUBSTITUTES CX> ? 

?65 _ Li ' ' ••' •- " _ '_ " 

HOW MANY DAYS AREkTO BE. SIMULATED? CMUST BE LESS THAN 190) 

flgg. ^tty'* 1,-.l***L _'_ :_ i __ • _ _ : i^. ^ ■■ 

WE^RESOttS^lr^ 

TO BE PROCESSED. Smviv WILLING TO WAIT tfR WOULD YW W^?^-" 

FCEASE WAIT* SIMULATION- tS-OS THE I0TH DAY-" - ^ 
STILL CALCULATING* SIMULATION IS ON THE BOTH DAY _ 
PLEASE BE PATIENT* SIMULATION IS NOW ON THE 50TH DAY ^nU* uav 

SIMULATION TOR ALL DAYS COMPLETE* CALCULATION OF TABLE VALUES UNDER WAY 
DONE WITH CALCULATING CUMULATIVE DAYS 
DONE WITH CALCULATING * DAYS _ 
DONEiWlTH-CAXCULBTING CUMULATIVE * DAYS: 

' SUBSTS NEE ° ED : " •• ' CUMULATIVE '_ CUMULATIVE 



LESS __ 
SUBSTS AVAILABLE 



#■ DAYS 



f DAYS 



# DAYS 



X DAYS, 



1 
0 

* - 1 
-2 

-r 

?A 
-5 
-6 
-? 
-8 
-9 
-10 

-ii 

-12 
-13 
-M 

Jf|5 
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SamplS Run o f SUBST Using 20 Substitutes. 



available-and that will certainly please the 
superintendent. But before concluding that we 
have solvprf the problerh, we must remember 



we axe working with a stochastic modehand the 
same input does not always yield the same; re- 
sults. For thip reason we can never guarantee the 
result. It would be prudent to run SUBST again 
several times using 2Ct substitutes and leaving 



all the rest of the input tqfe same; Figure 5-27 



* Bjfoat can we con 
runs of SUBST? 'Ni' 



i de v fcom th§ last three 
™„ _ _. ,g, absolutely. We have 

learned that 20 substitute**^ probably be suf- 
ficient to uleet the superintendent's criterion. 
We cannot tell whether fewer than 20 would, be 
likely^to suffice. ^ £>j . . 
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HOW MANY TEACHERS^ (MUST BE LESS THAN 500 > 

IBS/ ■ • > 

WHAT fS THE TEACHER ABSENTEE RATE <*> ? 

.77 >rt . -- _•_._•„ 

HffW MANY SUBSTITUTES* ?MUST BE LESS THAN 200> 

' ?20 - -.- V— . ■ - - --' . -- 

* VHAT. IS THE AVAILABILITY BATE FOR SUBSTITUTES C«l ? 

765 ' '' " -- ■*. — : 1 --- ------ 

^ H5ST MANY DAYS ARE TO BE SIMULATED? CMUST BE LESS THAV I90> 
7180 ' 



.•,TtMV»«* 7180 • ^— _ . .„.._.. 

' v 1 -/' -IT^'lv^ ' THE^HESULTS OT YOUR INPUT /WILL. ' PRO BABLY TAKE MORE THAN 5 MINUTES 
Afr; •'. TO BE PROCESSED. ABE YOU WlLLING-TO WAIT OR WOULD YOU RATHER 
'■\\>S*% iJSt SKALL»TNUMBER3 FOR INPUT? CWILLING TO WAIT* 1 # NEW INPUT-2) 
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REVIEW 



Exercise 



* 



Make some nins ^6f your 6yS t.i or -the problem just discussed. 1^30 sub- 
stitutes at least twice. Do the results meet tlie criterion set by the super- 
intendent (not more than three days with less substitutes available than 
needed)? Investigate the ^possibility* of fewer than 20 substitutes meeting . 
,the criter^fc Can you find a lower limit for the number of substitutes % 
needed to^6i>et the criterion? j * _ ; - 



OVERVIEW OF SIMULATION 



ADVANTAGES AND 
DISADVANTAGES OF - 

SIMULATION " -'■:<■ 

v ^Now that you have a feel for what is involved in 
factual simulations, the^ advantages and disadvan- 



'* Simulation has these distinct advantages for 
the decision maker: 

1. SiriiulatiQn be used in description, 
&planafion^|an^ ; prediction of the object 
• • system. It cm also be used to teach about 
^ the sut 




2. Simulation, provides a framework for 
analyzing real-life situations into their 
components: we must identify the inputs 
to the system, the outputs from the sys> 
tern; and the rules by whkh inputs are 
related to outputs. : - ; 'Wpj : 

3. Simulation enables the decisidh* maker* to 
try out a Variety of solutions on a model 
of a real-wofld situation without the tim^, 

I ' danger, or; expense of working with the 
real-world problem. 

K ■ '■: '.> ■'.. , .' , • ' •. ; ':: 

>5ome limitations of simulation are: 



9 
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COMPUTER SIMULATION 

The object j^stejii .under steely ;miist • i>e 
expressable in the fojte of a model. This 
may result in an oversimplified version of 
the real-life problem, ■_. 
Building models of real-life jprpblem situ- 
ations is often a comptexand tima- 
consuming task, requiring much technical 

expertise. - . 

The predictions and solutions frcfm a 
simulation problem are ^valuable 95ty *°' 
the extent that the model for the real-life 

situation is valid. _ j L 

Simulation provides guidelines for making . 
ions, but does not actually make 
isions. 



2. 



3. 



A FfNAL WORD APOUT 
COMPUTER SIMULATIONS / 

Most of the computer programs us^d in this 
book" are simulations. Computer simulations 
are particularly powerful tools for the edyea- 
tionil administrator for a variety of specialized 
reasons: 

> ( > Gi^jnputer simulations: f>ro]£| 
tages of simulations in 




'/ill the*advan-> 




12 GCPATH, QUEUE, LPRG, BUSRTE, ENROLL, ^ 
artd SUBST. 

. \ • — ■' ■ V:: . 



.Computer simulations . provide .fast results at 
reiativejy iitfle cost. The computer -caii gen- 
erate solutions in minutes that would take 
people hours or even years to compute. 
There. eve usually jprojprams available through 
computer centiR and computer niahufic-' 
ttfiers: Hence, theltipe pnd technical ex- 
i required to develop first a model and 
program rah be shared by many 
i*his an important factor in keeping, 
st ofcomputer simulation reasonable 
fordable. 

' f 

Before &n administrator can use a computer 
simulation constructively, however, he must 
know something about the model used in the 
program. It the us^ to decide 

first whether the~ o^^f i$ adequate for simu- 
lating the situatii^ whether it is 
too simplistic or Utr^eeessajrily complicated. To 
a large extent, the deciSon /vril] ^depend. on hoyr 
the* results are to be used. A model which yields 
adequate estimates fox w ad^i^trator V per- 
sonal projection figures, for example, may riot 
precise or compteherarve eiiou^i to ^ providfe 
figures on which to bffie^tschool bond initiative. 
If one is? considering computer simulations as 
aids to deciripn making, then, the first thing he' 
shtfuld decide is whether Or not the model is 
adequate. 
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